
1

A fast introduction to
the tracking and to
the  Kalman filter

Alghero 2009   Alberto Rotondi  Pavia 
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The tracking

Bv
c

q
  F

x

y
X   B

+ -

0

To reconstruct the particle path to find the origin (vertex) 
and the momentum
The trajectory is usually curved by the Lorentz force

Even when B is uniform, the trajectory is
NOT an helix, due to
• energy loss
• multiple scattering

The track is defined as a set of points usually on detector 
planes (real and/or virtual)



3

The track

Since on a detector plane we have two coordinates (v,w) and 
three momentum components (pu, pv, pw) the track

is a 5-dimensional mathematical entity



4

Tracking  neglecting 
inhomogeneous magnetic field 
and the medium effects

Tracking in  
inhomogeneous magnetic field
neglecting the medium effects

Tracking  in 
inhomogeneous magnetic field with
energy loss and multiple scattering

Global fit
HELIX

Global fit
SPLINES

Progressive fit
KALMAN ...

H. Wind, NIM 115(1974)431

R. Frühwirth, NIM A262(1987)444 
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s   = track length

P(x0, y0, z0) = starting point

= dip angle

0 = azimuthal angle

RH = radius

h   = -sign(qBz)

B // z  two planes:

xy : circle

z - s : straight line

The Helix (no matter, uniform mag. Field) 
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Spline fit
No medium effects,  dishomogeneous magnetic field is taken intoaccount

• The spline is a smooth segmented polynomial

• Cubic spline through n+1 points y0, … , yn:

3

i

2

iiii tdtctbatY

•The parameters are found by constraining the pieces of splines to be 
connected in the measured points assuring the continuity up to the 2
derivative

parameters

i = 0,…,n

t є [0,1]

H. Wind, NIM 115 (1974), 431
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What is the track follower?

Track follower

Track 
extrapolation

Error
Propagation

(5x5 covariance
Matrix)

From one point
To
Another one

In the same point
Between two
Track systems

Also MC with fluctuations
Switched off
(ONLY FORWARD 
TRACKING)
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Tracking

vs MC

MC= at each step the 
trajectory  is sampled
as a random value

Tracking= at each step the 
trajectory  is calculated
as a mean value with
an associate error

track
follower
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GEANE

GEANE = tracking 
with the geometry 
of GEANT3 + a lot 
of mathematics
for the transport 
matrix calculation 

•

MARS  SC
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V. Innocente et al. Average Tracking and Error Propagation Package,    CERN Program Library W5013-E (1991).

Two main tasks:
• Track propagation: the same MC 

geometry banks are used.
• Error propagation: 
•from one point to another one
•In the same point between
different systems
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Track propagation
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Track propagation II

a piece of helix
field along z-axis
M(s) is the position 

vector

l
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Track propagation III
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Track propagation IV
Strandlie & Wittek, CMS note, 2006/001
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Track propagation V
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The first task: track propagation
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The jacobian transports the erros
from one step to another

Here, at each step,
multiple scattering and
energy loss effects 
have to be added
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Multiple 
scattering
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Multiple scattering
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Multiple scattering
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Multiple scattering

PDG:  wrong

GEANE
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Energy loss



Average energy loss
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Gauss and Vavilov:  no problems for the track follower
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Landau: problematic distribution

Sub-Landau: what distribution?

ray tail

The track follower must be compared
With the full Landau sampling

GEANE
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GEANE and GEANT4E contain only this

Gauss and Vavilov:  no problems for the track follower



Improvements

• New error calculation in energy loss for 

heavy particles

• New error calculation for bremsstrahlung

27
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Truncated Landau: 

Solution (GEANT3 & GEANT4): truncation of the distribution tail
to have  as a mean the  average dE/dx



29

GEANE for PANDA  modified  
with the the -tailOriginal GEANE 
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Urban model works well

Urban

Exact model

Landau

1.5 cm of Ar/CO2  90/10  1.2 GeV pions
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The matching between Urban and Landau 
is obtained for  = 0.9999
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Bremsstrahlung
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Bremsstrahlung
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Bremsstrahlung

35
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GEANE

GEANEMC

ζ

xx

1.03RMS

0.995α

Energy loss stragglingMultiple scattering

Track propagation: physical effects

Pull
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=1.41 =1.13 =1.19

=0.96 =1.05

GEANE

GEANEMC

ζ

xx

Pull
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A Bayesian technique:The KALMAN filter 
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Consider the well-known weighted mean:
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A simple algebraic manipulation gives the recursive form:

measured point            weight matrix             prediction
Kalman= the measurement is weighted
with a model prediction (track following)
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Example: Radar Applications                                                                2/3

