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– Massless            is IR-divergent in dS:

– Why do we care?

–1) This is somewhat embarrassing
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– Massless            is IR-divergent in dS:

– Why do we care?

–2) It could have phenomenological consequences, for example to Black Holes from 
inflation, or to non-Gaussianities
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– Massless            is IR-divergent in dS:

– Why do we care?

–3) Since inflation is most probably the theory of the early universe, we should be able 
to understand its radiative corrections

• For single-field inflation, we have a satisfactory and complete understanding

• but not for non-derivatively coupled multifield
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– Massless            is IR-divergent in dS:

– Why do we care?

–3) Since inflation is most probably the theory of the early universe, we should be able 
to understand its radiative corrections

• For single-field inflation, we have a satisfactory and complete understanding

• but not for non-derivatively coupled multifield
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– Massless            is IR-divergent in dS:

– Why do we care?

–3) Since inflation is most probably the theory of the early universe, we should be able 
to understand its radiative corrections

• For single-field inflation, we have a satisfactory and complete understanding

• but not for non-derivatively coupled multifield
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– Massless            is IR-divergent in dS:

– Why do we care?

–4) Quantum-enhanced expansion and eternal inflation
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• The spacetime becomes stochastic

• Much more radical quantum effect on spacetime than the Black-hole evaporation

• Discovered in the 80’s, we provided a first rigorous quantitative understanding 

Slow-Roll Eternal Inflation
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Figure 10: Contours of the anti-Laplace transform integrals in the z-plane (on the left) and probability
distributions of the volume (on the right) for � = 1� �.
First case

↵
� < ⇥/(2⌅) (first row): at small volumes the integral can be solved via saddle-point approxi-

mation and gives a gaussian-like distribution (in blue). Around V = V (gray region) our approximations
for the solution of the di�eretial equation break down. At larger volumes the contour of integration can
be deformed around the cut. As long as V ⇥ V� the integral is dominated by a region that is much
larger than the distance zcut between the beginning of the cut and the origin, the integral is thus equiva-
lent to the integral over a cut that starts at z = 0 (dotted red contour) giving a power-law behavior for
⇤(V, ⌅) (in light red). At V � V�, the contour integral “sees” the distance zcut between the beginning of
the cut and the origin, and it produces an exponential tail (in dark red).

Second case
↵

� > ⇥/(2⌅) (second row): this time the saddle point works for all the volumes; for
V ⇥ V� it produces a gaussian-like tail that is converted into an exponential tail for V � V�.

V < V�. In this regime, |z| � |zcut|, and from eq. (121) we have ⇧0 ⇤ log(z/⌅). The condition
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• Initial discovery and our quantitative understanding were based on a so-called Stochastic 
equation for inflationary fluctuations proposed and developed by  Starobinsky in the 80’s.

• Probability distribution of the quantum fluctuations satisfies a Fokker-Planck equation.

• This same equation is able to solve non-perturbatively             in dS 

• Lacking: a satisfactory derivation, an understanding of if this is a toy model or the leading 
expansion in `something’, and, if it is the second, if it can be made a precise approach.

Slow-Roll Eternal Inflation
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• Both

–Massless           in dS

–Slow-Roll eternal inflation

• are non-perturbative phenomena

• The Stochastic equation

–might provide a way to solve for them

–lacks a systematic derivation and proof of accuracy

• We will prove that that equation is the leading-order truncation of a generalized equation, 
from which we can derive arbitrary accurate results.

– Proving the existence slow-roll eternal inflation

– Solving                in rigid de Sitter 
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Let us start



– Consider a free massive field in dS

– Assuming the mass is small:

–This perturbative expansion breaks at late times

• This is the answer we would have gotten if we had treated the mass as a perturbation:

Secular-divergencies
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Secular-divergencies
– Consider a free massive field in dS

– Assuming the mass is small:

–This perturbative expansion breaks at late times

• This is the answer we would have gotten if we had treated the mass as a perturbation:
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– Solving perturbatively

– At loop one level:

–secular divergent

• Not just some simple mean field term:
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– Now, consider massless 

– Solving perturbatively

– At loop one level:

–secular divergent

• Not just some simple mean field term:



– Rigorous  calculation (see for example                        )

– .
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– What is going on?

– there is an           change to perturbative evolution:        solution is non perturbative

– We expect a diffusion-upwards, stopped by a drift-downwards, reaching a sort of 
equilibrium distribution with

– How to obtain a rigorous calculation? with arbitrary precision?
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–  We are going to define a rigorous formalism to solve the problem, that, at zeroth order in 
all the expansion parameters we will identify and introduce, reduces to the remarkable 
Stochastic approach of Starobinsky.

• Two crucial simplifications, around which we will expand, that allow us to solve a non-
perturbative quantum problem in rigid curved spacetime.

A Generalized Stochastic Approach



– Two crucial expansion parameters:

– (1): outside of horizon, gradients are negligible. We can expand around an exactly local-in-
space evolution.

– (2): perturbativity of coupling constant: 

A Generalized Stochastic Approach
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– Main idea:

–separate long and short modes at an artificial fixed physical scale:

• in terms of wavenumbers it is a time-dependent scale

• modes move from `short’ to `long’

–for short modes: use usual quantum perturbation theory:

–for long modes, use the helps of the two expansion (1,2) above: expansion in

A Generalized Stochastic Approach
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– Main idea:

–With time, modes pass from `short’ to `long’ regime.

– Can choose:

–       gradient and quantum corrections can be made much smaller than         corrections

A Generalized Stochastic Approach
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– Let us start with                                            , which satisfies the following equation:

– which is functional and not even closed.

– But we actually can compute the wavefunction in dS, in some sense.

–This will allow us to manipulate this equation.

Solving for the field density
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– Relevant literature has already emphasized how to compute the wavefunction in dS. For 
example                                      For            :  

– Perturbative structure is extremely different than for correlation functions, because of the 
different boundary conditions the propagators have. Two propagators:

–Bulk-to-Bulk: 

–Bulk-to-Boundary (the `transfer function’):

– Both propagators are regular for                  , so there are no IR-divergencies (of course, 
they come back once one tries to compute correlation functions of    )

Solving for the wavefunction
Arkani-Hamed et al. …, 

2017, 2018, … Anninos, Anous, Freedman, Kostantinidis, 2015��
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With interactions, the perturbative evaluation of (3.2) can be organized in terms of
Feynman diagrams that involve two propagators (see [47] for a review of these aspects):
the bulk-to-bulk propagator G(⌘1, ⌘2, k; ⌘), which connects vertices at time ⌘1 and ⌘2, while
the wavefunction is evaluated at time ⌘, and whose expression is given by

G(⌘1, ⌘2, k; ⌘) = ⇥(⌘2 � ⌘1)⇥ (3.4)
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and the bulk-to-boundary propagator K(⌘1, k; ⌘), which connects a vertex at time ⌘1 to the
final time ⌘:

K(⌘1, k; ⌘) =
(1� ik⌘1)
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For a wavefunction at time ⌘, the term in the exponent of order �n is obtained by computing
all connected diagrams [[[[as disconnected diagrams exponentiate :) ]]]]]] in which n points
at time ⌘ are connected with vertices by bulk-to-boundary propagators, and vertices among
themselves with bulk-to-bulk propagators. The i✏ prescription is implemented by writing
⌘1,2 = ⌘ + e�i✏�⌘1,2, with �⌘1,2 2 [�1, 0], ⇡ > ✏ > 0.

