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History of the universe

neutrino decoupling

at T ∼ O(MeV)
due to insufficient

νe ↔ νe & e−e+ ↔ νν̄
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Relic neutrinos in cosmology: Neff

Radiation energy density ρr in the early Universe:

ρr =
[
1 + 7

8

( 4
11

)4/3
Neff

]
ργ = [1 + 0.2271Neff ] ργ

ργ photon energy density, 7/8 is for fermions, (4/11)4/3 due to photon reheating after neutrino decoupling

Neff → all the radiation contribution not given by photons
Neff ' 1 correspond to a single family of active neutrino, in
equilibrium in the early Universe
Active neutrinos:
[Bennett, SG et al., 2020] [Froustey et al., 2020]: Neff = 3.044
due to not instantaneous decoupling for the neutrinos
+ Non Standard Interactions: 3.040 < Neff < 3.059 [de Salas et al., 2016]

See later!

Observations: Neff ' 3.0 ± 0.2 [Planck 2018]
Indirect probe of cosmic neutrino background! � 10σ!
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4 Conclusions Neff =
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Neutrinos in the early Universe
before BBN: neutrinos coupled to plasma (ναν̄α ↔ e+e−, νe ↔ νe)

time

S. Gariazzo “Active and sterile neutrinos in the early universe: precision calculations” Fellini general meeting, 04/03/2021 3/12



Neutrinos in the early Universe
before BBN: neutrinos coupled to plasma (ναν̄α ↔ e+e−, νe ↔ νe)

time

oscillations blocked
by matter effects

S. Gariazzo “Active and sterile neutrinos in the early universe: precision calculations” Fellini general meeting, 04/03/2021 3/12



Neutrinos in the early Universe
before BBN: neutrinos coupled to plasma (ναν̄α ↔ e+e−, νe ↔ νe)

time

oscillations blocked
by matter effects

ν decoupling

ν decouple mostly before e+e− → γγ annihilation!
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Neutrinos in the early Universe
before BBN: neutrinos coupled to plasma (ναν̄α ↔ e+e−, νe ↔ νe)

time

oscillations blocked
by matter effects

ν decoupling

ν decouple mostly before e+e− → γγ annihilation!

Tν ' (4/11)1/3Tγ
after e+e− → γγ

fν : frozen Fermi-
Dirac distribution

Today:
Tν,0 = 1.945 K '
1.676 × 10−4 eV
〈Eν〉 ' 3.1Tν,0 '

5 × 10−4 eV
n0 = nν,0 = nν̄,0 '
56 cm−3 per family
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Neutrinos in the early Universe
before BBN: neutrinos coupled to plasma (ναν̄α ↔ e+e−, νe ↔ νe)

time

oscillations blocked
by matter effects

ν decoupling

ν decouple mostly before e+e− → γγ annihilation!

Tν ' (4/11)1/3Tγ
after e+e− → γγ

fν : frozen Fermi-
Dirac distribution

Today:
Tν,0 = 1.945 K '
1.676 × 10−4 eV
〈Eν〉 ' 3.1Tν,0 '

5 × 10−4 eV
n0 = nν,0 = nν̄,0 '
56 cm−3 per family

actually, the decoupling T is momentum dependent!
distortions to
equilibrium fν!
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Neutrino momentum distribution and Neff

Distortion of the momentum distribution (fFD: Fermi-Dirac at equilibrium)
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Neutrino momentum distribution and Neff

Nfinal
eff = 8

7

(11
4

)4/3 ρν
ργ

= 8
7

(11
4

)4/3 1
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Neutrino momentum distribution and Neff
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Effect of neutrino oscillations
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Effect of neutrino oscillations
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within 3σ ranges allowed by global fits [deSalas, SG+, JHEP 2021]
only θ12 affects Neff , at most by δNeff ≈ 10−4
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Recommended Neff value
Benchmark A: no νν collisions
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Recommended Neff value
Benchmark B: full collision terms

νν terms add ∼ (4÷ 8)× 10−4
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Recommended Neff value
Benchmark B: full collision terms

Our recommended value (normal ordering):

Neff = 3.0440 ± 0.0002
(numerical+physical uncertainty)

Full agreement with other results in literature
e.g. [Froustey+, JCAP 2020] & [Akita+, JCAP 2020]
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Short Baseline (SBL) anomaly
Problem: anomalies
in SBL experiments

{
errors in flux calculations?
deviations from 3-ν description?

