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|.  Chiral gauge theories



Why ?

(i)  Macro and Molecular level Nature: O(107%) ~ 0(10%) em
nontrivial chiral properties Py s
(ii) Microscopic world very precisely described by 0(1071%) em Jation
par®™ ¥ o
9r°
SU3)gep x (SUR2)L x Uy (1))aws * Lo‘i‘;ﬂx\ o
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(iii)  Grand Unified theories SU(5), SO(I10) ... ? 010~ em)
1072 em

¢ (i), (iii) are chiral gauge theories * : they are weakly coupled, e_aﬂoﬁ\a\
L4 L4 L] u X
consistent in perturbation theory G"‘Caﬁce\\aﬂo“

¢ Perfectly reasonable (good) theories, as low-energy effective actions

As such, they leave mysteries; masses, families, neutrinos, axions, dark matter,
the origin of the electroweak symmetry breaking, naturalness, etc. etc.



Significant results on strongly-coupled asymptotically-free_gauge theories

Y5,
eme(\ta
e QCD SU(@3) YM w. quarks confine™
40 years (!) of lattice simulations (w/ advanced computers),
e N =2 susy gauge theories (w/ advanced mathematics),
d duality
oles 2 finemen
25 years since Seiberg-Witten Onzpcﬁxs\a and co™
et'c |
: : sy eakind
¢ All refer to vectorlike gauge theories o N 5“‘:-\25 susy P
Ch“a\

¢ Surprisingly little is known today about strongly-coupled (AF) chiral
gauge theories

m better!

: h
A challenge for theorists: understanc far unknown (to us) way

' ina so
Nature may be making use of them




Earlier studies on chiral gauge theories

e Tumbling (MAC)
G<¢1¢2> =A3 el <¢'1¢2’> A3

e Complementarity

(¢p) #0, ¢ ~ tund.rep. Confinement ~ Higgs

e ¢ 't Hooft’s anomaly matching constraints

e Appelquist-Cohen-Schmaltz criterion (free energy), fir < fuv
o “a” theorem (RG flow)
e Large N

No truly significant progress so far ....

(X Renewed efforts



SU(N) models

e AF, no masses, potential, no § angle, unique vacuum
e Confinement ? / Dynamical Higgs ?

© Flavor symmetry breaking ? In which pattern ?
e Infrared CFT ?

e Hierarchical mass scales generated (tumbling) ?

(Nw, NX) models
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¢ ’t Hooft anomaly matching requirement severely restricts
possible phases / flavor symmetry realization

¢  (Partial) color-flavor locking, dynamical Higgs vacua +

(partial) dynamical Abelianization :

useful tools for finding the (in general, non unique) solutions
¢  Tumbling or MAC ? Not assumed, but looks natural in some cases

¢ A new mass hierarchy ? Fr < A?

¢ Still, need of more powerful theoretical arguments badly felt ....



Il.  Generalized 't Hooft (Mixed) anomalies and

the Phases of chiral gauge theories



Generalized 't Hooft (Mixed) anomalies and

the Phases of chiral gauge theories

Part A o

%“eS\ ’
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We study (Part A) :

¢ Consequences of gauging exact |-form Zg center symmetries in several

simple SU(N) gauge theories w/ chiral (or vectorlike) fermions (k = a divisor of N)

® Models: (here fermions are not acted upon by Zg )

(i) Fermions in self-adjoint, antisymmetric single-column irreps, @

SU®B) w/ N =1,2,...;  SU(N)

(i) Adjoint QCD SU(N) with N; A in adjoint repr

(iii) “QCD” with Ng pairs of “quarks” in b = o

(iv) Fermions in % L] e %

eg, SUG) with [ [ o5 | SUB)w Tes]



Results

(i) SU(6) theory with a single Weyl fermion in 20 @

(0-form) Zg & (l-form) ZBC symmetries!
Mixed anomaly implies XSB
78 — 7y
IR: () ~A3£0  but (YY)
or (YY) £0,  or (i) #0

(i) SU(N) theory with a single Weyl fermion in @ } %
(a) N = 4: no mixed anomalies
(b) N=40,0>2 % :% mixed anomaly ZQDTR — ZQfTTR
(c) N=40+2 2Tg - % = 2T - 7+ 1 mixed anomaly ZngR — Z‘Q%Lfl
Generally
ULy = Z;pTRNf 7 Z;pTRNf S ﬂﬂ\;?/x

instantons  mixed anomaly



(i) Adjoint QCD  SU(N) with . N A in adjoint repr

(iii) “QCD” with Nf pairs of “quarks” in D, = &

b =L@

(iv) Fermionsin %[ T7g% "

e Gf (classical) =  SU(5) x U(1),, x U(1),

U(1)yy X Zg} X Ly

e |Instantons : U1)y xU(1)y, — 7
40

~ U(1>¢X X Z4

e  Conventional 't Hooft constr. : SU(5) x U(1)y, broken
e  Gauging the |-form ch Ly — Lo

e At least two of the condensates VX, W, XX



¢ The systematics ?