The readers familias with AdS/CFT will recognize in these Feynman rules something
very similar to the Witten diagrams that are used to compute the partition function in
AdS. In fact, ref. [47] explicitly shows that the two calculations are the same:  BD[�, ⌘] =

ZAdS [�, z = �i⌘] (with L = �i/H), where ZAdS is the partition function in Ads, z is the
AdS radial coordinate, and L is the AdS length.

The first few corrections to the wavefunction were computed in [47]. We can organize
these corrections in terms of number of fields appearing in the exponent of the wavefunction.
With four-�’s, the tree-level diagram of Fig. ?? [[[fix]]]] gives the following contribution in
the regime ki⌘ ⌧ 1 we are interested in [47]
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and where the . . . represent subleading terms in the ki⌘ ⌧ 1 limit. More explicitly, the
imaginary part contains a subleading term in two powers in ki⌘, while the real part has a
subleading part suppressed by 1/ log(ki⌘).

There are several observations to make about te result in (3.6). First, we notice that
the momentum operator applied to the wavefunction gives:
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– Inspection of diagrams allow to prove the form upstairs, and that, upon assuming that 

– all terms are hierarchically organized in 

–We can perturbatively compute:

–But we cannot compute correlation functions with it

Perturbativity of Wavefunction

�, there will be IR-divergences proportional at most to powers log[kiL]. Indeed, if we
use the wave function  BD[�, ⌘] to compute correlation functions of � in a perturbative
manner, we end up Taylor expanding the wave function around the Gaussian part, using the
additional terms in � as ‘vertices’, and perform Wick contractions using a ‘final-propagator’
that goes as �(3)(~k + ~k0)/k3. Then, consider a generic connected diagram and cut out of it
a generic subdiagram, which, in general, will have some external legs, some loops, vertices
and internal legs. We are interested in the case where some momenta become soft, while
others are hard. Each loop carries a factor of

R
d3k, and each vertex carries a factor of the

hard momenta cubed, unless all momenta are soft, in which case it is a factor of the soft
momenta cubed. For a generic configuration of the external momenta, only one internal
leg for each loop will be soft, in which case we obtain at most a logarithmic IR-divergence.
Additional internal legs can become soft, but at the cost of forcing particular configurations
for external momenta, and so of imposing to be soft the phase space either of the other
loops in the subdiagram, or of the external legs of the sub-diagram, that are going to
be, in-their turn, integrated in

R
d3k as they are either part of another loop, or, if they

are connected to the external points of the n-point function, because physically relevant
correlation functions are computed for fields in real space. Therefore, we introduce a term
cubic in the soft momenta from

R
d3k for each additional internal line becoming soft, so

that, again, we obtain at most logarithmic divergences. As we will see in a moment, such
logarithmic divergences are indeed present if one attempts to compute the correlators from
the wave function directly.

Perturbativity of the wave function: We are now in the position to discuss the
sense in which the perturbative expression for the wave function can be used. From the
discussion above, it emerges that the perturbatively-computed wave function takes the
following schematic form:

log BD[�, ⌘] ⇠
X

L

Z (
�(~k)2

H2


im̃2

⌘3
+

ik2

⌘
+
X

k3i (� log (�kj⌘))
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�

+�
�(~k)4

H4


i

⌘3
+ (1 + i)

X
k3i log (�ki⌘) (� log (�kj⌘))
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�

+�2 �(~k)
6

H6


i
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+ (1 + i)

X
k3i (log (�ki⌘))

2 (� log (�kj⌘))
L

�
+

+ . . .+ �
E�2
2

�(~k)E

HE


i

⌘3
+ (1 + i)

X
k3i (log (�ki⌘))

E�2
2 (� log (�kj⌘))

L

�
+ . . .

)
,

where we dropped all numerical coefficients and did not keep track of the various wavenum-
bers. We focused on the long-wavenumbers contribution and just highlighted in this ex-
pression several important features: the leading part goes as 1/⌘3 and is purely imaginary;
the largest number of fields for a given number of factors of the coupling constant comes
from the tree-level contribution and goes as �n�2n+2; the real part starts with terms that
are not larger than k3

i
log(�⌘ki)V and we stress again that each log is protected by the

third power of the same momentum; m̃2 is the “mass” term appearing in the wave function.
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It is neither the bare mass in the Lagrangian, nor the “physical” mass that we denote m̄2

and that we assume is small (m̄2 ⌧
p
�H2) in order to simplify the counting.11

�(~x) ⇠ 1/�1/4 , �(~k) ⇠ (k⌘)
p
� , log(k⌘) . 1/

p
� (3.15)

k3low log(klow⌘) ⇠ ✏3 log(✏) ⌧ 1 ) hierarchical ordering (3.16)

h�(klow)2i ⇠
1

k3low
, ) 1

klow

3

· k3low log(klow⌘) ⇠
1p
�
⌧ 1 ) non� perturbative

(3.17)

In order to compare the various terms in (3.15), and to determine which ones one needs
in order to compute correlation functions of � to a given order, which are affected by IR
and secular divergences, one needs to know the typical value of �. In order to address
this apparent problem, we will next establish a non-perturbative formalism that will allow
us to compute correlation functions of � upon assuming that the wave function above is
controlled by a perturbative expansion. Within such an assumption, we will find that the
typical value of � in position space is ��1/4 and that each momentum mode �~k for small
k decays in time as (k⌘)c

p
�, where c is some constant. This implies, in particular, that

the secular logarithms saturate at most to an O(1/
p
�) number. Now, by inspection of

(3.15), we find that the imaginary part of the exponent is dominated by the quartic term,
with some other terms contributing by corrections of order

p
� or (k⌘)2. The real terms,

as well as the additional subleading imaginary terms, are instead more complicated to
estimate, as they involve logarithms. Let us take the leading logarithmic terms that scale
as k3

i

�
��2 log(ki⌘)

�
n. It turns out that weather they are hierarchically organized or not

depends on the actual calculation one uses the wave function for. If one were to compute
correlation functions of �’s in a perturbative manner, only the real part would matter, and
IR divergences would reappear. Moreover, if IR divergences are regulated by a cutoff or
by a small mass, one would also see that the factors of k3

i
protecting the secular log’s

are cancelled by the propagators, and these log’s become IR-dominated. This recovers
the secular divergences observed in in-in perturbation theory for correlators. One can also
see that even if one uses the physical distribution of the long modes which we will prove
to be true and which has a faster decay at low k than the free theory one, so that each
log divergence is effectively replaced by ��1/2, infinitely many terms in the wave function
contribute at the same order and ordinary perturbation theory is not saved.

