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Introduction to SaToR-G high level goals
• Started in 2020, SaToR-G (Satellites Tests of Relativistic Gravity) will expand the

activities carried on by the LAser RAnged Satellites Experiment (LARASE, 2013-2019),
investigating possible experimental signatures of deviation from General Relativity (GR)

• Similarly to LARASE, SaToR-G is dedicated to measurements of the gravitational
interaction in the Weak-Field and Slow-Motion (WFSM) limit of GR by means of laser
tracking to geodetic passive satellites orbiting around the Earth

• SaToR-G exploits the improvement of the dynamical model of the two LAGEOS and
LARES satellites performed by LARASE. These satellites represent the proof-masses of
the experiment

• While for LARASE the main scientific target was a reliable and robust measurement of
the Lense-Thirring effect, SaToR-G focuses on verifying the gravitational interaction
beyond the predictions of GR, looking for possible effects connected with new
physics, and foreseen by different alternative theories of gravitation



Einstein Equivalence Principle and Metric 
theories of gravity

Weak Equivalence Principle (WEP)
• two different bodies fall with the same acceleration: Universality of the Free Fall (UFF)

• the inertial mass is proportional to the gravitational (passive) mass

• the trajectory of a freely falling “test” body is independent of its internal structure and composition

• in every local and non-rotating falling frame, the trajectory of a freely falling test body is a straight
line, in agreement with special relativity

Einstein Equivalence Principle (EEP)

• WEP

• Local Lorentz Invariance (LLI)
❑ The outcome of any local non-gravitational experiment is independent of the velocity of the freely-falling reference frame

in which it is performed

• Local Position Invariance (LPI)
❑ The outcome of any local non-gravitational experiment is independent of where and when in the universe it is performed

Clifford M. Will, Theory and Experiment in Gravitational Physics. Cambridge University Press, Ed. 1981 and Ed. 2018



Einstein Equivalence Principle and Metric 
theories of gravity

Metric theories
• GR is a metric theory of gravity and all metric theories obey the EEP

• Indeed, the experimental results supporting the EEP supports the conclusion that the only
theories of gravity that have a hope of being viable are metric theories, or possibly theories
that are metric apart from very weak or short-range non-metric couplings (as in string
theory):

1. there exist a symmetric metric

2. tests masses follow geodesics of the metric

3. in Local Lorentz Frames, the non-gravitational laws of physics are those of Special
Relativity

𝑔𝛼𝛽 = 𝑔𝛽𝛼

𝑑𝑒𝑡 𝑔𝛼𝛽 ≠ 0
𝐺𝛼𝛽 = 8𝜋

𝐺

𝑐4
𝑇𝛼𝛽

𝐺𝛼𝛽 = 𝑅𝛼𝛽 −
1

2
𝑅𝑔𝛼𝛽 + Λ𝑔𝛼𝛽

𝑑𝑠2 = 𝑔𝛼𝛽𝑑𝑥
𝛼 𝑑𝑥𝛽



Einstein Equivalence Principle and Metric 
theories of gravity

Metric theories

• Metric theories different from GR provide additional fields (Scalars, Vectors, Tensors,
…) beside the metric tensor g, that act as “new” gravitational fields

• The role of these gravitational fields is to “mediate” how the matter and the non-
gravitational fields generate the gravitational fields and produce the metric

In Metric theories different from GR:
• the spacetime geometry tells mass-energy how to

move as in GR

• but mass-energy tells spacetime geometry how to
curve in a different way from GR

• and the metric alone acts back on the mass in
agreement with EEP
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In practice, in the other Metric theories of gravity, 

the field equations and the spacetime metric are different with respect to GR

Einstein Equivalence Principle and Metric 
theories of gravity
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Einstein Equivalence Principle and Metric 
theories of gravity

Metric theories and the Strong Equivalence Principle (SEP)

A very fundamental question is:

• What is the nature of gravity in different Metric theories?

✓A way to answer to this very important question is to investigate the ‘’dynamical character’’ of
the theory
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Metric theories and the Strong Equivalence Principle (SEP)

A very fundamental question is:

• What is the nature of gravity in different Metric theories?

1. A way to answer to this very important question is to investigate the ‘’dynamical character’’ of
the theory
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Einstein Equivalence Principle and Metric 
theories of gravity

Metric theories and the Strong Equivalence Principle (SEP)
A very fundamental question is:

• What is the nature of gravity in different Metric theories?
1. A way to answer to this very important question is to investigate the ‘’dynamical

character’’ of the theory

2. A second important aspect is to introduce gravity itself in the experiment

✓That is the inclusion of bodies with self-gravitational interactions as well as experiments that
involve gravitational forces

✓This leads to the so-called Strong Equivalence Principle, satisfied by GR but not by the other
Metric theories of gravity



Einstein Equivalence Principle and Metric 
theories of gravity

Strong Equivalence Principle (SEP)
• WEP is valid for self-gravitating bodies as well as for test bodies:

❑Gravitational Weak Equivalence Principle (GWEP)

• Local Lorentz Invariance (LLI)
❑ The outcome of any local non-gravitational experiment is independent of the velocity of the freely-falling reference frame

in which it is performed

• Local Position Invariance (LPI)
❑ The outcome of any local non-gravitational experiment is independent of where and when in the universe it is performed



Einstein Equivalence Principle and Metric 
theories of gravity

Clifford M. Will, Theory and Experiment in 
Gravitational Physics. 