In a radar application, where one is interested in following a target, information about the location, 
speed, and acceleration of the target is measured at different moments in time with corruption by 
noise. 

r = { x, y, z, vx, vy, vz } 

2
x

2
y …

2
z

2
vx

…          2
vy

2
vz

C =

December 21, 1968. The Apollo 8 spacecraft has just been sent on its way to the Moon.
003:46:31 Collins: Roger. At your convenience, would you please go P00 and Accept? We're going to update to your W-matrix.

State vector Covariance matrix

position velocity

error of x
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The original idea is very simple

When m is measured at t2 and x(t1,t2) is the prediction from t1 to t2, 
the best evaluation of x at  t2  is

This is called the Kalman filter recursive form

mttxmtx
m

m ),()( 212

2

2

2

2

Kalman= the measurement is weighted
with a model prediction (track following)
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ki-1

ki

Xi

ei

Ki+1
Xi+1

ei+1

fi

Extrapolation, filtering 
and smoothing

Kalman 
filter

Kalman 
filter

Detector plane

x Measured point

prefit

vertex
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Tracking
with Kalman
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Tracking
with Kalman

solve
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Track fitting tools

1. the GEANT3-GEANE  old chain:
The mathematics is that of Wittek (EMC Collaboration)
The tracking banks and routines are the same as in MC. 
The user gives the starting and  ending
planes or volumes and the tracking is done automatically.
It works very well (see the CERN Report W5013 GEANE, 1991).

2. “Modern” experiments:
in the software are implemented some tracking classes:
input: xi, Ti , i, step, medium, magnetic field
output: new xi, Ti, i

the user has to manage geometry,medium and detector interface

3. A GEANT4-GEANT4E chain there exists in the new GEANT Root
framework.
It is used by CMS but is not included into the official releases
(see Pedro Arce’s talks in the Web)



The Virtual Monte Carlo (VMC) 

GEANE (1984) GEANT4E (2008)



GEANT4 2004 

Workshop                                                

GEANT4E
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What is GEANT4E
 Track reconstruction needs to match signals in two detector parts

 Propagate tracks from one detector to the other and compares with 

real measurement there

 Make the  average between the prediction and the real measurement 

it needs the track parameter errors 

 Traditionally experiments have used GEANE (based on GEANT3) or their 

‘ad hoc’ solution

GEANT4e provides this functionality for the reconstruction 

software in the context of GEANT4



GEANT4 2004 

Workshop                                                
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G4eTarget

G4eTargetCylindricalSu
rface

G4ePhysicalProcess
es

G4eIonisationChan
ge

G4ePhysicsList

G4ePropagator

G4eErrorMatrix

G4eTrajState

G4eTrajParamS
C

G4eTrajStateSC

G4eNavigator

G4eMag_UsualEqR
hs

4
G4eTargetPlaneSur
face

G4eTargetSurfa
ce

G4eTargetTrackLe
ngth

G4eTargetVolum
eG4

G4eTrajStateSP

G4eTrajStateSD G4eTrajParamS
D

G4eTrajParamS
P

G4eMagneticFieldLimitsPro
cess

G4eMagneticFieldLimitsMess
enger

G4VDiscreteProces
s

G4eManager

G4eSteppingManag
er

G4eSteppingMesseng
er



51

- User defines the initial track parameters in a given 

point of the trajectory: G4eTrajState

- Particle type

- Position

- Momentum

- Track errors (5x5 HepSymMatrix)
- Initial surface where parameters are defined

- Three distinct coordinate systems are supported, as 

in GEANE, inspired by the EMC collaboration 

- (user just needs to give pos. & mom., transformation is done by GEANT4E)



- SC: parameters in the global reference frame

- 1/p, , , y_perp, z_perp (p_x = p cos( ) cos( ), p_y = 

p cos( ) sin( ), p_z = p sin( ), x_perp || trajectory, 

y_perp parallel to x-y plane)

- SP: paramaters on a plane perpendicular to X

- 1/p, y’, z’, y, z (y’ = dy/dx, z’ = dz/dx)

- SD: parameters on a plane in an arbitrary direction

- 1/p, v’, w’, v, w (u,v,w is any orthonormal coordiante 

system, v, w on the plane)

