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Abstract

• It remains a highly nontrivial problem to propose a device independent scheme which
could certify arbitrary pairs of incompatible measurements.
•We propose a one-sided device independent protocol which could certify any set of d-

outcome projective measurements which do not share any common eigenvector along
with entangled subspaces.
• Then we characterise the class of measurements which be used to certify the maximally

entangled state of local dimension d.
•We derive a new analytical technique to find robustness bounds of our certification

scheme.

Quantum steering
•Alice and Bob share a state ρAB.

• In the simplest scenario [1, 2], Bob can
choose among 2 measurements denoted by
By where y ∈ {1, 2} each of which results
in 2 outcomes labeled by b ∈ {0, 1}.

•Conditioned on Bob’s measurement
choices, different unnormalised states
are prepared at Alice’s side denoted by
σ

y
b ∈ HA.

•Alice is trusted and can always perform a
full tomography on the received system.

Certification using quantum steering

• In the steering scenario, untrusted preparation device and Bob’s measurement devices
can be certified.
•Unlike the Bell scenario, we cannot characterise Bob’s full measurement rather the part

of the measurement which is projected onto the support of Bob’s local state upto some
local isometry.
• For this, a steering inequality needs to be maximally violated by a state and some mea-

surements. The first steering inequality written in the observable picture reads as [1, 3],

B2 = 〈σz⊗ B1〉+ 〈σx ⊗ B2〉 ≤
√

2 (1)

can be maximally violated (upto local unitaries on Bob’s side) by only,

|ψAB〉 = 1⊗UB

[
1√
2
(|00〉+ |11〉)

]
(2)

and

UBB1U†
B = σz , UBB2U†

B = σx

where Bi are projected onto the support of Bob’s local state. Certification using the above
steering inequality was recently shown in [4, 5].

Steering Inequality

•We propose the following steering inequality

Bd =
n
∑
i=1

d−1

∑
k=1
〈Ak

i ⊗ Bk
i 〉 ≤ βL (3)

• The maximal quantum value of the steering inequality (3) is its algebraic value, βQ =
N(d − 1) that can be realized by the maximally entangled state of local dimension d
given by,

|φ+
d 〉 =

1√
d

d−1

∑
i=0
|ii〉 (4)

and Bob’s measurements satisfy the relation Bi = A∗i .

• The classical bound of the steering inequality is given by,

βL = max
ρA

n
∑
i=1

d−1

∑
k=1

∣∣∣∣〈Âk
i

〉
ρA

∣∣∣∣ . (5)

• The steering inequality (3) is non-trivial (βL < βQ) whenever there does not exist any
quantum state ρA which is a simultaneous eigenstate of every Alice’s observable A′is.

Certification in the steering scenario

Theorem 1. Assume that the steering inequality (3) is maximally violated by a state |ψ〉AB ∈
HA ⊗ HB and observables Ai, Bi (i ∈ {1, 2, . . . , n}) acting on, respectively HA and HB such
that the observable set Ai on the trusted side are projective measurements. Then, the follow-
ing statement hold true for any d, that there exist local unitary transformations on Bob’s side,
UB : Cd⊗HBaux → Cd⊗HBaux, such that

∀i, UBBiU
†
B = A∗i (6)

where Bi is Bi projected onto the support of Bob’s state ρB ∈ Cd and the state which maximally
violate the steering inequality (3) is given as,

UB|ψ〉AB = P⊗ 1

(
1√
d

d−1

∑
i=0
|i〉|i〉

)
(7)

where P is the family parameter matrix such that P = ∑d−1
i=0 λ̃i|i〉〈i| conditioned as, ∑d−1

i=0 λ̃2
i = d,

λ̃i 6= 0 and [P, Ai] = 0 for all i ∈ {1, 2, . . . , n}.

Certification in the weakened steering scenario

• In the steering scenario as described above, the assumption of local tomography is re-
quired which imposes that the measurements of Alice are full-rank. This assumption
can be dropped.
• In the weakened steering scenario, only the part of the measurement which is projected

onto the support of Bob’s state can be certified.

∀i, UBBiU
†
B = A∗i (8)

where Ai and Bi are projections of Ai and Bi onto the support of Alice’s and Bob’s state
ρA and ρB ∈ Cd′ respectively where d′ ≤ d.
•However, unlike the steering scenario where the measurements are not performed by

Alice but inferred from the local tomography of the state, in the weakened steering sce-
nario the measurements are needed to be performed by Alice.
•We consider a set of measurements A′is such that they share the following property: if
[P, Ai] = 0 for all i then P = 1. We name such measurements as "strongly incompatible
measurements". Interestingly, if the trusted side performs strongly incompatible mea-
surements, even in the weakened steering scenario it could be certified that the only
state which maximally violates the steering inequality (3) is |φ+

d 〉.

Robustness

• The trusted side performs strongly incompatible observables A1 = Xd and A2 = Zd.
Then,

∥∥∥(1⊗UB)(1⊗ Bk
i )|ψ〉 − 1⊗ B̃k

i |φ
+
d 〉
∥∥∥ ≤ √2ε + 2

√
d 4
√

2ε (9)

and ∥∥∥Bk
i − B̃k

i

∥∥∥2

2
≤
√

d
√

2ε
(

1 + 4
√

d
√

2ε
)

(10)

with k = 0, . . . , d− 1, where B̃i are the ideal observables of Bob.

Conclusions

•We propose the first, to the best of our knowledge a certification scheme which could
verify arbitrary incompatible measurements for any dimension d.
•We found a steering inequality which is violated by d−outcome projective measure-

ments which do not share a common eigenvector.
•We weaken the steering scenario and showed that for strongly incompatible measure-

ments on the trusted side, the state which self-tests is the maximally entangled state of
local dimension d.
•We computed the robustness for a large class of strongly incompatible measurements

which makes our certification scheme much more applicable in the practical scenario.
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