A short review:

LSND search for ν̄µ → ν̄e , with L/E = 0.4÷ 1.5 m/MeV. Observed a
3.8σ excess of ν̄e events [Aguilar et al., 2001]

Reactor re-evaluation of the expected anti-neutrino flux ⇒ disappearance
of ν̄e events compared to predictions (∼ 3σ) with L < 100 m
[Mention et al, 2011], [Azabajan et al, 2012]

Gallium calibration of GALLEX and SAGE Gallium solar neutrino
experiments give a 2.7σ anomaly (disappearance of νe)
[Giunti, Laveder, 2011]

MiniBooNE See next

Possible explanation:
Additional squared mass
difference ∆m2

SBL ' 1 eV2
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MiniBooNE
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MiniBooNE
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νs at reactors in 2020
[RENO+NEOS, 2020]
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[PROSPECT, PRD 2020]
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Neff and the new mixing parameters
Only vary one angle and fix two to zero: do they have the same effect?
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normal
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3σ (|Ue4|2)
[SG+, 2018]

(−)
νµ DIS
3σ

(|Uµ4|2)
[SG+, in prep.]
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Neff and the new mixing parameters
We can vary more than one angle:
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Comparing constraints
Cosmological constraints are stronger than most other probes
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But much more model dependent (as all the cosmological constraints)!
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But much more model dependent (as all the cosmological constraints)!

Warning: tension between reactor experiments and CMB bounds!
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Thank you for the attention!
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5 Backup



How precise is Neff = 3.04. . . ?
Long list of previous works. . . always less than 3ν mixing

[Mangano+, 2005]: Neff = 3.046 1st with 3ν mixing (still most cited value)

[de Salas+, 2016]: Neff = 3.045 updated collision terms

[SG+, 2019]: Neff = 3.044
FortEPiaNO code

more efficient and precise code,
N > 3 neutrinos allowed,
minor differences in numerical integrals

[Bennett+, 2019]: Neff = 3.043
(no full calculation)

finite-T QED corrections at O(e3)!
further terms should be almost negligible

[Akita+, 2020]:
Neff = 3.044± 0.0005

equations in mass and flavor basis
approximated νν collisions

[Froustey+, 2020]:
Neff = 3.0440±O(10−4)

full νν interactions
1st estimate effect of CP-violating phase

[Bennett, SG+, 2020]:
Neff = 3.0440± 0.0002
FortEPiaNO improved

1st full discussion on effect of oscillation
parameters, full estimation of current
numerical and physical uncertainty
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ν oscillations in the early universe
comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a

density matrix: %(x , y) =

(
%ee ≡ fνe %eµ %eτ
%µe %µµ ≡ fνµ %µτ
%τe %τµ %ττ ≡ fντ

)

d%(y , x)
dx =

√
3m2

Pl
8πρT

{
−i x2

m3
e

[
MF

2y −
2
√

2GFy
x6/m6

e

(
E` + P`

m2
W

+ 4Eν
3m2

Z

)
, %

]
+ m3

eG2
F

(2π)3x4y 2 I(%)
}

mPl Planck mass – ρT total energy density – mW ,Z mass of the W , Z bosons – GF Fermi constant – [., .] commutator
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ν oscillations in the early universe
comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a
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(
%ee ≡ fνe %eµ %eτ
%µe %µµ ≡ fνµ %µτ
%τe %τµ %ττ ≡ fντ

)
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dx =

√
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Pl
8πρT

{
−i x2

m3
e

[
MF

2y −
2
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2GFy
x6/m6

e

(
E` + P`

m2
W

+ 4Eν
3m2

Z

)
, %

]
+ m3

eG2
F

(2π)3x4y 2 I(%)
}

mPl Planck mass – ρT total energy density – mW ,Z mass of the W , Z bosons – GF Fermi constant – [., .] commutator

MF = UMU†

M = diag(m2
1, . . . ,m2

N)