Cambridge University Press, Ed. 2018

Tests of the WEP

𝜼 =
𝜟𝒂

𝒂



Einstein Equivalence Principle and Metric 
theories of gravity

Tests of the SEP

Is there a different contribution of gravitational binding energy (self-energy) to its gravitational (passive) mass and its
inertial mass?
• If so, this is known as the Nordvedt Effect and is directly related to possible SEP violations (massive bodies)

𝑚𝑔 = 𝑚𝑖 + 𝜂𝑁𝐸𝑔 = 𝑚𝑖 1 + 𝜂𝑁
𝐸𝑔
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If N  0, the Earth and the Moon must fall in the field of the Sun with a little bit different acceleration
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Ƹ𝑟 𝜼𝑵 = 𝟒. 𝟒 ± 𝟒. 𝟓 × 𝟏𝟎−𝟒 From Lunar Laser Ranging (LLR) measurements



Einstein Equivalence Principle and Metric 
theories of gravity

The parametrized post-Newtonian (PPN) 
formalism

Post-Newtonian formalism or PPN formalism details the parameters in
which different theories of gravity, under WFSM conditions, can differ
from Newtonian gravity

Metric Potentials

Metric

Stress-Energy Tensor

C.M. Will Living Rev. Relativity, 17, (2014), 4



Einstein Equivalence Principle and Metric 
theories of gravity

The parametrized post-Newtonian (PPN) formalism
C.M. Will Living Rev. Relativity, 17, (2014), 4



General Relativity over time

• The history of General Relativity (GR), together with the history of the 
so-called Alternative Theories of Gravitation (ATG), can be roughly 
divided into three main periods:
• 1915 → 1960

• 1960 → 1980

• 1980 → Today

Clifford M. Will, Theory and Experiment in Gravitational Physics. Cambridge University Press, Ed. 1981 and Ed. 2018



General Relativity over time

1915 1960 1980 Today

• Classical tests of GR:
• Gravitational redshift

• Deflection of light

• Precession of the perihelion

• Several difficulties with GR:
• Lack of an effective experimental support
• Curved spacetime: concepts and 

consequences
• Mach’s Principle

• ATG:
• Whitehead (1922)

• Birkhoff (1943)

• Belifante/Swihart (1957)



General Relativity over time

1915 1960 1980 Today

• Dicke framework + PPN framework (Will & Nordtvedt):
• Schiff (1960)
• Dicke (1960)
• Bertotti (1962)
• Nordtvedt & Will (1968−1972)

• New theories with respect to GR:
• New effects to be predicted

• Differences with GR

• PPN parameters  from those of GR

• ATG:
• Brans-Dicke (1960)

• Will-Nordtvedt (1972)

• Rosen (1973)



General Relativity over time

Schiff (1960)
• L.I. Schiff, On Experimental Tests of the General Theory of

Relativity. American Journal of Physics, Vol. 28, Issue 4, pp. 340-
343 (1960).



General Relativity over time

Schiff (1960)
• L.I. Schiff, On Experimental Tests of the General Theory of

Relativity. American Journal of Physics, Vol. 28, Issue 4, pp. 340-
343 (1960).

1. Gravitational redshift
2. Deflection of light
3. Orbit precession



General Relativity over time

Schiff (1960)
• L.I. Schiff, On Experimental Tests of the General Theory of

Relativity. American Journal of Physics, Vol. 28, Issue 4, pp. 340-
343 (1960).

Only the planetary orbit precession provides a real test of general relativity

1. Gravitational redshift
2. Deflection of light
3. Orbit precession



General Relativity over time
The Dicke’s Framework (1960)

1. Spacetime is a 4-dimensional differentiable manifold, with each point in
the manifold corresponding to a physical event. The manifold need not a
priori have either a metric or an affine connection
• The hope is that experiment will force us to conclude that it has both

2. The equations of gravity and the mathematical entities in them are to be
expressed in a form that is independent of the particular coordinates used,
i.e., in covariant form

Dicke imposes two constraints:
1. Gravity must be associated with one or more fields of tensor character:

scalars, vectors and tensors of various ranks

2. The dynamical equations that govern gravity must be derivable from an
invariant action principle



General Relativity over time
The Dicke’s Framework (1960)

From Dicke’s Framework, theorists have been able to formulate a set of
criteria that any theory of gravitation should satisfy if it is to be viable:

1. It must be complete
2. It must be self-consistent
3. It must be relativistic
4. It must have the correct Newtonian limit



General Relativity over time

Bertotti (1962)
• B. Bertotti, D. Brill and R.

Krotkov, Gravitation: Experiments on
gravitation, An introduction to current
research, ed. L. Witten, J. Wiley and
Sons Inc., New York, 1-48, 1962.

This is a review of experiments in gravitation, and
it proves how thin and feeble was (at that time)
the experimental evidence supporting GR



General Relativity over time
Bertotti (2003)

• B. Bertotti, L. Iess, & P. Tortora: A test of
general relativity using radio links with
the CASSINI spacecraft. Nature, 425, 374-
376, 2003

The most precise measurement of the PPN parameter :

𝜸 − 𝟏 = 𝟐. 𝟏 ± 𝟐. 𝟐 × 𝟏𝟎−𝟓



General Relativity over time

This is a review of nominally viable (at that time)
ATG

Whitrow and Morduch (1965)
• G.J. Whitrow and G.E. Morduch,

Relativistic Theories of Gravitation, A
comparative analysis with particular
reference to astronomical tests, Vistas
in Astronomy 6, 1-67, 1965



General Relativity over time

The Brans-Dicke ATG (1961)

The Brans-Dicke’s theory arises from Dicke’s idea to turn Mach’s principle (as well as
Dirac’s Large Number Hypothesis) into a gravity theory, since GR was unsatisfactory
from this point of view

• C. Brans and R.H. Dicke, Mach’s principle and a relativistic theory of gravitation, Phys. Rev. 124, 925-
935, 1961

• R.H. Dicke, Mach’s principle and invariance under transformations of units, Phys. Rev. 125, 2163-
2167, 1962

