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Abstract

A notion of coherence vector of a general quantum
state is introduced on the framework of quantum
coherence resource theory. This generalized
coherence vector completely characterizes the
notions of being incoherent, as well as being
maximally coherent. Moreover, using this notion
and the majorization relation, a necessary
condition for the conversion of general quantum
states by means of incoherent operations is
obtained. Finally, a new tamily of coherence
monotones based on the coherence vector is
introduced.

Coherence Vector

see Ref. [7]

UP* (p) = {25 @t ([9n) (Wrl) - {ar, [e)} € D(p) }

U (p) = {1+ (|0) (¥]) = [) (] € O(p) }

Properties:
o conver sets s.t. UP®(p) C UP*(p) C AY

o \/UP*(p) =\ U (p)
o \/UP*(p) €UP*(p) <= \UP*(p)
Definition.

Coherence vector of p

v(p) =V UP*(p) =
Properties.
e For pure states: v ([1)) (¢])

e v(p) =(1,0,...
e v(p) = (5,...,=) <= p is mazimally coherent

© 2w PrVr) (Vrl) = v (i Pr [¥k) (Yil)
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Proposition.
ps 0 = Yawlvn)} € D(p), Hr, |6} € D(o)

Quantum Resource Theory of Coherence

Incoherent states

I:{p sz|><‘}

Coherence measures/monotones!’:
A coherence measure C is a real function SU.Ch that:

Coherent vector for pure states®

p ()W) = (ORI, [{d = L[¥)?)
p([U)(W) € Ag={u€R 1y 203, u; =1}

(set of probability vectors)

1. Vanishing on incoherent states: C'(p) =0 Vp € Z

2. Monotonicity under 10: C'(p) > C'(A(p)) VIOA and Vp
C(p) > Z pnC(0y) VIOA, \V/Pa
= Tr(K,pK!), o, = KnpK,

4. Normalization: C(p ) = 1 for any p max1mally coherent
5. Convexity: C(> ;. qrpr) < D1 qC(pk)

If C safisfies 1-3, it is called coherence monotone

3. Strong monotonicity:

State transformations'¥:

VW] 20 = Hpn n)} st
1.0 =), Pn|0n)(¢n]

Inchorent basis

— {];)14-1 ! Proposition.??
B {m 1=0 2 H (W><¢|> - Z” Pnpt (|(bn><§bn\) Any Cgherence measure for pure states is of the form
o e C () (1) = £ () ()

Coherent states Incoherent operations!! Majorization lattlce f € F = {symmetric, concave, f(1,0,...,0) =0, f ( Gﬁ Ha) =1

p¢T Ap) =Y KnpKT St u=v e S gur < vi Vhe{0,...,d -1} Convex roof measure of COherence S

K ot Preorder (transitive and reflexive) on A, CS(p) = inf g, 1y 1eDp) 2ok @S (1(|P) (¥]))
Tr(lzppKT) - Z \V/,O cLVn A¢ is a complete lattice (POSET + inf and sup) D(p) ={{qx, |Vr)}: p= Zk Gk V) Pk} 21%28&%%5&2%5?%‘;5

(K, ?COh@feﬂt t Supremum YU C A 3VU Top monotone of coherence'®:
raus operators O .
’ C(p) = inf gy wicoq f(l¥) (@)

O(p) = {10) (Wl [0) (0] o3 p fsct st

Conditions for Incoherent Transtormations & Coherence Monotones

Proposition. see Ref. [7

The following statements are equivalent

Proposition.
3 optimal pure state decomposition of p

— C5(p) > CF(p)

e d optimal pure state decomposition of p

> @it (1) (wl) =32, rue(|n) ()

C OI'OllaI'i es. ® Ci ( p) = C%ZE (,0) ior all f c F - ) Relationships among the fzrilil;es of coherence quantifiers
op—o = v(p) XX, par(o,) o C%V(p) =C; " (p) for f € F, f strictly Schur-concave 7
e ; KnpKL Example: maximally coherent qutrit under depolarizing channel
o = Tlfnplin), 0 = 75, — 8,(19) W) = p 4+ (1=p) [} (8], |y) = D=Ly
Pp p D3 p 73

{ K, } incoherent Kraus operators

For f(u) =1—uy + us : C;’r(/)p) — C;fop(pp) > C;V(pp)a p € (0,1)

00 = v(p) < v(0) (0,1,0)
Definition. )
Coherence vector monotone ..
C§¥(p) = f (v(p)) with f € F O 110
! = CF (pp) = C} (pp) (2 2 ).

.l S 0.4 (1,1 1)
Proposition. N\, v(pp) . \3'373
C%" satisfies conditions 1-4 Vf € F 02  C¥(pp)

| /rg min, cggese(p,) f (1)

() ()2 0.4 0.6 .8 | (1,(),()) (0,0,i)

* (1,0,0)

/)l/H'/I/// alion /'/H,NI/'////// (/o)



