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• Hard scattering processes are calculated in 

perturbation theory.  

 

 

 

 

• Going beyond NNLO and N3LO turns out to be 

incredibly difficult, yet necessary to match the 

precision of current and forthcoming experiments! 

• Loop and phase space integrals: 

• Analytic vs numerical evaluation 

• Space of functions 

• Infrared divergences  

• Large logarithms

PRECISION FOR COLLIDER PHYSICS

<latexit sha1_base64="fzClKVXWvO1y4bDYkmamYoanaFI="></latexit>)
This 
talk



• Large logarithms spoil the convergence of the perturbative series, and need to be 

resummed: 

 

 

 

 

 

 

 

 

 

 

 

 

• Resummation is well established for several kinematic limits, at leading power.

ANALYTIC TOOLS: RESUMMATION (NLP)
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• The ratio of largely different scales provides an expansion parameter. Resummation 

is known only for the first term in the series (at leading power, LP). 

• I have been working toward the development of resummation for large logarithm 

contributing at next-to-leading power, which is relevant for precision physics.

ANALYTIC TOOLS: RESUMMATION (NLP)
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• NLP: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Need an effective approach to take into account hard, collinear and soft modes.

p2

p1 k

Bonocore, Laenen, Magnea, 
LV, White, 2014,2015,2016Factorisation?

|M|2 / C2
F

⇢ NLP
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ANALYTIC TOOLS: RESUMMATION (NLP)



• Effective field theories (Soft-collinear effective field theory, SCET, in case of collider 

physics) provide a systematic tool for describing the factorisation of soft and collinear 

radiation. 

• The hard scattering kernel is described in terms of effective operators; Momentum 

modes in the theory are integrated out, giving rise to short-distance coefficients.  

• ➔ obtained a factorisation theorem for Drell-Yan at general subleading power. 

 

 

 

 

 

 

 

 

• Complementary work on a diagrammatic approach - somewhat simpler and less 

technical, although less systematic. 

RECENT DEVELOPMENTS

Beneke, Broggio, Garny, Jaskiewicz, Szafron, LV, Wang, 2018;  

Beneke, Broggio, Jaskiewicz, LV, 2019
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• Resummation is obtained within an EFT by determining the renormalisation group 

equation of a short distance coefficient.  

 

 

 

 

 

 

• Equivalent results are obtained within a “direct QCD” approach. Comparison between 

D-QCD and SCET.

Van Beekveld, Eric Laenen, Sinninghe Damsté, LV, 2021.
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• ➔ resummed large threshold logarithms at 

leading logarithmic accuracy at NLP for 

electroweak annihilation processes. Effects 

are relevant for precision physics; confirmed 

several past analyses based on ansatz.



• Resummation at NLP beyond leading logarithmic accuracy cannot be achieved with 

current methods. Requires the development of new tools.  

• RGEs cannot (yet) be formulated in 4 dimensions, due to endpoint divergences.  

 

 

• ➔ explored resummation in dimensional regularization for the off-diagonal channel in 

deep inelastic scattering; provides new ideas for systematic resummation at NLP, 

beyond leading logarithmic accuracy. 

 

 

 

 

 

 

• Solving this problem would constitute a breakthrough in SCET, with applications in 

several fields beyond collider physics. 

RECENT DEVELOPMENTS
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ANALYTIC TOOLS: HIGH-ENERGY LIMIT

• Very interesting theoretical problem: 

• retain rich dynamic in the 2d transverse plane, 

• toy model for the full amplitude, 

• non-trivial function spaces, 

• predict amplitudes in overlapping limits: → soft limit, infrared divergences. 

• Relevant for phenomenology at the LHC and future colliders:   

• perturbative phenomenology of forward scattering, e.g. 

      → Deep inelastic scattering/saturation (small x = Regge, large Q2 = perturbative), 

      →  Mueller-Navelet: pp → X+2jets, forward and backward.

MRK in N=4 SYM:  
Dixon, Pennington, Duhr, 2012; 
Del Duca, Dixon, Pennington, 
Duhr, 2013;  
Del Duca, Druc, Drummond, 
Duhr, Dulat, Marzucca, 
Papathanasiou, Verbeek 2016; 
…



• ➔ developed tools to evaluate scattering 

amplitudes in the high-energy limit by 

means of the shockwave formalism: 

• High-energy limit = forward scattering: to 

leading power, the fast projectile and target 

described in terms of Wilson lines:

ANALYTIC TOOLS: SHOCKWAVE FORMALISM
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• The Wilson lines obeys the (non linear!) Balitsky-JIMWLK evolution equation: 

 

 

 

Scattering amplitudes are calculated as matrix elements of Wilson lines evolved to 

equal rapidity: 
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Odd : M[8a],M[10+1̄0] Even : M[1],M[8s],M[27]
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HIGH-ENERGY LIMIT: RECENT DEVELOPMENTS

Previously known

Determined to 
all orders: 
Caron-Huot, 
Gardi, Reichel, 
LV, 2017,2020

Determined to three and four loops: 
Caron-Huot, Gardi, LV, 2017;  
Gardi, Falcioni, Milloy, LV, 2020

“Regge 
poles”

“Regge 
cuts”

(See also  

Caron-Huot, 2013;  

Del Duca, Falcioni, 
Magnea, LV, 2014)



• A tale of two factorisations: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Application: test (and predict) the analytic structure of infrared divergences.

REGGE VS INFRARED FACTORISATION
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• Infrared divergences are calculated in terms of the so-called soft anomalous dimension:

REGGE VS INFRARED FACTORISATION

Caron-Huot, Gardi, 
LV, 2017 

Caron-Huot, Gardi, 
Reichel, LV, 2017; 

Gardi, Falcioni, 
Milloy, LV, 2020 
and in preparation
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• Knowledge of the amplitude to high-orders allows to perform several interesting studies: 

• Number theory properties of an amplitude; 
 
 
 
 
 
 

• Convergence of the perturbative expansion.

ANALYTIC TOOLS: HIGH-ENERGY LIMIT
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CONCLUSION

• Development of analytic tools for precision in particle physics:  

• diagrammatic and effective field theory methods for resummation of large 
logarithms at next-to-leading power; 

• analytic structure of scattering amplitudes: calculation of scattering amplitudes in 
the high-energy limit and determination of the structure of infrared divergences.  

• Recent developments: 

• Factorisation theorem for threshold logarithms at next-to-leading power in SCET; 

• First example of resummation in d dimension.   

• Calculation of two-parton scattering amplitudes in the high energy limit: 

• Imaginary part of the amplitude, to all orders in perturbation theory, at NLL; 

• Real part of the amplitude, at NNLL through four loops. 
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