Even though, in our formalism, we still need to compute various contributions from
terms involving logarithms 12, the factor of k3

i
always remains protecting the logs, hence the

corresponding d3k integrals are UV dominated and the logs only give O(log ✏) not O(1/
p
�)

11We would like to point out that the wave function potentially contains pieces that explicitly depend on
positive powers of the UV cutoff. Indeed, the renormalization procedure should be carried out in a way that
keeps the correlation functions finite. The path integral that computes correlators from the wave function
may have some UV divergences and hence the wave function should explicitly contain the counter terms to
render those finite. This observation will not play any role in what follows.

12In fact, this only becomes necessary when one computes corrections of higher order in � than what we
do in this paper, however, nothing precludes us from computing these corrections in principle.
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– Back to                                          , which satisfies:

– we just established that we can compute

– let us set up to compute

– and then 

Solving for the field density
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– Separate treatment for long and short modes: short are perturbative, long are local.

– with 

– smooth and wide enough

– Effective long Density Function
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– Given:

–  Find the effective time-evolution for the probability of the long modes  

– Drift:

Effective Quasi-Probability for long modes

φ
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Drift

Quantum jumps δφ ∼ H

φeq ∼ H
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Effective Quasi-Probability for long modes

φ

Classical
Drift

Quantum jumps δφ ∼ H

φeq ∼ H
λ1/4

V = λφ4

Keep long modes fixed
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Effective Quasi-Probability for long modes
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– Given:

–  Find the effective time-evolution for the probability of the long modes  

– Drift:



– manipulate:

– where

– Last path integral: expectation value of                with fixed long-background.

Effective Probability for long modes
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– Therefore: 

– Expectation value over the short modes: perturbative methods.

– This is all well since we know the functional form of 

– Before writing that, let us do the diffusion

φ

Classical
Drift

φeq ∼ H
λ1/4

V = λφ4

Effective Quasi-Probability for long modes
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– Diffusion term: it arises because our cutoff is time-dependent

– Finite-thickness shell of modes entering the long theory:

– Similar:

Keep long modes fixed

Effective Quasi-Probability for long modes

New modes enter the long theory

Here it is so far important to keep the smooth window function. The time derivative acts
on ⌦⇤(t)(k), and therefore affects only the intermediate modes in the momentum shell of
modulus in [⇤(t), (1+�)⇤(t)]. By carefully Taylor expanding the �-function for these modes,
we show in App. B that the diffusion term takes the form:
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We will see in App. B in explicit computations in perturbation theory that both the terms
that are linear and quadratic in �� produce finite contributions in the lmit � ! 0, while
terms of order ��3 and higher give vanishing contributions in the limit � ! 0, due to
more than one phase space integrations over the momentum shell with thickness ⇠ �.
Consequently the Taylor expansion of the delta-functions leads to a perturbative structure
in �.

Now we can perform manipulations similar to those we did for the drift term. We pull
the derivatives with respect to �` out of the integral, and evaluate the expectation values
of ��’s in perturbation theory in the background of long modes �` over which we integrate
at the last step. Perturbation theory is still valid for modes comprising ��’s, and, even
though they belong to the support of the window function ⌦, we will treat them as short
modes since the �-functions were now Taylor expanded. After these manipulations, the
diffusion term reads:
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Let us finally put together the drift (4.14) and diffusion terms to get the full equation
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– To all orders in                and leading in     , we obtain the following effective equation. It 
is Fokker-Planck-like, but it has differences  

– tadpole-diffusion term, and in principle higher derivative terms.

– Strategy: compute these expectation values for the short modes in perturbation theory with 
a given background for the long modes in expansion in                                     ,                , 
and solve this functional Fokker-Planck-like equation containing only long modes.
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– To all orders in                and leading in     , we obtain the following effective equation. It 
is Fokker-Planck-like, but it has differences  

– tadpole-diffusion term, and in principle higher derivative terms.

– Strategy: compute these expectation values for the short modes in perturbation theory with 
a given background for the long modes in expansion in                                     ,                , 
and solve this functional Fokker-Planck-like equation containing only long modes.
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–  Wavefunction reads
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– To all orders in                and leading in     , we obtain the following effective equation. It 
is Fokker-Planck-like, but it has differences  

– tadpole-diffusion term, and in principle higher derivative terms.

– Strategy: compute these expectation values for the short modes in perturbation theory with 
a given background for the long modes in expansion in                                     ,                , 
and solve this functional Fokker-Planck-like equation containing only long modes.
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One-location



– Expand in number of locations, as evolution is quasi local, thanks to dS (this is the 
opposite of what we do for perturbative theories in Minkowski). 

– One-location probability distribution: 

Effective Probability

Keep long fields at one point fixed
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– Expand in number of locations, as evolution is quasi local, thanks to dS (this is the 
opposite of what we do for perturbative theories in Minkowski). 

– One-location probability distribution:  

– Resulting equation:

– We dropped the term                                  because it will not contribute at the order at 
which we will compute.

– Expectation value of the short modes on the long depends only on the field at the same 
location
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– Expand in number of locations, as evolution is quasi local, thanks to dS (this is the 
opposite of what we do for perturbative theories in Minkowski). 

– One-location probability distribution:  

– Resulting equation:

– We dropped the term                                  because it will not contribute at the order at 
which we will compute.

– Expectation value of the short modes on the long depends only on the field at the same 
location

Effective Probability

Diffusion Drift
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– Compute various ingredients, assuming counting 

• Obtain

Solving at one-location: leading order

Notice that in the above equation we have, for the first time, dropped terms that provide
a relative correction of order �, such as, for example, the tadpole term, see section ??[VG:
fix]. which one????

We now notice that the non-locality in time, which is still present in this equation,
can also be expanded perturbatively in

p
�. Let us discuss this point in more details. The

source of the non-locality in time is the dependence of short correlators on the histories of
long modes. Let us first consider the theories where the dependence is solely on history
of the field, �`, but not on the history of the momentum. This is the case for any theory
without the derivative interactions, as long as the order ✏3 quantum corrections to the long
modes dynamics are ignored, since the effective short mode Hamiltonian is independent
of the momenta of long modes. As again will be confirmed by a computation below (see
section 4.3), the timescale of evolution of the distribution of the long field modes is given
by t` ⇠ H�1��1/2, see (4.3), while short modes evolve at most for times of order H�1/ log ✏

after exiting the horizon. Consequently, the time evolution of long field modes can always
be Taylor-expanded when computing correlation functions of short modes. We thus call our
equation only quasi-nonlocal in time. The leading effect associated to this is the following.
We will see in section 6.1.3 that at the next-to-leading order in �1/2, expectation values
h�⇡i{�1} and h⇡⇡i{�1} appearing in (4.5) depend non-trivially on the history of �`. Let us
first consider the leading order equation though, in which, as just argued, the expectation
values depend simply on �1, rather than on {�1}. Notice that, overall, we verify the emer-
gence of a perturbative structure for the solution of the one-point distribution that we had
anticipated in section 3.3 for general n-point distribution.