52



GEANT4 2004 

Workshop                                                

GEANT4E
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Magnetic field: G4eMagneticField

 User defines the magnetic field in the 

standard GEANT4 way

But GEANT4e has to handle the backwards 

propagation

Magnetic field has to be reversed
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Track error propagation
 Based on the equations of the European Muon Collaboration (same as GEANE)

 Error from curved trajectory in magnetic field

 Error from multiple scattering

 Error from ionisation

 Formulas assume propagation along an helix

- Need to make small steps to assure magnetic field constantness and not too 

big energy loss makes it slower

 Another approach to be studied: propagate the error together with the solving of 

the Runge-Kutta equations

- Probably slower per step but would not need so many steps



GEANT4 2004 

Workshop                                                

GEANT4E
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Backwards tracking
When reconstruction software wants to know 

the trajectory that a track has described from 

a detector part to another, often the track has 

to be propagated backwards

The track has to gain instead of losing energy

The value of the magnetic field has to be reversed



But the energy lost (gained) in one step is 

calculated

o Forward tracking: using the energy at the 

beginning of the step

o Backward tracking: using the energy at the 

end of the step

And similarly for the curvature in magnetic 

field

56



GEANT4 2004 

Workshop                                                

GEANT4E
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Backward tracking (2)

Difference in energy when a 20 

GeV track is propagated forwards 

and then backwards

NO CORRECTION

Difference in energy when a 20 

GeV track is propagated forwards 

and then backwards

CORRECTED

2



GEANT4 2004 

Workshop                                                

GEANT4E
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Timing GEANE vs GEANT4E

GEANT3 GEANT4

GEANT3 0.205 GEANT4 0.61

GEANE: Forward or 
backward

0.244 GEANT4E: Forward 
or backward

1.08

GEANE: no error 
Forward or backward

0.114 GEANT4E: no error 
Forward or backward

0.81

 GEANT4 is 3 times slower than GEANT3

 GEANT4E is 4 times slower than GEANE

 Most of the time is taken by GEANT4

 Error propagation is 30 % of total time (55 % in GEANE)

 Results have been checked by profiling
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Central Straw Tube Tracker

PANDA  The detector
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Straw tube detector
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Straw Tube Tracker

Drift tubes for the central tracker

e- and ions  drift on the anode (wire) 
and on the negative catode (wall) 

Typical e- drift velocity: 5 cm/ s

)tw(twdtR
01

t

t
equidrift

1

0

anode

cathode

drift circle

approximation

• mechanical stability 
• high efficiency 
• spatial resolution ~ 150 
• thickness X/X0 ~ 1%
• high rate performances



Pavia, 18/01/2008 Lia Lavezzi – Fit di traccia 62

~ 5000 tubi

~ 3000 paralleli stereo

Straw Tube Tracker

(simulazioni)
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The first fit   
(MINUIT) is 
made  on the 
wire  centers MINUIT FIT

Fit in the straw tube x-y plane
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Fit in the straw tube x-y plane

xC, yC

REAL

PREFIT

xC, yC …  is the curvature 
center of the reconstructed 
track from Minuit prefit

Blu lines join the centers of 
the wires…

The points are the 
intersections between the  
blu lines and the drift radii
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Helix fit with conformal mapping

• (x, y) points are mapped  in the  (u, v) plane to pass from one 
circonference to one parabola

22 yx

x
u 22 yx

y
v

The fit with one parabola is of a
polynomial type and is much easier

3

2

b

R
εu

b

a
u

b2

1
v222

Rbyax

22 baRε

M. Hansroul et al., NIM A 270 (1988), 498-501
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Fit of the Z coordinate

The z coordinate is reconstructed by means of the skewed tubes

sinλs)( 0zsz

z

x
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Propagation to the point of closest 
approach  (PCA)  to the wire

Virtual detector plane 

• v-axis: from PCA  on wire
to PCA on track

• w-axis: wire

• origin: PCA on wire

w v, ,w' ,v' ,
p

1

EXTRAPOLATION

Refit: Kalman fit for a straw tube  I
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The Kalman weighted average is 
made between
the  PCA extrapolated point and 
the mesured point, given by the 
intersection of the drift radius 
with the (v-w) plane

The Kalman smoothing is made  is made simply with a backward  FILTER
(See below)

After three iterations the procedure is stopped

FILTER

SMOOTHING

Refit: Kalman fit for a straw tube II
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Improvement in momentum resolution
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Improvement in momentum resolution
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Improvement in the resolution