U = R23R13R12 e.g. R13 =

( cos θ13 0 sin θ13
0 1 0

− sin θ13 0 cos θ13

)
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ν oscillations in the early universe
comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a

density matrix: %(x , y) =

(
%ee ≡ fνe %eµ %eτ
%µe %µµ ≡ fνµ %µτ
%τe %τµ %ττ ≡ fντ

)

d%(y , x)
dx =

√
3m2

Pl
8πρT

{
−i x2

m3
e

[
MF

2y −
2
√

2GFy
x6/m6

e

(
E` + P`

m2
W

+ 4Eν
3m2

Z

)
, %

]
+ m3

eG2
F

(2π)3x4y 2 I(%)
}

mPl Planck mass – ρT total energy density – mW ,Z mass of the W , Z bosons – GF Fermi constant – [., .] commutator

MF = UMU†

E` = diag(ρe , ρµ, 0) Eν = Sa

(∫
dyy 3%

)
Sa with Sa = diag(1, 1, 1)

lepton densities neutrino densities (only for active neutrinos)

take into account matter effects in oscillations
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ν oscillations in the early universe
comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a

density matrix: %(x , y) =

(
%ee ≡ fνe %eµ %eτ
%µe %µµ ≡ fνµ %µτ
%τe %τµ %ττ ≡ fντ

)

d%(y , x)
dx =

√
3m2

Pl
8πρT

{
−i x2

m3
e

[
MF

2y −
2
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2GFy
x6/m6

e

(
E` + P`

m2
W

+ 4Eν
3m2

Z

)
, %

]
+ m3

eG2
F

(2π)3x4y 2 I(%)
}

mPl Planck mass – ρT total energy density – mW ,Z mass of the W , Z bosons – GF Fermi constant – [., .] commutator

MF = UMU† E` = diag(ρe , ρµ, 0) Eν = Sa

(∫
dyy 3%

)
Sa

I(%) collision integrals

take into account neutrino-electron scattering and pair annihilation,
plus neutrino–neutrino interactions

2D integrals over momentum, take most of the computation time
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ν oscillations in the early universe
comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a

density matrix: %(x , y) =

(
%ee ≡ fνe %eµ %eτ
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]
+ m3
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(2π)3x4y 2 I(%)
}

mPl Planck mass – ρT total energy density – mW ,Z mass of the W , Z bosons – GF Fermi constant – [., .] commutator

MF = UMU† E` = diag(ρe , ρµ, 0) Eν = Sa

(∫
dyy 3%

)
Sa

I(%) collision integrals

dz
dx

=

∑
`=e,µ

[
r2`
r

J(r`)
]

+ G1(r)−
1

2π2z3

∫ ∞
0

dy y3
τ∑
α=e

d%αα
dx∑

`=e,µ

[
r2
`

J(r`) + Y (r`)
]

+ G2(r) +
2π2

15

from continuity
equation

ρ̇ = −3H(ρ + P)

r = x/z, r` = m`/me r J(r), Y (r) from non-relativistic transition of e±, µ±
G1(r) and G2(r) from electromagnetic corrections
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ν oscillations in the early universe
comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a

density matrix: %(x , y) =
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2π2z3

∫ ∞
0

dy y3
τ∑
α=e

d%αα
dx∑

`=e,µ

[
r2
`

J(r`) + Y (r`)
]

+ G2(r) +
2π2

15

from continuity
equation

ρ̇ = −3H(ρ + P)

neutrino temperature w : same equation as z , but electrons always relativistic
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density matrix: %(x , y) =

(
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mPl Planck mass – ρT total energy density – mW ,Z mass of the W , Z bosons – GF Fermi constant – [., .] commutator

MF = UMU† E` = diag(ρe , ρµ, 0) Eν = Sa

(∫
dyy 3%

)
Sa

I(%) collision integrals

dz
dx

=

∑
`=e,µ

[
r2`
r

J(r`)
]

+ G1(r)−
1

2π2z3

∫ ∞
0

dy y3
τ∑
α=e

d%αα
dx∑

`=e,µ

[
r2
`

J(r`) + Y (r`)
]

+ G2(r) +
2π2

15

from continuity
equation

ρ̇ = −3H(ρ + P)

neutrino temperature w : same equation as z , but electrons always relativistic
initial conditions: %αα = Fermi-Dirac at xin ' 0.001, with w = z ' 1