4.2 Leading equation
sec:leadeq

To derive the leading order equation for P (w)
1 we still need to compute the expectation

values h�a(~k)�b(�~k)i0�1 with k = ⇤(t) to leading order in �. We remind the reader that
this is done in the operator language, meaning that short modes, which include k = ⇤(t),
are described by Heisenberg picture operators �̂(x1) and ⇡̂(x1), xµ1 = (~x1, t), while long
modes �1 appear as coupling constants in the short modes Hamiltonian. The calculation
for {a, b} = {1, 1} is standard. To leading order it is independent of �1 and reduces to the
calculation in the theory of a free massless scalar:

h�̂(~k, t)�̂(�~k, t)i0 = H2

2k3

⇣
1 +O

⇣p
�
⌘⌘

. (4.6) phicorr

To compute correlation functions involving the momentum, we can use the leading order
equation of motion. Since we are interested in k = ⇤(t), we can neglect the gradient terms
for those modes as well since they are of order O(✏2). As far as counting of the powers of �
goes we, as usual, assume that we are close to the equilibrium in counting the contribution
of the long modes. For a short mode with momentum ~ks we get:

⇡̂(~ks, t) = a3
d

dt
�̂(~ks, t) = � a3

3H
V 0(�̂s,�1) = � a3

3H
V 00 (�1) �̂(~ks, t)

⇣
1 +O

⇣
�

1
4

⌘⌘
. (4.7) piphirelation
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– The famous Starobinsky equations, but now rigorously derived with control of 
approximation and we can include them.

– There is an equilibrium, i.e. static, solution:

–                    : so our counting is correct: self-consistency

–Static solution is the one corresponding to the BD vacuum

–time-dependent solutions decay

• suggesting stability and attractor

Solving at one-location: leading order
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– We start again from

– with counting

– and compute to next order the various expectation values

–  drift term:    

–sixtic potential and a mass from short modes on longs:

–  diffusion term: mass induced from long modes on shorts:

Solving at one-location: sub-leading order

some support at ⇤ . k . 2⇤. What we observe here is that, as we had anticipated earlier,
in order to see this effect one needs to pay additional powers of

p
�. One could arrive

at this conclusion by analyzing the perturbation theory of short modes, however, it is an
important, and somewhat non-trivial, consistency check that we were able to derive the
theta-function by studying the differential equation for the distribution of the long modes.

In this section, we have focussed on the perturbative computation of two-locations n-
point functions. It is quite clear how to generalize it to an higher number of locations.
The main idea is that, at very early times, all points start completely correlated, and then,
generically one at the time, and in the same sudden way as we used in this section, each
point becomes uncorralated from the rest and starts evolving independently. It is quite clear
at this point how in this way one can generalize the calculation to an arbitrary number of
locations. See [17] for an early example of this computation in the context of slow-roll
eternal inflation.

6 Subleading-order calculations for ��4

sec:sublead

6.1 Subleading P1
sec:subleadP1

Our next step is to derive the next-to-leading order corrections to the equation governing
the single-field distribution P1. Remember that Eq. (4.5) still contained all the terms of
relative order O(

p
�). While going to (4.15) we neglected all those terms. Our goal in this

section is to repeat the same steps, keeping track of the relevant subleading terms. Let us
list potential sources of these corrections:

• Expectation value of V 0 contains a contribution from short modes.

• Correlator of short modes of �, h�̂(~ks, t)�̂(�~ks, t)i{�`} has perturbative corrections.

• The relation between operators ⇡̂s and �̂s is more complicated than that in (4.7).

Let us study the corrections listed above separately before combining them into the
full equation. To make the expressions slightly shorter in this section we work with the ��4

potential.

6.1.1 Expectation value of V 0

sec:Vprime

We begin with the expectation value of the operator V 0 = �
⇣
�1 + �̂s (x
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The expectation value in the last term is, to leading order, independent of the background
and is the same as in the free massless theory,
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Thus we get to the subleading order:
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6.1.2 � -� correlator

Let us now turn to the correlator
D
�̂(~ks)�̂(�~ks)
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for k = ⇤(t). At the order

p
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only effect is the correction to the mass of short modes produced by the background of the
long modes. The effective Hamiltonian of short modes contains the term
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s with
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1 . (6.4) deltam2

We are interested in the leading effect of this term and, consequently, we can treat this
mass as constant in time, since, as we discussed above, the timescale of evolution of the
short modes from k ⇠ H to k ⇠ ⇤, which is of order log ✏/H, is faster than the rate of
time-dependence of the long modes, (4.3), by O(

p
�). The result for the massive correlator

is well-known [VG: explain or a ref?]let us fix this in strategy section. To the leading order
in �m2

s we get
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where our notation stresses that at this order the correlator depends only on �1.

6.1.3 Operator ⇡̂s and quasi-non-locality in time
sec:quasinonloc

Finally, we discuss the most subtle correction appearing at this order, which requires us
to consider the time-dependence of the long modes. We will be computing subleading
corrections to correlators

D
�̂(~ks, t)⇡̂(�~ks, t)

E
0

{�1}
and

D
⇡̂(~ks, t)⇡̂(�~ks, t)

E
0

{�1}
. First, let us

use the equations of motion to express the operator ⇡̂s(~ks, t) for some short momentum
ks . ⇤ in terms of �̂s(~ks, t) and {�1}, the history of the long field at position ~x1. For the
theory without derivative interactions there is no dependense on {⇡1}. We also remind the
reader that the inhomogeneity of long modes contributes at relative order O(�) and that
we can still neglect it.

As was the case for the long modes, it is more convenient to work with the veloc-
ity operator given by v̂(~k, t) = a�3⇡̂(~k, t). To compute the operator v̂(~ks, t), we use the
Heisenberg equation of motion,

˙̂v(~ks, t) + 3Hv̂(~ks, t) = �3��1(t)
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0)2�̂(~ks, t
0) ,

where, in particular, we ignored the term proportional to V 000(�1)�̂2
s ⇠ ��1�̂2

s, which con-
tributes to the ⇡-⇡ correlator and to which we will come back later in section 6.1.4. Our
current goal is to examine the quasi-non-locality in time for which the leading equation of
motion is sufficient. Remember that in Eq. (4.5), that we are currently simplifying, the
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current goal is to examine the quasi-non-locality in time for which the leading equation of
motion is sufficient. Remember that in Eq. (4.5), that we are currently simplifying, the
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7 Subleading-order calculations for ��
4

sec:sublead

7.1 Subleading P1
sec:subleadP1

Our next step is to derive the next-to-leading order corrections to the equation governing
the single-field distribution P1. Remember that Eq. (5.2) still contained all the terms of
relative order O(

p
�). While going to (5.7) we neglected all the terms that contributed in

a subleading way to the equation for probability distribution for �, P̄1(�1), as well as those
that were contributing even in a leading way to the distribution of the higher moments with
respect to v of the distibution,

R
dv1vn1P1(�1, v1), with n � 1, which were simply assumed

to contribute in a subleading way to P̄1(�1). Our goal in this section is to repeat the same
steps, keeping track of the relevant subleading terms. Let us list potential sources of these
corrections:

• The expectation value of V 0 contains a contribution from short modes.