0

2

2

MS

'2

2

meas

2

meas

2

MS

2

X

L

λcosLpβ

zc)0.016(GeV/
kδ

4n

720

L

ε
kδ

kδkδkδ

• 1000 muons in the transverse plane
• L~30 cm
• n ~ 20
• B = 2T 
• = 1
• L/X0 = 1.1%
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K0
s   invariant mass

• 1000 events 
• vertex (0, 0, 0)
• px,y,z [0, 1.5] GeV/c
• K0

s 
+ - decay

• p > 0.3 GeV/c 
• m(K0

s) = 0.49767 GeV

ππππ

2

π

2 EEm2IM pp

ELICA KALMAN

GENERATION
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C invariant mass

• 50000 events
• vertex (0, 0, 0)
• p(anti-p) = 3.68 GeV/c
• decay
• K0

s 
+ - 100%  decay

• m( C) = 2.9798 GeV
• ( C) = 0.0270 GeV
• m(K0

s) = 0.49767 GeV

GENERATION

0

sC KπKη

• no slow tracks particle
• identification from Monte Carlo 
truth
• secondary vertex from Monte 
Carlo truth

APPROXIMATION

ELICA KALMAN

Invariant mass resolution = 1.8% against 2.2 %
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Kalman filter: summary
• Kalman Filter:

– Used for track fitting by most of HEP experiments
– Easy to include random noise processes (ms) and systematic 

effects (eloss) 
– It is a local and incremental fit (dynamic states)

We can do simultaneously fitting & patter recognition

seed prediction

filter

smooth=filter
smoothsmooth

noise matrix

(ms)

P
v


v


Propagator (GEANE)
transport matrix

random noise 

(multiple scattering & energy loss)

?

Three different ways to go backward

• Method № 1, “smoothing”: we use the 
previously shown formulas

• Method № 2, “backtracking”: we use 
option  “b” of geane

• Method № 3, “double Kalman filter”: 
we use option “b” of geane and we 
make a weighted average between the 
last step and the previous iteration.



Three iterations tested in STT 



Results with the three methods (stt ONLY)

Backtracking and double filter look better than smoothing! 

• Method № 1, “smoothing”: we use the previously shown formulas
• Method № 2, “backtracking”: we use option  “b” of geane
• Method № 3, “double Kalman filter”: we use option “b” of geane and we make a weighted 

average between the last step and the previous iteration.



Results at different momenta with the three
methods

resolution

efficiency

p (GeV/c) σ(p)/p percentage
prefit smooth.btrack. double 

filt.
0.5 2.36 2.06 1.99 1.98
1. 2.95 2.21 2.20 2.17
1.5 3.87  2.91 2.6 2.72
2. 4.79 3.52 3.15 3.27
5.      9.90 8.22 7.39 7.94
10. 17.12 17.10 14.64 15.54

resolution table
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Beyond Kalman: not gauusian models
(electrons)



79



80



81



82

Conclusions
Progressive fits takes into account 
magnetic field , energy loss
and multiple scattering effects

The tracker is an essential part of this 
technique

Virtual MC interfaces are useful to assure the use
of the necessary software.

Old tools can be useful!



END
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GEANE: a short story
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The Helix
No matter and uniform magnetic field

sinλ szsz

sinΦ
R

cosλ
 sh ΦsinRysy
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 sh ΦcosRxsx

0

0

H

0H0

0

H

0H0

s   = track length

P(x0, y0, z0) = starting point

= dip angle

0 = azimuthal angle

RH = radius

h   = -sign(qBz)

0

00

00 Φ
xxRcosΦ

yyRsinΦ
arctan

cosλh

R
s

 

B // z  two planes:

xy : circle

z - s : straight line
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ki-1

ki

Xi

ei

Ki+1
Xi+1

ei+1

fi

Extrapolation, filtering 
and smoothing

Kalman 
filter

Kalman 
filter

Detector plane

x Measured point

prefit

vertex
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Thin gaseous absorbers: The Urban distribution
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-ray tail
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Truncation of the Urban tail of  distribution
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Is the Urban distribution 
a good model?

Comparison with an “exact” model
in the case of a thin gas layer
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N/n ~ 2.8

xnenxl )(

nx
k

e
k

nx
np

!

)(
)(

MIP particle:
Argon               

CO2
Cluster/cm    26                   35
Prymary e- 90                   91 

Effective  cluster/cm: nMIP dE/dx/(dE/dx)min