[©)

Weyl termions v; in representations RZ énd multiplicities Ny; with ¢ =1,...,np
© U1y, — ZgTRiNf,i due to instantons

- n(R;) be the N-ality

- Define k= gcd (N, n(R1),n(Rs),...,n(Rn,))

nave SO
. fricient \°
o If k> 1 then we have a nontrivial 1-form center symmetry ch \?ra‘ef;“ offects
o Weneed k£>1 to get an interesting effects, where
- N kn k L
[ ged (25, N)  ged (n?,kn)  ged (n, k) J N=Fkn:
: fr fluxe
N ynits of "t OO
e The Toron charge  _na = k
12
N2 N34 1N2_N _E_n/gcd(n,k)_ m ~m _ n c7
N Nk 2k kgdnk) klgdmk) & ged(n k)
combined with instantons gives the minimum topological charge
N m mp + k 1 R



Generalized 't Hooft (Mixed) anomalies and

the Phases of chiral gauge theories

Part B o
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We study (Part B *) : o 2

polognes”
¢ Consequences of gauging the |-form Z% center symmetries in some
simple SU(N) gauge theories w/ chiral fermions including those
in the fundamental representaiton *
® Models:
5 00C
' {ij} B i _ w0 3
(i) %, g9, (,j=1,2,...,N, B=12,...,N+4) b Omzf\( odd
. - A K1
in repr o (N + 4) qars— 1O
.. Bi
(i) Xpg 5 n-J, B=1,2,...,(N—4)
in repr
P (N —4)

* ¢ Ordinarily fermions in the fund. irrep of SU(N) would simply breaks the
center symmetry. Use color-flavor locked Z% symmetry!



Let’s study 207) models - SU(N) theory with

YUt B (i,7=1,2,....,.N, B=1,2,...,N+4)
in repr (Tlew 4]  grouP
Ly Co\le“:::zu' (OUP)
* act m
- Ge = SU(N +4) x U(1)y, *) e true ¥

¢ Interesting as the conventional 't Hooft anomaly matching constraints allow both

(i) Chirally symmetric confining vacuum:

no condensates, and with massless composite fermions (“baryons”) @\I/
AB j. A B
BABl = ylintnB . A B=1,2,...,N+4,

and

(i) Color-flavor locked dynamical Higgs phase, with condensates

(WU BY = ¢ A3§I8 £ 0, 7,B=1,2,...N, c~ O(1)
with M massless baryons and 8N+1 NG bosons

o Gp = SU(N)g x SU(4); x U1



(i) Chirally symmetric confining vacuum

fields | SU(N). | SUN +4) | U)yy | (Z2)F
¢ | () e
U gt il Bl
BAB () _% 1
(i) Color-flavor locked dynamical Higgs phase
fields | SU(N)et SU (4)¢ Ul) | (Z2)F
uv | v ML) ) N 4 1
i | e NZ.() | —(N+4)| -1
Ui 4 N - e il
IR | BB s e O R R N S
BlA1B:] 4. N - _% 1




Wish to find out if the generalized 't Hooft mixed-anomaly-matching
gives a stronger constraint



Be more careful about the symmetry:

the true symmetry group of the system turns out to be: (N=even)

« U(1)¢77 X SU(N+4) X (ZQ)F i

G = SU(N) T T

Gauge the |-form  Zy C SU(N) N (Uyy(1) X (Z2)F)  symmetry

° |Introduce
o A: U(1l)y, 1-form gauge field,
° Agl): (Z2)F 1-form gauge field,
o Ar: SU(N + 4) 1-form gauge field, a: SU(N) gauge field
o BéQ): Zin 2-form gauge field,

o B{,@): Zina4 2-form gauge field.