• The correlator of short modes of �, h�̂(~ks, t)�̂(�~ks, t)i{�`} has perturbative corrections.

• The relation between operators ⇡̂s and �̂s is more complicated than that in (??).

• The tadpole of ⇡s cannot be neglected anymore.

Let us study the corrections listed above separately before combining them into the
full equation. To make the expressions slightly shorter in this section we work with the ��4

potential.

7.1.1 Expectation value of V 0

sec:Vprime

We begin with the expectation value of the operator �
⇣
�1 + �̂s (x

µ

1 )
⌘3

. Remember that in
our counting each long field �1 ⇠ H��1/4, while each short field is �s ⇠ H, consequently
at the subleading order we get

⌧
�
⇣
�1 + �̂s(x

µ

1 )
⌘3

�

{�`}

= ��3
1 + 3��1

D
�̂s(x

µ

1 )
2
E

{�`}

. (7.1)

The expectation value in the last term is, to leading order, independent of the background
and is the same as in the free massless theory,

D
�̂s(x

µ

1 )
2
E
= �H2

4⇡2
log ✏+H2V2 , (7.2) phis2

[VG: where V2 is some constant that depends on H and on the UV cutoff of the theory, but
not on ✏. This constant is scheme dependent, hence the dependence on the UV cutoff, and
is related to the usual one-loop renormalization of the mass. In de Sitter space this constant
also depends on H, which is related to the renormalization of the coupling to curvature,
�2R. As usual, we choose the bare value of the mass such that the combination appearing
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Solving at one-location: sub-leading order

dependence on 

is unphysical

6.1.4 Quadratic in short modes contribution to ⇡̂s
sec:loopdiagram

Finally, there is one more correction that we need to consider at this order. The next-to-
leading order contribution to ⇡̂s(x1) contains, a term proportional to V 000(�1)�̂2

s ⇠ ��1�̂2
s,

and consequently there will be a contribution to ⇡-⇡, or equivalently v-v correlation function
coming form the diagram drawn on Figure ?? [VG: fix]. The exact value of this diagram is
unimportant to us and we absorb a numerical coefficient in a constant ↵. What is important,
is that ↵ is positive and that the diagram scales as k�3 at small k. Consequently, there will
be the following contribution:

hv̂(~ks, t)v̂(�~ks, t)i � �2�2
1
↵

k3s
. (6.19) alphaterm

[VG: Examine the low k behavior of the diagram on Figure ??...]
There is no analogous contribution to the v-� correlator at this order, since, to contract

two short modes with one short mode, additional interaction vertices are required so that
the contribution becomes higher order in �.

6.1.5 Subleading equation for the single-point distribution

We are now in a position to combine together the pieces computed in subsections 6.1.1-
6.1.4 and write down the full equation governing the subleading time evolution [VG: and
simultaneously the consistency condition on the Ansatz (6.10).] Starting from (4.5), we get
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"
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where we defined, cf. (6.3) and (6.5),

V 0

eff(�1) =
⌦
V 0

↵
= ��3

1 �
3�

4⇡2
H2�1 log ✏ ,

D(�1) =
H3

8⇡2

✓
1 + 2� log ✏

�2
1

H2

◆
. (6.21)

It is again convenient to introduce a shifted velocity variable ṽ1 = v � F (�1), so that
@/@�1 gets replaced with @/@�1 �F 0(�1)@/@ṽ1 . This time we also include a subleading term
in the definition of F (�1):

F (�1) = ���3

3H
+

�2�5

15H3
. (6.22) Fsublead
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where N is, again, a normalization constant, given by
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Note that the subleading terms depend on log ✏. This is natural to expect because the
correlation functions of the long modes only are supposed to have this dependence, however,
it should cancel out once we compute the correlators of the full operator � = �`+�s. Indeed,
let us compute the correlator of �(xµ1 )2n in the equilibrium state. At the subleading order
a term with two short modes contributes. Their correlator can be easily computed given
the known wave function and, to leading order, that is in the free massless approximation
reads:
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where V2 is a UV divergent piece that depends on the UV cutoff, but not on ✏. We also
separated the digamma function,  , from it in order to shorten some future formulas since
the separation between finite and infinite pieces is arbitrary anyway. What is important is
that the coefficient of log ✏ in (8.17) is controlled by the IR part of the integral and hence
is calculable. Using this result we get
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The leading piece is of course equal to (5.9). The subleading piece is, to the best of
our knowledge, computed here for the first time. As we have expected, the ✏ dependence
cancelled between the leading short mode and the subleading long mode contributions. This
is an important consistency check of our procedure. Note also that the cutoff-dependent
part of the operator �2s, defined in (8.17) and denoted by V2, appears in the answer. This
is related to the renormalisation of the composite operator, or in other words, we should
add the contribution of the operator �2n�2 with an infinite prefactor, whose finite part
is arbitrary and, in principle, n dependent. This is the only type of mixing that can be
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Note that the subleading terms depend on log ✏. This is natural to expect because the
correlation functions of the long modes only are supposed to have this dependence, however,
it should cancel out once we compute the correlators of the full operator � = �`+�s. Indeed,
let us compute the correlator of �(xµ1 )2n in the equilibrium state. At the subleading order
a term with two short modes contributes. Their correlator can be easily computed given
the known wave function and, to leading order, that is in the free massless approximation
reads:

⌦
�s(x

µ)2
↵
= �H2

4⇡2
(log (✏/2)�  (3/2)) +H2V2 , (8.17)

where V2 is a UV divergent piece that depends on the UV cutoff, but not on ✏. We also
separated the digamma function,  , from it in order to shorten some future formulas since
the separation between finite and infinite pieces is arbitrary anyway. What is important is
that the coefficient of log ✏ in (8.17) is controlled by the IR part of the integral and hence
is calculable. Using this result we get
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The leading piece is of course equal to (5.9). The subleading piece is, to the best of
our knowledge, computed here for the first time. As we have expected, the ✏ dependence
cancelled between the leading short mode and the subleading long mode contributions. This
is an important consistency check of our procedure. Note also that the cutoff-dependent
part of the operator �2s, defined in (8.17) and denoted by V2, appears in the answer. This
is related to the renormalisation of the composite operator, or in other words, we should
add the contribution of the operator �2n�2 with an infinite prefactor, whose finite part
is arbitrary and, in principle, n dependent. This is the only type of mixing that can be
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– Solve the same equation, including subleading terms:

– Ok, as                     is UV sensitive 

– What is physical is 

– Counting:



– Solve the same equation, including subleading terms:

– Ok, as                     is UV sensitive 
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Note that the subleading terms depend on log ✏. This is natural to expect because the
correlation functions of the long modes only are supposed to have this dependence, however,
it should cancel out once we compute the correlators of the full operator � = �`+�s. Indeed,
let us compute the correlator of �(xµ1 )2n in the equilibrium state. At the subleading order
a term with two short modes contributes. Their correlator can be easily computed given
the known wave function and, to leading order, that is in the free massless approximation
reads:
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where V2 is a UV divergent piece that depends on the UV cutoff, but not on ✏. We also
separated the digamma function,  , from it in order to shorten some future formulas since
the separation between finite and infinite pieces is arbitrary anyway. What is important is
that the coefficient of log ✏ in (8.17) is controlled by the IR part of the integral and hence
is calculable. Using this result we get
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The leading piece is of course equal to (5.9). The subleading piece is, to the best of
our knowledge, computed here for the first time. As we have expected, the ✏ dependence
cancelled between the leading short mode and the subleading long mode contributions. This
is an important consistency check of our procedure. Note also that the cutoff-dependent
part of the operator �2s, defined in (8.17) and denoted by V2, appears in the answer. This
is related to the renormalisation of the composite operator, or in other words, we should
add the contribution of the operator �2n�2 with an infinite prefactor, whose finite part
is arbitrary and, in principle, n dependent. This is the only type of mixing that can be
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a term with two short modes contributes. Their correlator can be easily computed given
the known wave function and, to leading order, that is in the free massless approximation
reads:
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4⇡2
(log (✏/2)�  (3/2)) +H2V2 , (8.17)

where V2 is a UV divergent piece that depends on the UV cutoff, but not on ✏. We also
separated the digamma function,  , from it in order to shorten some future formulas since
the separation between finite and infinite pieces is arbitrary anyway. What is important is
that the coefficient of log ✏ in (8.17) is controlled by the IR part of the integral and hence
is calculable. Using this result we get
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The leading piece is of course equal to (5.9). The subleading piece is, to the best of
our knowledge, computed here for the first time. As we have expected, the ✏ dependence
cancelled between the leading short mode and the subleading long mode contributions. This
is an important consistency check of our procedure. Note also that the cutoff-dependent
part of the operator �2s, defined in (8.17) and denoted by V2, appears in the answer. This
is related to the renormalisation of the composite operator, or in other words, we should
add the contribution of the operator �2n�2 with an infinite prefactor, whose finite part
is arbitrary and, in principle, n dependent. This is the only type of mixing that can be
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Note that the subleading terms depend on log ✏. This is natural to expect because the
correlation functions of the long modes only are supposed to have this dependence, however,
it should cancel out once we compute the correlators of the full operator � = �`+�s. Indeed,
let us compute the correlator of �(xµ1 )2n in the equilibrium state. At the subleading order
a term with two short modes contributes. Their correlator can be easily computed given
the known wave function and, to leading order, that is in the free massless approximation
reads:
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where V2 is a UV divergent piece that depends on the UV cutoff, but not on ✏. We also
separated the digamma function,  , from it in order to shorten some future formulas since
the separation between finite and infinite pieces is arbitrary anyway. What is important is
that the coefficient of log ✏ in (8.17) is controlled by the IR part of the integral and hence
is calculable. Using this result we get
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The leading piece is of course equal to (5.9). The subleading piece is, to the best of
our knowledge, computed here for the first time. As we have expected, the ✏ dependence
cancelled between the leading short mode and the subleading long mode contributions. This
is an important consistency check of our procedure. Note also that the cutoff-dependent
part of the operator �2s, defined in (8.17) and denoted by V2, appears in the answer. This
is related to the renormalisation of the composite operator, or in other words, we should
add the contribution of the operator �2n�2 with an infinite prefactor, whose finite part
is arbitrary and, in principle, n dependent. This is the only type of mixing that can be
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Note that the subleading terms depend on log ✏. This is natural to expect because the
correlation functions of the long modes only are supposed to have this dependence, however,
it should cancel out once we compute the correlators of the full operator � = �`+�s. Indeed,
let us compute the correlator of �(xµ1 )2n in the equilibrium state. At the subleading order
a term with two short modes contributes. Their correlator can be easily computed given
the known wave function and, to leading order, that is in the free massless approximation
reads:
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where V2 is a UV divergent piece that depends on the UV cutoff, but not on ✏. We also
separated the digamma function,  , from it in order to shorten some future formulas since
the separation between finite and infinite pieces is arbitrary anyway. What is important is
that the coefficient of log ✏ in (8.17) is controlled by the IR part of the integral and hence
is calculable. Using this result we get
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The leading piece is of course equal to (5.9). The subleading piece is, to the best of
our knowledge, computed here for the first time. As we have expected, the ✏ dependence
cancelled between the leading short mode and the subleading long mode contributions. This
is an important consistency check of our procedure. Note also that the cutoff-dependent
part of the operator �2s, defined in (8.17) and denoted by V2, appears in the answer. This
is related to the renormalisation of the composite operator, or in other words, we should
add the contribution of the operator �2n�2 with an infinite prefactor, whose finite part
is arbitrary and, in principle, n dependent. This is the only type of mixing that can be
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2-locations



– Analogous Fokker-Planck-like equation for the distribution at 2-points:

– Last term strongly depends on distance
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– Analogous Fokker-Planck-like equation for the distribution at 2-points:

– Last term strongly depends on distance

– At early times, solutions is 

– At late times is

– Time scale of diff equation is                  ,  but crossing time                                        

–          glue using `sudden perturbation theory’, which corresponds to expansion in             
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ṽl = vl � F (�l) , where F (�l) ⇠ V
0(�l)/(3H) ⇠ v

attractor
l

(9)

⇡l ⇠ V
0(�l)/(3Ha

3) (10)

@
2

@�
2
l

[D(�l)P1(�l)] +
@
2

@ṽ
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– Analogous Fokker-Planck-like equation for the distribution at 2-points:

– Last term strongly depends on distance

– Solution is non-perturbative and de Sitter invariant. 

de Sitter invariance
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– Correlation functions at different spacetime-points

–under perturbative control: decay at long distances, 

• In general

• signaling stability of dS

• compute subleading        corrections, finding again that              cancelled.  
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de Sitter invariance

Now, all integrals in qph, i are integrated from zero up to the same, time-independent
cutoff ⇤UV

ph . This means that we can evaluate all the time integrals prior than doing the
momentum integral. In this case, the late time behavior of the diagram is determined by
taking the late time limit of all the integrals, since, as we will see momentarily, all diagrams
are late-time-dominated. Moreover, doing momenta integrals will not introduce any new
secular divergences, since those integrals are both UV and IR finite.

Let us explore the time integrals. The external fields are connected to vertices by the
bulk-to-boundary propagators (3.5). We can bound the bulk-to-boundary propagators by
one, K(kj , ⌘i)  1, while we can take into account of the exponential suppression induced
by these terms at early times by restricting the integration region of the time integrals to be
⌘i < 1/kj (9). Now, it is useful to notice that the bulk-to-bulk propagator, G, is bounded
by

|G(⌘m, ⌘n, qph, j, ki; ⌘)|  �cH2 ⌘3m , (3.10)

where ⌘m is the latest of the two times ⌘m and ⌘n, qph, j and ki are some loop and exter-
nal momenta flowing through the propagator, and c is a positive constant. The proof of this
bound follows by simply, though tediously, checking that the function G(⌘m, ⌘n, qph, j, ki; ⌘)/⌘3m
is bounded in the whole region of integration, and so it attains a maximum in the region.
Let us now go back to the generic diagram, and take the integrals in chronological order.
Dropping factors of H, the time integral are bounded by the following expression:

�V c
P

i
Ii

Z
⌘

�1

d⌘1
⌘41

⌘3I11 . . .