S. Gariazzo “Active and sterile neutrinos in the early universe: precision calculations” Fellini general meeting, 04/03/2021 2/5

[Bennett, SG+, 2012.02726]
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comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a
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(∫
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0
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[
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J(r`) + Y (r`)
]
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15

from continuity
equation

ρ̇ = −3H(ρ + P)

neutrino temperature w : same equation as z , but electrons always relativistic
initial conditions: %αα = Fermi-Dirac at xin ' 0.001, with w = z ' 1

FORTran-Evolved PrimordIAl Neutrino Oscillations
(FortEPiaNO)

https://bitbucket.org/ahep_
cosmo/fortepiano_public

will be public soon
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Neutrino-neutrino interactions
Contribution to collision terms:

Iνν [%(y)] ∝ G2
F

∫
dy2 dy3 Πνν(y , y2, y3; x) Fνν(%(y), %(y2), %(y3), %(y4))

Πνν (y, y2, y3; x): integrals of some combination of neutrino momenta

Critical function: Fνν!
it contains combinations such as %(1)%(3)%(2)%(4) and permutations

it increases complexity of the code!

couples modes non-linearly numerically more expensive
(stronger dependence on
yi grid than νe terms)
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Neutrino-neutrino interactions
Contribution to collision terms:

Iνν [%(y)] ∝ G2
F

∫
dy2 dy3 Πνν(y , y2, y3; x) Fνν(%(y), %(y2), %(y3), %(y4))

approximations may work

Iνν [%(y)] is important! (4÷ 8)× 10−4
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Sampling the y momenta
Discretize neutrino momenta to compute integrals and evolution

two sampling methods for yi , with i = 1, . . . , Ny :

linear spacing,
Newton-Cotes (NC) integration

Gauss-Laguerre (GL)
optimized for computing

∫∞
0

dy f (y)e−y

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
y

GL NC Ny = 40 Ny = 60 Ny = 80

Need to define range (ymin ≤ y ≤ ymax) and number of nodes Ny
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Sampling the y momenta
Discretize neutrino momenta to compute integrals and evolution

two sampling methods for yi , with i = 1, . . . , Ny :

linear spacing,
Newton-Cotes (NC) integration

Gauss-Laguerre (GL)
optimized for computing

∫∞
0

dy f (y)e−y

Need to define range (ymin ≤ y ≤ ymax) and number of nodes Ny

10 2 10 1 100 101

y

GL NC Ny = 40 Ny = 60 Ny = 80
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Sampling the y momenta
Discretize neutrino momenta to compute integrals and evolution

Results may depend on ymin, ymax, Ny
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at same Ny ,
GL results are more stable!

GL is more efficient

δNeff ≈ 10−4 from varying Ny , ymax
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Neutrino-4

best fit
incompatible
with other
reactor

experiments

claimed > 3σ
preference for

3+1 over 3ν case

; ;
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Neutrino-4

L E  [m/MeV]

R

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

0
.6

0
.7

0
.8

0
.9

1
.0

1
.1

1
.2

1
.3

sin
2
2ϑee = 0.38, ∆m41

2
= 7.26 eV

2

Unaveraged oscillations
Averaged oscillations without energy resolution smearing
Averaged oscillations with energy resolution smearing

sin
2
2ϑee = 1.00, ∆m41

2
= 7.16 eV

2

Averaged oscillations with energy resolution smearing

"500 keV" data

energy resolution smearing not properly taken into account?

;
;
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Neutrino-4
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2ϑee

∆
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0 Neutrino−4 "500 keV" data

KATRIN 95% C.L.

PROSPECT 95% C.L.

STEREO 95% C.L.

Solar νe's 95% C.L.

w/ en. res.

1σ

2σ

3σ

w/o en. res.

1σ

2σ

3σ

sin
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2ϑee
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2
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1
0 Neutrino−4 "500 keV" data without energy resolution

MC dist.

1σ

2σ

3σ

χ2
 dist.

1σ

2σ

3σ

proper energy resolution treatment
moves best-fit → sin2 2ϑ ' 1

need to take into account
violation of Wilk’s theorem

relaxed constraints

;
;
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