[ NB® =dB®;  (N+4)B® =aB" )

1 ni 1 (2) mq
B2 — c7 —/B = : my1 € Zn+




¢ Impose invariance under:

B?® - B? +dx., BWY - BWY 4N,

B® - B® +dx, B = BY 4 (N +4)x
a—a-+ A,

A A D — X, Where

N N +4
Agl) — Aél) + EAC + ;L

)\fa

gf%;{f—l—)\f.

¢ Fermion kinetic terms

— . N+14
o (94 Rs(@) + 244 A2) Py
1L

_ .~ N+2
_1_77,)/” (a + RF*(CI/) + Af - TA — Az) PL77 .
7
. ~ ~ 2 (1) —~ - l (1\
with Rs(a) = Rs(a) — B Rr«(@) = Rs(a) + B’
replacement 1 1 . |
= R) (1) , o _ -p)_ tpM)
A—)A‘*‘ATBC +;'V—+—4Bf A3—>Az 2Bc 2Bf

_ 1
CL:CL—FNBC(}),
o IR e
A=At gt

each term is
now invariant

under (&)



Invariant tensors felt by the fermions

N +4 N4
P Rs(F(a)) + T+dA+dA2 Rs(F(a) — BY) + ; [dA+B<2) B@)}
[dA(l) _Npoy Nt4 B<2>] |
2 2
N +2
E R+ (F(@)) + F(Af) = = —dA — dA
= —[F(a) — B®] + [F(4;) — BY] - N; 2 [dA + B® 4 B®
_ dA(l) _ EB(Q) B N—|—4B(2>

2 9 C 9 .

-~ N
B . 7zA (F(Af)) - EdA — dAQ



Calculation of mixed anomalies ; generalized 't Hooft anomaly matching criteria

Results: m/*“
N+ N 1
. o N =
® Mixed (Z2)r — [ZN]? anomaly NE S L
( ) [ ] " %%2 %(N w\;
_— (
N N
i (5) _ 1 2 ( N2 41 &/%

1
ASY = +inz 540N =d iaAg‘” o 6AY) = tor.

® The partition fn changes sign under v — =1, n——n /) anomaly !

¢ N.B. without gauging the |-form symmetry B{? = B{!) = Bf(Q) = Bf(l) =0.

2 5AY)
would have found: 0S¢ty = ) tr[F(a)]? 22 *. No Z3 anomaly!
T
the C\’\\ra“y
IR: 0 - N2(3§2))2A§1) =0 No Z; anomaly ¢ Assuming qum

¢  Mixed (Zs2)r — [Zpn]? ’t Hooft anomaly does not UV-IR match

. The chirally symmetric vacuum is inconsistent



Mixed (Zo)r — [Zn4])* anomaly

UV: No Z; anomaly

IR: (N +4)° /(B§2))2A§1) term present with coefficient

(N +3)(N +4) +N+2 ~ N*(N+3)  N(N+3)

— 1.
3 N+4 8(N+4) 4

¢ Mixed (Z2)r — [Zn14]* 't Hooft anomaly does not UV-IR match

A.. The chirally symmetric vacuum is inconsistent

Mixed (Zo)p — Zyn — Zn+4 anomaly matches in UV and IR
Mixed (Z2)r — Zn — U(1)y, anomaly matches in UV and IR

Mixed (Z2)r — Zn+a — U(1)y, anomaly matches in UV and IR



Conclusions / discussions / reflections

¢ Mixed (Z3)r — [Zn]? anomaly found above in the UV theory (absent in the IR):

the mixed 't Hooft anomaly does not match in the UV and IR, in the chirally

symmetric confining vacuum: it cannot be the correct vacuum of the theory.

¢ No difficulties in the dynamical Higgs phase

(WlnBy = cA®P £0,  jB=1,2,...N, c~O0()

more likely to be the correct vacuum.

Taniza
¢  Several conceptually new extensions in this analysis SU(NW\UVm\
C
LN = QC

©  Gauge the color-flavor locked  Z . the sta“daa:(\is

o N qu
Zn = [Zn C SU(N)] N [Uyy(1) x Zo) e
®  Mixed anomaly involving (Zo) o0 degre®
3
VY — — n— —-"n gpace acion ©
) P

® Roles of U(1)y, and (Z2)r symmetries and their external gauge fields are formally similar:

A, Az transform nontrivially under the |-form gauge transformation (&)

Both affected by the 2-form gauge fields



¢

Important differences with anomalies involving only continuous symmetries:

° All triangles with Uy, (1), SU(N +4) are matched by

: ng
Cuv = Cir before the gauging of the |-form center symmetry: oD dhe g2V8
: : NCRANIIYA
they continue to be matched after the replacement , automatically of the
® A different story for discrete (Z; )r anomaly: before the gauging of the |-form
center symmetry (absence of) the anomaly matched by
Cuv = Cir  modulo 2, and by the integer instanton numbers
1
— | F?cZ.
2
87T 24 O\o%\db\
\Q'OQ
: , : O™
So the discrete (Z2 )r anomaly may arise after gauging of the |-form Zy ;\@C“O%e
<

and the UV-IR matching may be ruined. Our calculations show it indeed does. <

BTW, the result “C=1" we found is the only meaningful and nontrivial answer.