Z
⌘V �2

�1

d⌘V�1

⌘4
V�1

⌘
3IV �1

V�1

Z
⌘V �1
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d⌘V

⌘4+3L
V

⇠ 1

⌘3
, (3.11)

k ) k3low log(klow⌘) (3.12)
p
� (3.13)

(3.14)

where L is the number of loops and Ii is the number of internal lines for which ⌘i is the later
of their endpoint vertices. Consider the first V � j integrals, associated to the earliest V � j

vertices. This defines a subdiagram with ĪV�j total internal lines, i.e. internal lines for
which both endpoints are attached to any of the vertices VV�j . . . VV , and LV�j associated
loops. Because of the topological constraint (V �j)+LV�j� ĪV�j = 1, it is straightforward
to establish that the j-th integral behaves as 1/⌘4+3(L�LV �j)

j
. Since L � LV�j , we therefore

learn that each integral is therefore dominated by the latest time, and the full integral goes
at most as 1/⌘3. Furthermore, never at each step we encounter a logarithmic divergence.
The smallest negative power an integral can take is d⌘i/⌘4i . So, there is no logarithmic
enhancement on top of the 1/⌘3 factor.

We notice explicitly that the bound on the growth of the diagram as 1/⌘3 applies in
particular to the limiting case ki⌘ ! 0, which is therefore a non-singular limit. In this

9At this point it is important that the mass, if any, is treated as a perturbation. Of course a finite mass
included in the propagators would only make the late-time behavior of the wave function better, but it
would alter some of the intermediate steps of our argument.
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certain differential operator. We then identify several expansion parameters that allow us
to set up a perturbation theory around the leading solution. The parameters we expand
in are the square root of the coupling constant,

p
�, as well some exponentially small pa-

rameters that we introduce to control our approximations, the most important of which
being ✏, the scale of the cutoff between ‘long’ and ‘short’ modes. This parameter ✏ ⌧ 1

controls the corrections from gradient terms and from quantum mechanical effects. We also
introduce two other ‘control’ parameters. One is e

�
1p
� ⌧ � ⌧ 1, that imposes that the

cutoff between short and long modes is not too sharp, so that the long-wavelength dynam-
ics is kept quasi local in space. The other is e

�
1p
� ⌧ e�� ⌧ 1, that controls how we can

solve the Fokker-Planck equation using sudden perturbation theory. We have explained, in
a rather explicit way, how to compute corrections in all of the expansion parameters. At
leading order in all of these parameters, our formalism reduces to the one of Starobinsky
and collaborators [14, 23]. Our construction can be thought as a rigorous derivation of those
findings, plus the derivation of a more general formalism that allows us to find arbitrary
accurate results, at least in principle.

Main results: Using this formalism, we find that there exists a non-perturbative equi-
librium distribution for the density of fields at n-points, whose properties can be computed
from the Fokker-Planck-like equation in a perturbative expansion in powers of

p
�, ✏, � and

e��. We find that the correlation functions are absolutely non-Gaussian. The nature of
the formalism is such that all correlation functions involving a general number of fields, but
involving only a given number of spacetime locations, can be essentially evaluated with the
same formula. A consistency check of our calculation is that the dependence on the control
parameters ✏, � and e�� should cancel order by order in perturbation theory. We have
quite extensively checked that this is the case for ✏, and, to a less exhaustive degree, for �,
while the same check for e�� was left to future work. For these cancellations to happen, it
is important to include the contribution of the short modes in physical observables.

We find the following main results:

1. Equilibrium: Correlation functions at a single spacetime point, h�(~x, t)ni, tend to a
steady state, associated to an equilibrium distribution of the form P eq

1 (�) ⇠ e�V (�)/H4 ,
where the typical magnitude of the field value is H/�1/4, for V = ��4. Let us call
this as h�(~x)nieq.

2. Stability: Correlation functions at different spacetime points decay towards the one
obtained from equilibrium at all points:

h�(~x1, t1)n1 . . .�(~xn, tn)
nni ! h�(~x1)n1ieq · . . . · h�(~xn)nnieq

, when all ti ! 1 but xi kept fixed. We argue that this shows that the BD vacuum
is a stable vacuum for de Sitter space, in the rigid limit.

3. State-independence: A related but stronger statement is true. Consider a state which
is a small perturbation of the BD state at some time t0, than for all ti � t0 ! 1,

– 70 –



– Our construction so far uses the

– What happens for other states? We can consider states of the form

• with BD boundary conditions.

•             correlation functions in these states are higher-points correlation functions in BD.

–          their decay implies stability of dS in these states.

–         if we keep the dS distance among the points of the original correlation function 
fixed while sending the insertion of the operators at earlier times, correlation functions 
converge towards the ones computed in BD:

•         BD vacuum is an attractor
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steady state, associated to an equilibrium distribution of the form P eq

1 (�) ⇠ e�V (�)/H4 ,
where the typical magnitude of the field value is H/�1/4, for V = ��4. Let us call
this as h�(~x)nieq.

2. Stability: Correlation functions at different spacetime points decay towards the one
obtained from equilibrium at all points: h�(~x1, t1)n1 . . .�(~xn, tn)nni ! h�(~x1)n1ieq ·
. . . · h�(~xn)nnieq, when all ti ! 1 but xi kept fixed. We argue that this shows that
the BD vacuum is a stable vacuum for de Sitter space, in the rigid limit.

3. State-independence: A related but stronger statement is true. Consider a state which
is a small perturbation of the BD state at some time t0, than for all ti � t0 ! 1,
and physical distances zjk fixed, even though arbitrarily large, correlation functions
in this state approach those in BD:

h�(~x1, t1)n1 . . .�(~xn, tn)
nni ! h�(~x1, t1)n1 . . .�(~xn, tn)

nnieq
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Thermality
– Correlation functions at different spacetime-points

–Restricted to static patch, they satisfy thermality with 

• i.e. the KMS condition - certain periodicity in  
                                         imaginary time

• Not obviously true, since the leading term by itself does not satisfy it. KMS 
condition requires particular coefficient of the subleading term:

•                                                                                , which we also computed. 
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where the O(
p
�) corrections do not involve coordinate dependence. This result is consistent

with (9.2) and hence de Sitter invariance.

10 Implications of thermality in the static patch

Figure 11. Penrose diagram exhibiting global (full square), Poincare (upper-right triangle), and
static (darkened triangle) patches of dS space.