• R.H. Dicke, The Theoretical Significance of Experimental Relativity, Blackie and Son Ltd. London and
Glasgow, 1964

• R.H. Dicke, Scalar-tensor gravitation and the cosmic fireball, Astrophys. J. 152, 1-24, 1968

P. Jordan, Zum gegenwärtigen Stand der Diracschen kosmologischen Hypothesen, Zeitschrift für
Physik 157, 112-121, 1959



General Relativity over time

The Brans-Dicke ATG (1961)



General Relativity over time

The Brans-Dicke ATG (1961)

The Brans-Dicke’s theory played a primary role in the development of an
intense experimental activity to verify the gravitational interaction during
the late 1960s and throughout the 1970s

𝑆𝐺𝑅 =
1
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Where  is a scalar field and  represents the dimensionless Dicke’s coupling constant: it is tested by the experiments

𝐺𝛼𝛽 = 8𝜋𝐺𝑇𝛼𝛽

𝜔 → ∞ ⇒ 𝐵𝑟𝑎𝑛𝑠 − 𝐷𝑖𝑐𝑘𝑒 → 𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑖𝑡𝑦



General Relativity over time

1915 1960 1980 Today

• Beyond Einstein’s theory of GR:
• String theory and its extensions
• Lorentz Symmetry Violations
• 5th force
• Rotation curves of Galaxies
• Acceleration of the Universe

• New theories with respect to GR?
• Not exactly or not only
• To extend GR into different regimes beyond those where it had

been “well” tested so far:
• cosmological scale
• Strong fields

• Due to several motivations:
• Particle physics
• Quantum gravity
• Cosmology

• ATG:
• Scalar-Tensor theories

• Vector-Tensor theories

• Tensor-Vector-Scalar theories



General Relativity over time
String Theory and its extensions (late 1960s → about 2000)

• The point-like particle of particle physics is replaced by a string characterized by several
vibrational states

• One of these vibrational states corresponds to the graviton, i.e. to the particle that
mediates the gravitational interaction

• The theory of strings, since evolve and interact according to the rules of quantum
mechanics, automatically describes quantum gravity

String Theory
• In the small string-coupling of the theory, String Theory predicts a relativistic

theory very close to GR …
• It is Brans-Dicke theory with  = −1, but …

• The scalar field  would acquire a large mass (via spontaneous symmetry breaking), with 
Τ𝜇 ∝ 1 𝜆, and its effect would be exponentially suppressed on any macroscopic scale

• This would restore a theory of gravity very close to GR with an high level of accuracy



General Relativity over time
Lorentz Symmetry Violations

• We restrict to the gravitational interaction only. In this regard, there are some
aspects to take into consideration:

1. Possible evidence of new physics “beyond” Einstein, such as apparent, or “effective”
violations of Lorentz invariance might result from certain models of quantum gravity

ℒ𝒫 =
ℎ𝐺

2𝜋𝑐3
≅ 1.6 × 10−33 𝑐𝑚



General Relativity over time
Lorentz Symmetry Violations

• We restrict the considerations to the gravitational interaction only. In this regard,
there are some aspects to take into consideration:

1. Possible evidence of new physics “beyond” Einstein, such as apparent, or “effective” violations
of Lorentz invariance might result from certain models of quantum gravity

2. Metric theories of gravity (different from GR) may be responsible of violations of the LLI
• These are theories that are not compatible with SEP

• Due to the boundary values of the auxiliary fields that can act back on local gravitational
dynamics



General Relativity over time
Lorentz Symmetry Violations

• We restrict the considerations to the gravitational interaction only. In this regard,
there are some aspects to take into consideration:

1. Possible evidence of new physics “beyond” Einstein, such as apparent, or “effective” violations
of Lorentz invariance might result from certain models of quantum gravity

2. Metric theories of gravity (different from GR) may be responsible of violations of the LLI
• These are theories that are not compatible with SEP

• Due to the boundary values of the auxiliary fields that can act back on local gravitational
dynamics

In these cases (especially if vectors or tensors fields are present), we could have both violations of:
• LPI ( i.e. preferred location effects: G = G(r) and/or G = G(t) ), see Brans-Dicke theory and its generalizations 

• LLI ( i.e. preferred frame effects )

a scalar field is invariant under these transformations, so Brans-Dicke satisfies LLI



General Relativity over time
Lorentz Symmetry Violations

• We restrict the considerations to the gravitational interaction only. In this regard,
there are some aspects to take into consideration:

1. Possible evidence of new physics “beyond” Einstein, such as apparent, or “effective” violations
of Lorentz invariance might result from certain models of quantum gravity

2. Metric theories of gravity (different from GR) may be responsible of violations of the LLI
• These are theories that are not compatible with SEP
• Due to the boundary values of the auxiliary fields that can act back on local gravitational

dynamics

3. Non-Metric theories of gravity may be responsible of violations of the LLI
• These are theories that are not compatible with SEP
• These theories are characterized by a coupling of the additional dynamical fields with matter



General Relativity over time
Lorentz Symmetry Violations

• We restrict the considerations to the gravitational interaction only. In this regard,
there are some aspects to take into consideration:

1. Possible evidence of new physics “beyond” Einstein, such as apparent, or “effective” violations
of Lorentz invariance might result from certain models of quantum gravity

2. Metric theories of gravity (different from GR) may be responsible of violations of the LLI
• These are theories that are not compatible with SEP
• Due to the boundary values of the auxiliary fields that can act back on local gravitational

dynamics
3. Non-Metric theories of gravity may be responsible of violations of the LLI

• These are theories that are not compatible with SEP
• These theories are characterized by a coupling of the additional dynamical fields with matter

4. Superstring theory
• The additional fields, such as dilatons and moduli, can couple directly to stress-energy in a

way that can result in violations (see Damour et al., 2002: PRL 89, PRD 66)