C= a fractional number, 1/2, |/N, .. : honsense.
C=12,4,.. : wellit’s fine but implies nothing.

(Even if it does not guarantee in itself that everything is OK)



¢ Our result is formally similar to the mixed anomaly
CP — (Zy)*
\(a‘)us\’:\na

. o
found in the pure SUN)YM at § = 7 iz‘f;;fgods\é\,Se\berg

But the way the failure of the t Hooft matching manifests itself in the IR is different!

® In the pure SUNN)YM at § = m CP(T) is spontaneously broken by doubly

1D\
degenerate vacua '
 Inour case, not (Zg)p (space 27 rotation) but Uy, (1) therefore AE { NG
Zn = [Zn C SU(N)| N [Uyy(1) x Zy]  Is spontaneously broken by bon >

WPy = e AP§8 #£0

¢ Conclusion:

¢ The chirally symmetric confining vacuum does not survive our more refined
consistency check: it cannot be realized dynamically in the IR

¢ The dynamical Higgs vacuum looks OK
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Steinberger ‘49, Schwinger ‘51,

-Mi to ‘49 ’
Fukuda Miyamor 9, Bardeen '69,Wess-Zumino, 71 ...

Adler ‘69, Bell, Jackiw ‘6

Axial / chiral anomalies |

1C
pbn®
JH : Al pph
A ]
No conservation in all channels
Observable (calculable) effects
7r0—>2'7 My 2> My JY < i JP
. l I «°
Gauge vertices: D)
&9
, , . -
¢+ Gauge symmetry destroyed (inconsistency) O\{'\(\Q\»@
. b NS
¢ Anomaly cancellation needed Z Tr({t%t°}t¢) = 0 ®+
q’'s,l's ¥
‘ ) %\S < o“‘a\\’ ) NS
External “gauge” fields: o2 o 8
cth

Abelian / nonAbelian anomalies (NOT an inconsistency)
¢ observable effects KK — mrm  etc. Wess-Zumino-Witten (5D) action

> —

Mixed 't Hooft’s anomalies preons

't Hooft anomaly matching conditions

N

Other new anomalies

Dai-Freed ‘15

Garc'\a—Etxebarria-Mon



¢

¢

Generalized symmetries

From O-form symmetries (acting on local operators)
to k-form symmetries (acting on line, surface, etc operators)

e e.g. the center symmetry in SU(N) YM (k=1)
eiva%QNeiva, Qn = 2N € Zy

Phases of the system not described by the VEV
of local operators

(p(x),  (W(x)v())

: a change of PARADIGM ! #SPT

Higher form symmetries are all Abelian

Halda®
\,\l e

e'83

989

Wang



“Gauging” the |1-form discrete Zn symmetry in SU(N)YM

() g(x + L) — QQWi/Ng(x) expi% a — eZ N expz’% a
L L

Gauging a discrete symmetry = identifying the configurations » oaugn® of 2
connected by it and eliminating the double counting wordind™ L ety

Czrc;m'\nuous =t
Introduce the “U(N)” gauge field
_ I — Al (2)
a—)aEa—l—NBc Iy ; F(a) — F(a) = F(a) + B” 1y
imposing the |-form gauge invariance
a—a+ My BY - BW L NX,  B® 5 B@ 4 g\
NB® = qBW SU(N) / Zn gauge theory
]. 1 ~ s ﬁaﬁ:\oﬂa
@ tr F2 > 87‘(‘2 / tr (F(CL) — BéQ))Q ,,('\’\ooﬁt.\sc&\rux
R T N Z e
= — tr (F(a))? — — B =7 — = fractional topological
= (F(a)” = o= | (B7) ~ racue

a =t Abdz” F? = FAF = LFw Feodadayduydes = Lepnpo FHYFPo diy



Gauging exact |-form ch symmetries in an SU(N) model: k= divisor of N

Introduce the pair (B£2), B(El))

