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S(ρ) = J+ L

(
ρ− ρ0

3ρ0

)
+ . . .
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Mean-�eld dynamics and dipole excitations

Mean-�eld dynamical models with non-relativistic Skyrme-like EDFs

Quantal Time-Dependent-Hartree-Fock (TDHF) (or RPA for zero-amplitude)

Comparison also with semi-classical Vlasov calculations
[S. Burrello, M. Colonna, and H. Zheng, Front. Phys. 7, 53 (2019)]

[H. Zheng, S. Burrello, M. Colonna, and V. Baran, PRC 94, 014313 (2016)]

iℏ ˙̂ρ(t) +
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ρ̂, Ĥe� [ρ]
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= 0
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A
zi−(1−τi )

Z

A
zi , τi = 0 (1) for n (p)

Strength function: SK (E) =
∑

n | ⟨n| D̂K |0⟩ |2 δ (E − (En − E0)) K = S, V

Transition densities: δρq(r ,E) ⇒ Information on spatial structure of excitations
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ρ̂, Ĥe� [ρ]

]
= 0

Isoscalar (IS) or isovector (IV) dipole operators:

D̂S =
∑
i

(
r
2
i −

5

3
< r

2 >

)
zi , D̂V =

∑
i

τi
N

A
zi−(1−τi )

Z

A
zi , τi = 0 (1) for n (p)

Strength function: SK (E) =
∑

n | ⟨n| D̂K |0⟩ |2 δ (E − (En − E0)) K = S, V

Transition densities: δρq(r ,E) ⇒ Information on spatial structure of excitations

Stefano Burrello, Maria Colonna Connecting low-lying dipole modes to structure and EoS



Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Mean-�eld dynamical models and equation of state
Low-lying dipole modes: neutron skin and symmetry energy

Mean-�eld dynamics and dipole excitations

Mean-�eld dynamical models with non-relativistic Skyrme-like EDFs

Quantal Time-Dependent-Hartree-Fock (TDHF) (or RPA for zero-amplitude)

Comparison also with semi-classical Vlasov calculations
[S. Burrello, M. Colonna, and H. Zheng, Front. Phys. 7, 53 (2019)]

[H. Zheng, S. Burrello, M. Colonna, and V. Baran, PRC 94, 014313 (2016)]

iℏ ˙̂ρ(t) +
[
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Nature and structure of low-lying dipole modes

Evolution with the neutron/proton content ⇒ Sn isotopic chain [see Markova's talk]
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Mean-�eld dynamical models and equation of state
Low-lying dipole modes: neutron skin and symmetry energy

Evolution of IS/IV PDR along Sn isotopic chain

Question: IV PDR fraction of Energy Weighted Sum Rule does not grow from N

Explanation: it re�ects the decrease in the IS fraction and IS dipole strength

[S. Burrello et al., Phys. Rev. C 99, 054314 (2019)]
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

Outline of the presentation

1 Theoretical approaches for nuclear many-body problem

Ab-initio vs phenomenological models based on energy density functionals (EDF)

E�ective interaction and nuclear matter (NM) Equation of State (EoS)

2 EDF-based models: recent results and further developments

✏ Mean-�eld dynamical models with phenomenological EDFs

Nature of low-lying dipole modes and connection with nuclear structure
Correlation between low-lying dipole excitations and properties of EoS

✏ Extensions of EDF approaches: bridge with ab-initio and beyond mean-�eld

Benchmark ab-initio for low-density pure neutron matter (PNM)
Embedding many-body correlations and clustering phenomena

3 Summary and perspectives
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

EFT-inspired EDFs: YGLO and ELYO

Dilute PNM (as = -18.9 fm) ⇒ close to unitary limit of interacting Fermi gas

Lee-Yang (LY) expansion in (askF ) from EFT (νi = 2, 4 for PNM, SNM)
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N
=
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Combining EDF with LY expansion:

Yang Grasso Lacroix Orsay (YGLO)
[C.J. Yang,M.Grasso, D. Lacroix, PRC 94, 031301 (2016)]

Extended Lee-Yang Orsay (ELYO)

[M. Grasso, D. Lacroix, C.J. Yang, PRC 95, 054327 (2017)]
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

YGLO: EFT resummed formula and benchmark

Potential part of YGLO functional (ai = −18.9(−20.0) fm, i = S, N)

EY = Yi [ρ]ρ
2 + Diρ

8/3 + Fiρ
(α+2), Yi [ρ] =

Bi

1− Riρ1/3 + Ciρ2/3

Bi =
2πℏ2

m

νi − 1

νi
ai , Ri =

6

35π

(
6π2

νi

)1/3

(11− 2 ln 2) ai , α = 0.7

Benchmark on ab-initio ⇒ �t of PNM Quantum Monte-Carlo calculations

Mapping with Skyrme functional ESk = E0 + E3 + Ee� (except for E0 ↔ Yi )

momentum-dependent term Ee�,Y = WDi

extra density dependent term E ′
3,Y = (1−W )Di (with α′

Y = 2/3)
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

ELYO: density-dependent scattering length

ELYO: Density-dependent scattering length

Tuned by low-density condition |as(kF )kF | = 1

Mapping with s-wave Skyrme-like EDFIncluding LY p-wave contributions
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

