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Rotation curves of disk galaxies

Source: Wikipedia, based on E. Corbelli and P. Salucci, Mon. Not. Roy. Astron. Soc. 311, 441-447 (2000).

Comparison of the observed and expected rotation curves of the typical spiral galaxy M33



Two options

Dark Matter

m(r) ∼ r at large r

I No interaction with EM
radiation;

I pDM ' 0.

• Primordial BHs, BSM
particles, . . .

Modified Gravity

F = mµ(|a|/a0)a

I Modified Newtonian
dynamics (MOND);

I Effective theory.

• f(R), TeVeS, BEC of
gravitons, . . .

No evidence for Physics BSM from LHCw�
Let’s focus on Modified Gravity

at large r form the Galactic center



Modified Newtonian dynamics (MOND)

Critical acceleration scale a0

a(r) ∼ GNM

r2
for a� a0 ,

a2(r)

a0
∼ GNM

r2
for a� a0 ,

with M ∼ core mass (asymptotically far from the Galactic center).

This implies

v2(r) ∼ GNM

r
for a� a0 ,

v4(r) ∼ GNM a0 for a� a0 . (Tully–Fisher)

MOND  Bekenstein’s modified Poisson equation

div

[
µ

(
|∇Φ|
a0

)
∇Φ

]
= 4πGN ρ(x) , µ(x) ∼

{
1 , for x� 1 ,

x , for x� 1 .

with µ(x) an “interpolating function”.



Fractional Newtonian Gravity

Fourier transform: f̂(k) ≡ F [f(x) ; k] :=
∫
R3 e

−ik·x f(x) d3x

The Fourier transform of the Laplacian

F [(−4)f(x) ; k] = |k|2 f̂(k) ,

meaning that (−4) is a positive-definite operator.

Fractional generalization: (−4)s such that

F [(−4)sf(x) ; k] = |k|2s f̂(k)

for s > 0.

Fractional Poisson equation for gravity, with 1 ≤ s . 3/2

(−4)sΦ(x) = −4πGN `
2−2s ρ(x) [`] = length



Kuzmin disk

Mass density

ρ(R, z) =
R0M

2π (R2 +R2
0)3/2

δ(z) ,

in cylindrical coordinates (R,φ, z), [R0] = length.

Fourier domain

ρ̂(k) = M e−κR0 , κ :=
√
k2x + k2y .

Field equation in momentum space:

Φ̂(k) ≡ Φ̂(κ, kz) = −4πGN `
2−2s ρ̂(k)

|k|2s

= −4πGNM `2−2s e−κR0

(κ2 + k2z)
s



z = 0 (working on the Galactic plane)

Φs(R, 0) =



− GNM `2−2s
√
π R3−2s

0

Γ(s− 1/2) Γ(3− 2s)

Γ(s)

× 2F1

(
3

2
− s, 2− s, 1 ; −R

2

R2
0

)
, for 1 ≤ s < 3/2 ,

2

π

GNM

`
log

1 +

√
1 +

(
R

R0

)2
 , for s = 3/2 .

z 6= 0

Φs(R, z) = −2
3
2−sGNM `2−2s|z|s− 1

2

√
π Γ(s)

×
∫ ∞
0

dκκ
3
2−s e−κR0 J0(κR)Ks− 1

2
(κ|z|)



MOND–like behavior

Orbital speeds of visible stars

v2s(R) = R |∇Φs(R, 0)| = R
∂Φs(R, 0)

∂R

v2s(R) =



(
`

R0

)2−2s
GNMR2

√
π R3

0

(2− s)Γ(4− 2s)Γ(s− 1/2)

Γ(s)

× 2F1

(
5

2
− s, 3− s, 2 ; −R

2

R2
0

)
, for 1 ≤ s < 3/2 ,

2GNM

π `

(
1− R0√

R2 +R2
0

)
, for s = 3/2 .

I s→ 1: Newtonian gravity;

I s→ (3/2)−: Tully–Fisher relation for ` = 2
π

√
GNM
a0

.
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Galaxy rotation curves
 Scale-dependent (variable-order) fractional theory, s→ s(|x|/`).



Discussion and Conclusions

I We can think of DM phenomenology as the result of an emergent
fractional theory of gravity;

I Fractional theory ! non-local field theories;

I Typical scale for non-local effects ` = 2
π

√
GNM
a0

;

I Scale-dependence ! variable-order FPDE  s→ s(|x|/`).

Thank You!