kB = dBWY
B — B® +d\,, BW— BY Lk

1 .
Imbed SU(N) in U(N) a=a+ EB(” with invunder @ — a + A¢
F(a) = F(a) — B®

C

Fermion kinetic term U, (1) gauge field A,
Y Y e
Y y*(0 + R(a) — @Bél) + Ay)uPro tr(t4th) = Tr 6
S(Eir(]ld)a;flomal)’ 05 sy 2?7(5) / e 90 = 2T(R) Lo Form © I
non Anomalous
Mixed anomaly
| i N2 1 _ 212 N 2 0) 2 N %\.
o 24tr<F_Bc> =23 ZftrF - N(B.”)"} 32 24( :) = 5L fr:oﬁ
e
O

- A
a = tl}%Ab dx* F2=FAF = %FWFP“dxudx,,d:cpd% = %EW,,UFWFPUd‘lx W
M \060



“Large” gauge transformations

ZN Y —eNY, n—e N1,
(ZQ)F X U(l)wn
v (NEFRY = FR TRy, o () PRy = VR P
Generalized cocycle condition in the triple overlapping region:
SU(N)/Zxn ~ PSU(N) bundle



Calculation of anomalies by Stora-Zumino descent procedure

6D anomaly functionals

Y 2417T2 u (RS (F(a) - BY) + % a4+ BY + B
N )]
= (];[ 4;24) tr [(F(&) _ Bém)g}
= +12€)57<r]2v 4 [(F(&) - B§2>)2} A [dA +B® 4+ Bf(2)]
+ ]\;(.]\;;21) (N;4)3 [dA+B§2) +Bf(2)}3
RTOWASIA WO N OV

gr2 \ 2 2 2 2
1 (N+4\ NN +1) @) . @) 1 Noog  N+4,09
> ( _ ) ; {dA+BC + B! } dAy) — B ~— B

—B
+ 2472 2

2 ¢ 2

2 2
1 (N+4> N(N +1) [dA+B§2>+B§2)} [dAgn_gBég)_NMBf(z)]



Calculation of anomalies:

24 g2

N(N + 4) [dAg” _Npe _

Stora-Zumino descent procedure

: ! a T N +2
- 1 tr{ = [F(@ = BO] + [F(Ap) - BY) - — = [dA+ B? + B
_ dA(l) o EB(Q) N-|-4B(2) }
2 5 De 5
= Y tr [(F(a) — B{Y) } + 247T2tr {(F(Af) — B;”) }
N + 2)(N + 4) i (2))2 (2) (2)
1672 tr [(F(a) — BY) } A [dAJrBC + B ]
N N+2 A (2)72 2 (2)
— sy wlF(AD) - B [dA+B§>+Bf }
N(N +4)(N +2)° @ , p@1°
B 8 - 2472 {dA—'_BC + By }
N+ 4
_ 87:_2 tr(F(a) _ B§2))2 [dAél) B %Bg) N;L4B(2)]
N A (2)12 (1) N 2 N +4 (2)
_Wtr[ (Af) — B [dA2 _EB((:) . 2
1 N +2 2 @) (2) 2 (1) N 2 N + 4
—87r2< 5 ) N(N+4){dA+BC + By ] dA,; —?BC -
1 (N+2 2 2 W N oy N4
87r2( 5 )N(N+4)[dA+BC + B; } dAS QBC ; B

3
( N+4B()] |
2 2



Calculation of anomalies:  Stora-Zumino descent procedure

Baryons

3

2 ¢ 9
= S [P - BP)B}
- a2+ )
_ ]\;;-22];7“[17(}&) _ Bf(z)]z {dA—k Béz) n B(z)}
N 2uipiy - s [aag) - N g - N g
ot () D ) faa) - - 2
B e A
_ 2417T2 (N + 4)2(N +3) [dAgl) B gBE?) } ¥Bf(2)]3 | o



Determination of the mixed anomalies involving (Z2)F

1 N N+4 9
o0 [ ory Yo N 24y

¢ Integrate to give 5D boundary WZWV action:

1 1
§oP — /5 ) [AgD - 5B - QBf“)]

¢ Consider variations

yo1 1 an 1.

514y - §Bc(:1) - §Bf( )] = §d514§ ',
1

5510 = L 1640 540 = tor

one gets various 4D anomalies ( “anomaly inflow™ )

(e Results