General Relativity over time

5th Force

• In the mid-1980s the following work aroused much interest in the scientific
community:

• Fischbach, E., D. Sudarsky, A. Szafer, C. Talmadge and S.H. Aronson. Reanalysis 
of the Eötvös Experiment. Physical Review Letters 56: 3-6, 1986
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5th Force

• In the mid-1980s the following work aroused much interest in the scientific
community:

• Fischbach, E., D. Sudarsky, A. Szafer, C. Talmadge and S.H. Aronson. Reanalysis 
of the Eötvös Experiment. Physical Review Letters 56: 3-6, 1986

• Eötvös, R.V., D. Pekár and E. Fekete. Beiträge zum Gesetze der Proportionalität
von Trägheit und Gravität. Annalen der Physik (Leipzig) 68: 11-66, 1922

• WEP test: whether the behaviour of objects in a gravitational field was the same
regardless of their different chemical composition:

𝜂 =
Δ𝑎

𝑎
≅ 10−9



5th Force

• Front page from:
Eötvös, Pekár, Fekete
(EPF): Annalen der
Physik (Leipzig) 68: 11-
66, 1922

Torsion Balance

General Relativity over time



General Relativity over time
5th Force. Following Fischbach words:
• However, the result of our reanalysis of the

EPF paper was that the EPF data were in
fact “. . . sensitive to the composition of the
materials used”, in contrast to what EPF
themselves had claimed.

• If the EPF data and our reanalysis of them
were both correct, then one implication of
our paper would be that EPF had
discovered a new “fifth force” in nature

• This generally refers to a gravity-like long-range force (its effects extend over macroscopic
distances) co-existing with gravity, presumably arising from the exchange of any of the ultra-
light quanta whose existence is predicted by various unification theories such as supersymmetry

• Depending on the specific characteristics of this hypothesized force, it could manifest itself in
various experiments as an apparent deviation from the predictions of Newtonian gravity



General Relativity over time

5th Force: Experimental and Theoretical support

• Experimental:
• R. Colella, A. W. Overhauser, and S. A. Werner, Observation of Gravitationally Induced

Quantum Interference. Phys. Rev. Lett. 34, 1472, 1975

• Theoretical:
• Fujii, Y., Dilaton and possible non-Newtonian gravity. Nature (Physical Science), 234: 5-7, 1971
• Fujii, Y., Scale invariance and gravity of hadrons. Annals of Physics (New York) 69: 494-521, 1972
• Fujii, Y., Scalar-tensor theory of gravitation and spontaneous breakdown of scale invariance. 

Physical Review D 9: 874-876, 1974
• Fujii, Y., Spontaneously broken scale invariance and gravitation. General Relativity and Gravitation 

6: 29-34, 1975
• Fujii, Y., Composition independence of the possible finite-range gravitational force. General 

Relativity and Gravitation 13:1147-1155, 1981
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5th Force: Experimental and Theoretical support

• Experimental:
• R. Colella, A. W. Overhauser, and S. A. Werner, Observation of Gravitationally Induced

Quantum Interference. Phys. Rev. Lett. 34, 1472, 1975



General Relativity over time

5th Force: Experimental and Theoretical support

• Theoretical:
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5th Force: Experimental and Theoretical support

• Theoretical:
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5th Force: Experimental and Theoretical support

• Theoretical:



General Relativity over time

5th Force: How it would manifest?

• Yukawa-like potential parameterized by the strength  and a characteristic
range :

𝑉 𝑟 = −𝐺∞
𝑀1𝑀2

𝑟
1 + 𝛼𝑒− Τ𝑟 𝜆

Ԧ𝐹 𝑟 = −𝛻𝑉 𝑟 = −𝐺∞ 1 + 𝛼 1 +
𝑟

𝜆
𝑒− Τ𝑟 𝜆

𝑀1𝑀2

𝑟2
Ƹ𝑟

• It corresponds to a violation of the 1/r2 law for the gravitational interaction:

• It may or may not envisage a violation of the EEP depending on the nature of
the strength 



General Relativity over time

5th Force: How it would manifest?
1. the deviations from the usual 1/r law for the gravitational potential lead to

new weak interactions between macroscopic objects

2. The interesting point is that these supplementary interactions may be either
consistent with Einstein Equivalence Principle or not

3. In this second case, non–metric phenomena will be produced with tiny, but
significant, consequences in the gravitational experiments

4. The characteristic of such very weak interactions, which are predicted by
several theories, is to produce deviations for masses separations ranging
through several orders of magnitude, starting from the sub–millimeter level
up to the astronomical scale



Summarizing

• A Yukawa-like parameterization seems general
• at the lowest order interaction and in the non-relativistic limit, independently of a:

• Scalar field with the exchange of a spin-0 light boson

• Vector field with the exchange of a spin-1 light boson

• Tensor field with the exchange of a spin-2 light boson

M1 = Mass of the primary source;

M2 = Mass of the secondary source;

G = Newtonian gravitational constant;

r = Distance;

 = Strength of the interaction; K1,K2 = Coupling strengths;

 = Range of the interaction;  = Mass of the light-boson;

h = Planck constant; c = Speed of light
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General Relativity over time



General Relativity over time

scale distances between 10−4 m ─ 1015 m have been tested during the last       

35 years with null results for a possible violation of NISL and for the WEP



What to measure in the weak field and slow 
motion limit of GR

1. The validity of the Equivalence Principle

2. The validity of the geometric structure and of the equation of motion of
geodesics

3. The validity of Einstein’s field equations

What to measure and to test with laser-ranged satellites:
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1.1 Direct test

• WEP from UFF
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What to measure in the weak field and slow 
motion limit of GR