It is often said that the equilibrium state of a quantum field theory in de Sitter space
should be thermal. As applied to the full spacial slice in the FRW coordinates we consider
here this statement cannot be literally correct. Indeed, the state that we are studying
is a pure state and is described by a wave function which we succeeded to find order by
order in perturbation theory. Instead, a more precise statement is that physical observables
localized within a single static patch can be described with the help of a thermal density
matrix [15] (see Fig. 11). A simple way to understand this is to note that the static patch
of de Sitter space, upon the Wick rotation, becomes a sphere with a periodic Euclidean
time coordinate which signals the thermal behavior.28 In this regard, global and static
patches of de Sitter space are similar to the full Minkowski space and its Rindler patch, as
nicely explained in [53]. Thermality of de Sitter space is the basis for its most fundamental
properties. In particular, a gravitational theory in de Sitter space is supposed to have a finite
entropy. One of the more basic consequences of the existence of the thermal description,
visible even in the Mpl ! 1 limit that we study, is that the correlation functions restricted
to the static patch should obey the KMS condition [16, 17]. This condition is a certain
form of periodicity in the imaginary time, which for the two-point function of fields in flat
space takes the following form:

D
�̂(~x1, t1)�̂(~x2, t2 + i�)

E
=

D
�̂(~x1, t1)�̂(~x2, t2)

E†

, (10.1)

where � is the inverse temperature. De Sitter space is “thermal” with temperature given by

� = 2⇡H�1 . (10.2)
28The global de Sitter space also becomes a sphere upon the Wick rotation, however, Euclidean time in

this case is not periodic as it goes from one pole of the sphere to the other.
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– We have developed a formalism to compute correlation functions of            in dS

–manifest expansion in   

–the solution is remarkably non-perturbative, and yet we can solve it:

–Equilibrium & Stability:

–State-independence:

–de Sitter invariant

–Thermal in static patch

• all radiative corrections in rigid dS  and inflation are understood, and well behaved

–no instability in the rigid limit

• Existence of slow-roll eternal inflation is close to rigorously established.
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certain differential operator. We then identify several expansion parameters that allow us
to set up a perturbation theory around the leading solution. The parameters we expand
in are the square root of the coupling constant,

p
�, as well some exponentially small pa-

rameters that we introduce to control our approximations, the most important of which
being ✏, the scale of the cutoff between ‘long’ and ‘short’ modes. This parameter ✏ ⌧ 1

controls the corrections from gradient terms and from quantum mechanical effects. We also
introduce two other ‘control’ parameters. One is e

�
1p
� ⌧ � ⌧ 1, that imposes that the

cutoff between short and long modes is not too sharp, so that the long-wavelength dynam-
ics is kept quasi local in space. The other is e

�
1p
� ⌧ e�� ⌧ 1, that controls how we can

solve the Fokker-Planck equation using sudden perturbation theory. We have explained, in
a rather explicit way, how to compute corrections in all of the expansion parameters. At
leading order in all of these parameters, our formalism reduces to the one of Starobinsky
and collaborators [14, 23]. Our construction can be thought as a rigorous derivation of those
findings, plus the derivation of a more general formalism that allows us to find arbitrary
accurate results, at least in principle.

Main results: Using this formalism, we find that there exists a non-perturbative equi-
librium distribution for the density of fields at n-points, whose properties can be computed
from the Fokker-Planck-like equation in a perturbative expansion in powers of

p
�, ✏, � and

e��. We find that the correlation functions are absolutely non-Gaussian. The nature of
the formalism is such that all correlation functions involving a general number of fields, but
involving only a given number of spacetime locations, can be essentially evaluated with the
same formula. A consistency check of our calculation is that the dependence on the control
parameters ✏, � and e�� should cancel order by order in perturbation theory. We have
quite extensively checked that this is the case for ✏, and, to a less exhaustive degree, for �,
while the same check for e�� was left to future work. For these cancellations to happen, it
is important to include the contribution of the short modes in physical observables.

We find the following main results:

1. Equilibrium: Correlation functions at a single spacetime point,

h�(~x, t)ni ! h�(~x)nieq

, tend to a steady state, associated to an equilibrium distribution of the form P eq

1 (�) ⇠
e�V (�)/H4 , where the typical magnitude of the field value is H/�1/4, for V = ��4. Let
us call this as h�(~x)nieq.

2. Stability: Correlation functions at different spacetime points decay towards the one
obtained from equilibrium at all points:

h�(~x1, t1)n1 . . .�(~xn, tn)
nni ! h�(~x1)n1ieq · . . . · h�(~xn)nnieq, for ti ! 1, fixed xi

, when all ti ! 1 but xi kept fixed. We argue that this shows that the BD vacuum
is a stable vacuum for de Sitter space, in the rigid limit.
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3. State-independence: A related but stronger statement is true. Consider a state which
is a small perturbation of the BD state at some time t0, than for all ti � t0 ! 1,
and physical distances zjk fixed, even though arbitrarily large, correlation functions
in this state approach those in BD:

h�(~x1, t1)n1 . . .�(~xn, tn)
nni ! h�(~x1, t1)n1 . . .�(~xn, tn)

nnieq, for ti�t0 ! 1, zjk = fixed

. This shows that the BD vacuum is also an attractor.

4. de Sitter invariance: For the two-point function, the decay of correlation functions
at long distances is approximately given by z�c

p
�, where z is the de Sitter invariant

distance between the two points and c is some constant dependent on the details of the
potential. Therefore the de Sitter symmetry is linearly realized and not spontaneously
broken in the BD vacuum.

5. Thermality: If we restrict to the static patch, we have checked that our correlation
functions satisfy the KMS condition [16, 17] that must be obeyed by thermal ensem-
bles, confirming a behavior that is expected to hold on general grounds.

6. Large-N: We extend our formalism to include the case of a O(N) symmetric �/N(~� ·
~�)2 theory, finding that in the large-N limit, some results lead to simpler analytical
expressions.

7. Subleading corrections: we explicitly compute the O(
p
�) corrections to the single-

point distribution and to the large-distance behavior of the two-point functions for
the ��4 potential.

Outlook: We now briefly mention some future avenues that are opened by our findings.

• A clear limitation of our analysis is that we work in the rigid limit where Mpl ! 1
and H is kept constant. We believe, however, that our formalism is equally applicable
to dynamical gravity, coupled to matter fields. Of course, in the presence of gravity,
in order to make correlation functions in dS, or approximately dS, space well defined,
one needs a preferred choice of time slicing. This can be provided, for example, by
an inflaton. Then, our formalism is suitable for studying the dynamics of another
light scalar field � during inflation. Since we already understand how to deal with the
self-interactions of a field, as far as coupling to gravity is concerned, there does not
seem to be much difference between ��4 theory and a free particle with m2 ⇠

p
�H2

coupled to gravity. In both cases it is clear that for
p
� � H2/M2

pl, the effects of
gravity on correlators are perturbative. On the other hand, for

p
� . H2/M2

pl, the
situation is more subtle and the non-perturbative nature of our formalism may become
relevant. We thus believe that this corresponding development of our formalism is a
natural next step. In addition, it would be interesting to compare the results with
other approaches to gravity in dS, e.g. [57, 58].

Another natural application of the formalism is in the regime where the backreaction
of the inflaton on the expansion of the universe is significant as, for example, in the
case of ‘slow roll eternal inflation’ studied in [18–21].
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