ELYO: density-dependent scattering length

ELYO: Density-dependent scattering length

Tuned by low-density condition |as(kF )kF | = 1

Mapping with s-wave Skyrme-like EDF

t0(1− x0) =
4πℏ2

m
as(ρ)

t3(1− x3) =
144ℏ2

3
5m(3π2)1/3(11− 2 ln 2)a2s (ρ)

t1(1− x1) = W1
2πℏ2

m

(
a
2
s (ρ)rs + 0.19πa3s (ρ)

)
Including LY p-wave contributions
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

ELYO: density-dependent scattering length

ELYO: Density-dependent scattering length

Tuned by low-density condition |as(kF )kF | = 1

Mapping with s-wave Skyrme-like EDF
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Including LY p-wave contributions

t2(1− x2) = W2
4πℏ2

m
a
3
p(ρ)

[J. Bonnard, M. Grasso, D. Lacroix, PRC 101, 064319 (2020)]
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

Energy of neutron drops and e�ective mass

Application of YGLO and ELYO on �nite systems ⇒ neutron drops

[J. Bonnard, M. Grasso, D. Lacroix, PRC 98, 034319 (2018); PRC 103, 039901(E) (2021)]

[S. Burrello, J. Bonnard, M. Grasso, PRC 103, 064317 (2021)]

Adjustment on energy values of drops available from ab-initio calculations

Bad agreement with ab-initio e�ective mass predictions (s-wave)
⇒ importance of p-wave contribution

[J. Bonnard, M. Grasso, D. Lacroix, Phys. Rev. C 101, 064319 (2020)]
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

Finite nuclei and neutron drip-line with YGLO

Hartree-Fock calculations with YGLO: ground state properties
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

Outline of the presentation

1 Theoretical approaches for nuclear many-body problem

Ab-initio vs phenomenological models based on energy density functionals (EDF)

E�ective interaction and nuclear matter (NM) Equation of State (EoS)

2 EDF-based models: recent results and further developments

✏ Mean-�eld dynamical models with phenomenological EDFs

Nature of low-lying dipole modes and connection with nuclear structure
Correlation between low-lying dipole excitations and properties of EoS

✏ Extensions of EDF approaches: bridge with ab-initio and beyond mean-�eld

Benchmark ab-initio for low-density pure neutron matter (PNM)
Embedding many-body correlations and clustering phenomena

3 Summary and perspectives
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Embedding correlations and clusters in EDFs

Many-body correlations at densities below ρ0

Formation of nucleon bound states (clustering)

Phenomenological EDF-based models with clusters

Generalized relativistic density functional (GRDF)

[S. Typel et al., PRC 81, 015803 (2010)]

Modi�ed ∆rnp - L correlation [see talk of Z. Yang]

[S. Typel, PRC 89, 064321 (2014)]

Nucleon knock-out in inelastic electron scattering

[O. Hen et al. (CLAS coll.), Science 346, 614 (2014)]

Neutron-proton short-range correlations (SRCs)
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What next?

Inclusion of light clusters (and quasi-deuterons) within a kinetic approach

Study of collective excitation modes [in coll. with R. Wang + INFN CT]
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Final remarks and conclusions

Main topic

MF calculations for nuclear structure and small amplitude dynamics

Extension of EDFs to bridge with ab-initio approaches and include clusters
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Coupling between IS and IV modes

Symmetric nuclear matter: IS and IV modes are decoupled

Neutron-rich systems: n and p oscillate with di�erent amplitudes ⇒ coupling
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In�uence of the e�ective interaction

SAMi-J interactions
[X. Roca-Maza et al., PRC87, (2013)]

⇒ isolate in�uence of IV channel

Esym(ρ) = C(ρ)I 2
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Sensitivity of EIV-GDR to Esym at crossing

Role of symmetry energy slope:

IV PDR

Agreement with Vlasov results

[Zheng, H. et al., PRC 94, (2016)]
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In�uence of the e�ective interaction

SAMi-J interactions
[X. Roca-Maza et al., PRC87, (2013)]
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Comparison between Vlasov and TDHF model
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Good reproduction of IV GDR and IS GDR

Two contributions in low-energy region: [see M. Urban, PRC85, (2012)]

PDR mode (outer surface)

toroidal mode (inner surface against bulk)

Displacement of PDR peaks ⇒ numerical treatment of surface
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Link between nuclear response and density pro�les
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Sharper evolution from bulk to surface region favor toroidal mode

Smoother density pro�le leads to robust PDR oscillations

[S. Burrello et al., Phys. Rev. C 99, 054314 (2019)]
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Comparison between TDHF and RPA

TDHF and RPA equivalent in zero-amplitude limit, despite technical procedures

Question: which numerical parameters ensure the best agreement?

Dependence on box size (i.e. discretization of continuum single-particle states)

[S. Burrello et al., Phys. Rev. C 99, 054314 (2019)]

Very good agreement when the size is large enough (also for transition densities)
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Very good agreement when the size is large enough (also for transition densities)
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

Back-up slides: dipole strength in Sn isotopes
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld
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Embedding many-body correlations and clusters
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Phenomenological energy density functional approaches
Re�ned EDFs: bridge with ab-initio and beyond mean-�eld

Benchmark on microscopic calculations at low-density
Embedding many-body correlations and clusters

Back-up slides: transition densities of PDR
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Re�ned EDFs: bridge with ab-initio and beyond mean-�eld
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