1. The validity of the Equivalence Principle
1.1 Direct test

• WEP from UFF

What to measure and to test with laser-ranged satellites:

• A.M. Nobili, G.L. Comandi, D. Bramanti, Suresh Doravari, D.M. Lucchesi, F. Maccarrone. Limitations to testing the
equivalence principle with satellite laser ranging. Gen. Relativity and Grav., DOI 10.1007/s10714-007-0560-x, 2007

• I. Ciufolini, R. Matzner, A. Paolozzi, E.C. Pavlis, G. Sindoni, J. Ries, V. Gurzadyan, R. Koenig. Satellite Laser-Ranging as a
Probe of Fundamental Physics. Scientific Reports Nature, doi.org/10.1038/s41598-019-52183-9, 2019
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What to measure in the weak field and slow 
motion limit of GR

What to measure and to test with laser-ranged satellites:

2. The validity of the geometric structure and of the equation of
motion of geodesics

2.1 Space curvature
• De Sitter precession and Lense-Thirring precession

2.2 Space curvature + non-linearity of the gravitational interaction
• Schwarzschild precession (argument of pericenter)
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What to measure in the weak field and slow 
motion limit of GR

3. The validity of Einstein’s field equations
3.1 Indirect test

• Schwarzschild precession (argument of pericenter)

• de Sitter precession

• Lense-Thirring precession

What to measure and to test with laser-ranged satellites:
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• During the LARASE experiment in the period 2013−2019 various
activities were developed in order to reach final measurements in the
field of fundamental physics that were
• not only precise,

• but also accurate and robust in the evaluation of the systematic sources of error
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• Prerequisite for the final gravitation measurements, is a precise orbit
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Results of the LARASE experiment

• During the LARASE experiment in the period 2013−2019 various
activities were developed in order to reach final measurements in the
field of fundamental physics that were
• not only precise,
• but also accurate and robust in the evaluation of the systematic sources of error

• Prerequisite for the final gravitation measurements, is a precise orbit
determination (POD)of the satellites involved in our analyses

• This is achieved by minimizing a cost function Q consisting of the square
of the residuals of the observed distance of the satellite from an on-
ground tracking station with the corresponding distance obtained from
a dynamic model of the satellite’s orbit
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Initial condition at a given epoch: ℓ = 6+. . .

Ԧ𝑥 = Ԧ𝑥 𝑡, Ԧ𝑥0, Ԧ𝛼 General solution for the orbits (integral flow) 

Differential equation

State vector (position and velocity, …)

Models dynamic parameters (C20, Cr, …)

Observations:
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Results of the LARASE experiment

• Therefore, in order to achieve precise and accurate measurements for
the gravitational interaction in the WFSM limit of GR, we developed
more refined and reliable models to account for the main
• non-gravitational and
• gravitational perturbations

• These are part of our results in modeling efforts, and will be discussed in
the presentation of this afternoon and of tomorrow morning (13th of
November)

• Let us focus on the main results we have achieved in the measurements
regarding the gravitational interaction



Results of the LARASE experiment

The main results of LARASE are:

1. The measurement of the GR total precession of LAGEOS II argument of pericenter

2. The measurement of the GR Lense-Thirring precession of the combined right
ascensions of the ascending node (RAAN) of the satellites LAGEOS, LAGEOS II and
LARES

These precessions are related respectively with the Earth’s:

1. Gravitoelectric field:
• produced by masses, and analogous to the electric field produced by charges

2. Gravitomagnetic field
• Produced by mass-currents, analogous to the magnetic field produced by electric currents
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Gravitomagnetic potential:

Represents the solution far from the source: (M,J)

J represenst the total angular momentum (spin) of the source
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Gravitoelectromagnetic fields

 = mass-charge density

j = mass-current density

• H. Thirring, Über die formale Analogie zwischen den elektromagnetischen
Grundgleichungen und den Einsteinschen Gravitationsgleichungen erster
Näherung, Phys. Z. 19, 204, 1918

• I. Ciufolini and. J.A. Wheeler, Gravitation and Inertia. Princeton Univ. Press, 1995
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Measurement of LAGEOS II argument of pericenter GR precession



Results of the LARASE experiment

This represents the extension and
completion of a previous work published on
Phys. Rev. Lett. in 2010

1. Measurement of LAGEOS II argument
of pericenter GR precession
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ሶ𝝎𝑮𝑹 ≅ 𝟑𝟑𝟎𝟎𝒎𝒂𝒔/𝒚𝒓
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The expected GR precession vs. classical precession:

ሶ𝜔𝑐𝑙𝑎𝑠𝑠 𝑠𝑒𝑐 = ൝
−2.8 × 108 𝑚𝑎𝑠/𝑦𝑟 𝐿𝐴𝐺𝐸𝑂𝑆

5.7 × 108 𝑚𝑎𝑠/𝑦𝑟 𝐿𝐴𝐺𝐸𝑂𝑆 𝐼𝐼
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The GR precession is about 5 orders of magnitude smaller!



Results of the LARASE experiment

Target:

Fit:

Post data reduction analysis: 13-yr analysis of the LAGEOS II orbit (FIT)

We obtained b  3294.6 mas/yr, very close to the
prediction of GR

The discrepancy is just 0.01%

From a sensitivity analysis, with constraints on some of
the parameters that enter into the least squares fit, we
obtained an upper bound of 0.2%

Fit to the pericenter residuals: ( )
2

0
1

2
sin

n
FIT

i i
i

i

a b t c t t D t
P




=

 
 = +  + − +  + 

 


Δ ሶ𝜔𝑟𝑒𝑙
𝐿𝐼𝐼 = 3294.95 Τ𝑚𝑎𝑠 𝑦𝑟

b=Δ ሶ𝜔𝑓𝑖𝑡
𝐿𝐼𝐼 ≃ 3294.56 Τ𝑚𝑎𝑠 𝑦𝑟

GP NGP GR
     =  +  + 

𝜀 = 1 − (0.12 ± 2.10) ∙ 10−3 ± 2.5 ∙ 10−2
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Summary of the constraints obtained
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Summary of the constraints obtained

Combination of PPN Parameters

This result can be compared with the measurement
by Shapiro and collaborators of Mercury’s perihelion
advance, determined by the radar ranging technique
based on the measurement of the echo delay
between the Earth and Mercury in the period
between 1966 and 1990

[166] I.I. Shapiro, in General Relativity and Gravitation, 1989, edited by
N. Ashby, D. F. Bartlett, and W. Wyss (Cambridge University Press,
Cambridge, 1990), p. 313.
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Summary of the constraints obtained

Violation of 1/r2 law: Yukawa-like potential

• Fujii; Fischbach; Damour
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As we have described, this type of parameterization, at the lowest interaction order and in the non-relativistic limit, is
compatible with many metric theories of gravitation and with modern theories of physics regardless of the additional
fields they consider: Scalar, Tensor and Vector fields



Results of the LARASE experiment

GAUSS equations

ℜ = −
𝐺∞𝑀⊕

𝑎2
𝑎

𝑟

2

𝛼 1 +
𝑟

𝜆
𝑒
−
𝑟
𝜆

n = Satellite mean motion of the 
unperturbed two–body problem

𝑛2𝑎3 = 𝐺∞ 𝑀⊕ +𝑚𝑠 ≅ 𝐺∞𝑀⊕

ሶ𝑎 = 𝑒
2

𝑛 1 − 𝑒2
ℜsin 𝑓

ሶ𝑒 =
1 − 𝑒2

𝑛𝑎
ℜ sin 𝑓

ሶ𝐼 = 0
ሶΩ = 0

ሶ𝜔 = −
1 − 𝑒2

𝑛𝑎𝑒
ℜcos𝑓

ሶ𝑀 = 𝑛 +
1

𝑛𝑎
ℜ

cos 𝑢

𝑒 1 − 𝑒2
− 1 − 𝑒2 sin 𝑓 sin 𝑢 + 2

1 − 𝑒2

1 + 𝑒 cos 𝑓

𝒓 =
𝒂 𝟏 − 𝒆𝟐

𝟏 + 𝒆 𝐜𝐨𝐬 𝒇

In order to retain the long period and secular 
effects we need to average Gauss equations 
over one cycle of a fast variable, like M or f :
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Violation of 1/r2 law: Yukawa-like potential

D.M. Lucchesi, Phys. Lett. A 318, 234, 2003; D.M. Lucchesi, Adv. Space Res. 47, 1232 (2011)
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Violation of 1/r2 law: Yukawa-like potential
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Violation of 1/r^2 law: Yukawa-like potential
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Constraints on a long-range force: Yukawa like interaction
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Reference: Coy, Fischbach, Hellings, Standish, & Talmadge (2003)
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Further possible Constraints of a long-range force

1. On the mass of the graviton

2. On the spatial variation of G
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𝑟

𝜆
𝑒− Τ𝑟 𝜆

Ԧ𝐹 𝑟 = −𝛻𝑉 𝑟 = −𝐺∞ 1 + 𝛼 1 +
𝑟

𝜆
𝑒− Τ𝑟 𝜆

𝑀1𝑀2

𝑟2
Ƹ𝑟

𝐺 𝑟 ≪ 𝜆 = 𝐺𝐿𝑎𝑏 ≅ 𝐺∞ 1 + 𝛼
∆𝐺

𝐺
=
𝐺𝐿𝑎𝑏 − 𝐺∞

𝐺∞
≅ 𝛼

𝛼 ≅ 0.5 ± 8 ∙ 10−12 ± 101 ∙ 10−12

However, in Celestial mechanics we deal with GM and not with G
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Summary of the constraints obtained

Moffat Non-Symmetric Theory of Gravitation

• J.W. Moffat, Phys. Rev. D 19, 3554, 1979
• J.W. Moffat and E. Woolgar, Phys. Rev. D 37, 918, 1988

Among the various features of this theory, we are interested in the one which specifies that a given body B has an
associated NSGT charge ℓ𝐵

2 (in addition to its mass) which arises from the coupling of the nonmetric with a vector current

𝒞⨁𝐿𝑎𝑔2 = 𝑀⨁ −𝑚𝐿𝑎𝑔2

ℓ⨁
2

𝑀⨁
−
ℓ𝐿𝑎𝑔2
2

𝑚𝐿𝑎𝑔2
ℓ⨁
2 − ℓ𝐿𝑎𝑔2

2

[5] I. Ciufolini and R. Matzner, Int. J. Mod. Phys. A 07, 843, 1992;  [7] D.M. Lucchesi, Phys. Lett. A 318, 234, 2003
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Summary of the constraints obtained

Torsion

• F.W. Hehl, P. von der Heyde, G.D. Kerlick, and J.M.
Nester, Rev. Mod. Phys. 48, 393, 1976

• R.T. Hammond, Rep. Prog. Phys. 65, 599, 2002
• Y. Mao, M. Tegmark, A.H. Guth, and S. Cabi, Phys. Rev.

D 76, 104029, 2007

A generalization of Einstein’s GR may be obtained when a Riemann-Cartan spacetime is considered. In this case a
nonvanishing torsional tensor is present because of nonsymmetric connection coefficients 



[168] R. March, G. Bellettini, R. Tauraso, and S. Dell’Agnello, Phys. Rev. D 83, 104008, 2011
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Measurement of the Lense-Thirring precession 

on the orbits of the two LAGEOS and LARES satellites

Part II
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The measurement of the Lense-Thirring precession has been the primary
goal of LARASE, and this was explicitly requested by Prof. R. Battiston,
President of the INFN-CSN2 on Astroparticle Physics in 2013

As already underlined, this was mainly pursued:

• by improving the reliability of the dynamic model used in the POD

• and following IERS Conventions 2010, IAU 2000 Resolutions, and ILRS
Recommendations
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𝑑Ω

𝑑𝑡
𝑠𝑒𝑐

=
2𝐺

𝑐2𝑎3
𝐽⨁

1 − 𝑒2 Τ3 2

𝑑𝜔

𝑑𝑡
𝑠𝑒𝑐

= −
6𝐺

𝑐2𝑎3
𝐽⨁

1 − 𝑒2 Τ3 2
cos 𝑖

The Lense-Thirring effect consists of a precession of the orbit of a satellite
around a primary produced by its rotation, i.e. by its angular momentum
(mass-currents)

This precession produces a secular effect in two orbital elements:
• the right ascension of the ascending node

• the argument of pericenter
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On the Lense-Thirring effect and the importance of an accurate measurement 
of the Gravitomagnetic Field

ሶ
Ω𝐺𝑀 = −

1

2𝑐
𝐵𝐺𝑀 =

𝐺

𝑐2𝑟3
3 Ԧ𝑆 ∙ Ƹ𝑟 Ƹ𝑟 − Ԧ𝑆

An accurate and reliable measurement of the gravitomagnetic field of the Earth is not
only important per se, as a further and robust test of the GR predictions in the WFSM
limit. There are at least three main issues that, for their importance, require a much
more precise and accurate measurement of gravitomagnetism, even in weak-field
conditions:

• Intrinsic gravitomagnetism

• Strong fields and compact objects

• Mach’s Principle
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Gravity Probe B (GPB)

GPB, after 40 years of effort and $ 700 million

satellite project, was launched on April 19, 2004

from Vandenberg Air Force Base (CA/USA)

with a Delta II rocket

The two primary goals of GPB were:

1. The measurement of the frame–

dragging effect with an

accuracy of about 0.3%;

2. The measurement of the de

Sitter effect with an accuracy of

about 0.002%;

For 18 months of nominal duration

http://einstein.stanford.edu PI Prof. Francis Everitt

The readout error was   0.016 mas/yr Comparable with the CASSINI

measurement (2002) of  ( 

210−5, Bertotti et al. 2003,

Letters to Nature).
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• Schiff (1960)
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Measurement of de Sitter precession 
0.3%

Measurement of Gravitomagnetism 
19%

… both measures are far from the 
initial objectives …
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The Lense-Thirring precession is very small compared to classical orbit
precessions due to deviations from the spherical symmetry for the Earth's
mass distribution, or with the same relativistic Schwarzschild precession
produced by the mass of the primary (≈ 3350 mas/yr for LAGEOS)

30 mas  1.8 m in 1-year

ሶΩ𝐿𝑎𝑔𝑒𝑜𝑠
𝑂𝑏𝑠𝑒𝑟 ≈ +126 𝑑𝑒𝑔/𝑦𝑟 ሶΩ𝐿𝑎𝑔𝑒𝑜𝑠𝐼𝐼

𝑂𝑏𝑠𝑒𝑟 ≈ −231 𝑑𝑒𝑔/𝑦𝑟

ሶΩ𝐿𝑎𝑟𝑒𝑠
𝑂𝑏𝑠𝑒𝑟 ≈ −624 𝑑𝑒𝑔/𝑦𝑟

ሶΩ𝑐𝑙𝑎𝑠𝑠 𝑠𝑒𝑐
= −

3

2
𝑛

𝑅⨁
𝑎

2 cos 𝑖

1 − 𝑒2 2
− 5 ҧ𝐶2,0 +⋯
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Therefore, the correct modelling of the even zonal harmonics (ℓ = even,
m = 0) represents the main challenge in this kind of measurements, since
they have the same signature of the relativistic effect but much larger
amplitudes

ሶΩ𝑐𝑙𝑎𝑠𝑠 𝑠𝑒𝑐
= −

3

2
𝑛

𝑅⨁
𝑎

2 cos 𝑖

1 − 𝑒2 2
− 5 ҧ𝐶2,0 +⋯
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By solving a linear system of three equations in three unknowns, we can solve for the
relativistic precession while reducing the impact in the measurement of the non perfect
knowledge of the Earth’s gravitational field:

ሶΩ𝑐𝑜𝑚𝑏 = ሶ𝛿Ω𝑟𝑒𝑠
𝐿1 + 𝑘1𝛿 ሶΩ𝑟𝑒𝑠

𝐿2 + 𝑘2𝛿 ሶΩ𝑟𝑒𝑠
𝐿𝑅 • LT effect observable

• k1 and k2 are such that to cancel the unmodelled effects/errors
of two even zonal harmonics (order m=0) of the Earth’s
gravitational field: quadrupole and octupole coefficients𝛿 ሶΩ𝑐𝑙𝑎𝑠𝑠 𝑠𝑒𝑐

= −
3

2
𝑛

𝑅⨁
𝑎

2 cos 𝑖

1 − 𝑒2 2 − 5𝛿 ҧ𝐶2,0 +⋯

ሶΩ2
𝐿1𝛿 ҧ𝐶2,0 + ሶΩ4

𝐿1𝛿 ҧ𝐶4,0 + ሶΩ𝐿𝑇
𝐿1𝜇 +⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿1

ሶΩ2
𝐿2𝛿 ҧ𝐶2,0 + ሶΩ4

𝐿2𝛿 ҧ𝐶4,0 + ሶΩ𝐿𝑇
𝐿2𝜇 +⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿2

ሶΩ2
𝐿𝑅𝛿 ҧ𝐶2,0 + ሶΩ4

𝐿𝑅𝛿 ҧ𝐶4,0 + ሶΩ𝐿𝑇
𝐿𝑅𝜇 +⋯ = 𝛿 ሶΩ𝑟𝑒𝑠

𝐿𝑅

ሶΩ𝐺𝑅
𝑐𝑜𝑚𝑏 = 50.17 𝑚𝑎𝑠/𝑦𝑟

𝑘1 ≅ 0.345
𝑘2 ≅ 0.073
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By solving a linear system of three equations in three unknowns, we can solve for the
relativistic precession while reducing the impact in the measurement of the non perfect
knowledge of the Earth’s gravitational field:
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𝐿𝑅 • LT effect observable

• k1 and k2 are such that to cancel the unmodelled effects/errors
of two even zonal harmonics (order m=0) of the Earth’s
gravitational field: quadrupole and octupole coefficients𝛿 ሶΩ𝑐𝑙𝑎𝑠𝑠 𝑠𝑒𝑐
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On the modelling of the even zonal harmonics
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𝐶2,0 = 𝐶2,0 𝑡0 + ሶ𝐶2,0 𝑡 − 𝑡0

Quadrupole coefficient: SLR data
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Static 
Models
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Temporal 
Models
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From GRACE Temporal Solutions 

Time [MJD] Time [MJD]
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ҧ𝐶ℓ,0(t)= ҧ𝐶ℓ,0 𝑡0 + ሶҧ𝐶ℓ,0 𝑡 − 𝑡0

From GRACE Temporal Solutions 

Linear fit to better capture evolution 
over time
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The measurement of the Lense-Thirring effect
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Starting from December 2017 and until spring 2019 we carried out an intense analysis
activity:

• for different models of static gravitational field

• and from GRACE’s monthly solutions from three different analysis centers

❑ zonal harmonics

❑ but not only

For each of these analysis we performed a POD over a time of about 6.5 years (over 7-day arcs), processing a
considerable number of SLR observations in the form of Normal Points, for an average of about 1344 (LAGEOS), 1207
(LAGEOS II) and 1487 (LARES) normal points
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• We considered several models for the background gravitational field of the Earth

▪ This allows to highlight possible systematics among the different models

• For the first 10/15 even zonal harmonics we considered their explicit time dependency following
the monthly solutions from GRACE measurements

▪ This has reduced the systematic error of the background gravitational field

• Together with the relativistic Lense-Thirring precession we estimated also some of the low-
degree even zonal harmonics ( = even and m = 0) of the background gravitational field

▪ This allows to estimate the direct correlation between the relativistic Lense-Thirring precession
with the coefficients of the gravitational field
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• The relativistic Lense-Thirring precession has been measured both in the residuals of the rates
of the combined nodes and in their integration

▪ This is the first time that the measurement has been performed on the rate of the combined
observables

• The measurement has been obtained both via linear fits and non-linear fits

▪ This is also the first time that a reliable measurement of the Lense-Thirring precession has been
obtained by means of a simple linear fit
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• The data reduction of the satellites orbit has been done with GEODYN II (NASA/GSFC) on a time
span of about 6.5 years (2359 days) from MJD 56023, i.e. April 6th 2012, and we computed the
effects on the orbit elements of LAGEOS, LAGESOS II and LARES:

o Background gravity model: GGM05S + other fields from GRACE

o Arc length of 7 days

o No empirical accelerations

o Thermal effects (Yarkovsky Schach and Rubincam) not modelled

o General relativity modelled with the exception of the Lense-Thirring effect

1. EIGEN-GRACE02S (2004)
2. GGM05S (2014): official field of the ILRS
3. ITU_GRACE16 (2016)
4. Tonji-Grace02s (2017)

ሶΩ𝐿𝑇 𝑠𝑒𝑐
30.67 31.50 118.48

LAGEOS LAGEOS II LARESRate (mas/yr)
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Results of the LARASE experiment
Cumulative sum for Results for  from the linear system

GGM05S model
K  +3.097    S  − 8.410−3

Gussian-like distribution
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Results for  from the linear system Cumulative sum for 
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Lense-Thirring effect measurement: frame dragging

𝝁𝒎𝒆𝒂𝒔 − 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑

Errors @ 95% CL

𝝁𝑮𝑹 = 𝟏
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Estimation of the systematic errors

𝝁𝑮𝑹 = 𝟏

𝝁𝒎𝒆𝒂𝒔 − 𝟏 = 𝟏. 𝟓 × 𝟏𝟎−𝟑 ± 𝟕. 𝟒 × 𝟏𝟎−𝟑 ± 𝟏𝟔 × 𝟏𝟎−𝟑

Errors @ 95% CL

Lense-Thirring effect measurement: frame dragging
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The detailed description of the error budget, with the exception of the tidal
effects, is the subject of a forthcoming paper

Solid and Ocean 
tides
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With this precise and accurate measurement of the GR’s Lense-Thirring
precession

• new constraints on alternative theories of gravitation will soon be
derived (in preparation)
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Results from the linear system: , 𝛿 ҧ𝐶2,0, 𝛿 ҧ𝐶4,0
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Results from the linear
system: , 𝛿 ҧ𝐶2,0, 𝛿 ҧ𝐶4,0

GGM05S model
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𝝁𝒎𝒆𝒂𝒔 = 𝟎. 𝟗𝟗 ± 𝟎. 𝟏𝟑GGM05S model

𝝁𝒎𝒆𝒂𝒔 = 𝟎. 𝟗𝟖 ± 𝟎. 𝟏𝟑Other models
S.D.=1.20

Results for the Lense-Thirring effect from the residuals in 
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A statistical approach to the measurement of 
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A statistical approach to the measurement of 
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Many thanks for your kind attention


