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— Entanglement entropy : introduction —

Measures how much a given quantum state is entangled

quantum mechanically.

A non-local quantity like the Wilson loop

as opposed to correlation functions

We can probe the quantum properties of the ground state
for a quantum system

(quantum spin system, quantum Hall liquid,. . .).
Proportional to the degrees of freedom
The entanglement entropy can be used as

Applications: quantum information and computing,

condensed matter physics, ...



— Entanglement entropy : in quantum field theory —

» Divide spacetime into two regions A and B

» The reduced density matrix of the ground state A
pa=Trgp = Trg [0)(0) 5
/

> pa can be regarded as the density matrix for an observer who can only

access to the subsystem A.

» The entanglement entropy as the von Neumann entropy

Sa(l) = =Tra(palnpa)

» How to calculate the entanglement entropy?
1. replica method [Carabrese and Cardy, 2004]
2. holography [Ryu and Takayanagi, 2006]



» The entanglement entropy (Tra pa = 1)

Sa(l)

» Entanglement entropy can be expressed as

Sa(l) =

— Replica method —

—Tra(palnpa)
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where Z(/, n) is the partition function

on the n-sheeted Riemann surface.
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— Some examples —

» For (1 + 1)-dimensional model at the critical point (CFT),
[Holzhey, Larsen and Wilczek, 1994, Calabrese and Cardy, 2004]

C

Sa(l) 3

where c is the central charge of CFT, a the UV cutoff.

l
log — + ¢y,
a

» Not in the critical regime,

c, £
Sa(/ —log = A
All) >t 3 8% B S
where £ is the correlation length of the system. . !

> S, is the amount of quantum correlations between subregions.

> S, can serve as an order parameter for a quantum phase transition.



— Entanglement entropy : holographic approach —

» In (3 + 1)-dimensional N/ =4 SYM [Ryu and Takayanagi, 2006]
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» nonanalytic behavior for confining backgrounds:

[Klebanov, Kutasov and Murugan, 2008]
> Klebanov-Strassler
» D4-branes on a circle
» D3-branes on a circle ((2 4 1)-dim. theory)

> Soft wall model (e’zz dilaton)

» Other behavior for backgrounds:

» Maldacena-Nunez

» Hard wall model

> Soft wall model (e7*",n < 2)
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— Entanglement entropy : in lattice gauge theory —
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1/1dA| ds(y/dl, fm™

(Exactly solvable) (1 + 1)-dimensional SU(N,) lattice gauge theory
analytic behavior (independent of /) [Velytsky, 2008]

(3 + 1)-dimensional SU(2) lattice gauge theory treated within
Migdal-Kadanoff approximation

= nonanalytic change at /. T. € (1.56,1.66) [Velytsky, 2008]

SU(2) quenched simulation [Buividovich and Polikarpov, 2008]
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— Lattice QCD simulations —

» SU(3) quenched lattice simulations

5000 sweeps for thermalization, measurement every 100 sweeps,
3000 ~ 10000 confs.

» Pseudo heat-bath MC update: Wilson plaquette action
Sw = ﬂZ( r(Up + UT))

» Mesure the derivative of S4(/) with respect to /

Sa(!) 6[ 9 <ZUT>>]

di a1 |~ m 5, Zn(T)
R,




— Lattice QCD simulations —

» Estimate the derivative by

95.0) _ 00
pT = I|m '\ 5iBn F[A, n]
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— Lattice QCD simulations —

» Differneces of free energies [Endrodi et al., PoS LAT2007]
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— Action difference —
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e Contribution from o > 0.5 and o < 0.5 almost cancel.
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— Results: derivative of Sa(/) wrt | —
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— Results: derivative of Sa(/) wrt | —
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— Results: derivative of Sa(/) wrt | —
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e No clear discontinuity has been observed.



— Entanglement entropy at finite temperature —

» Entanglement entropy

Sa=—Tra(palnpa),  pa = Tre(protal);

» A thermal state is a mixed state,

pAB = anexp <—':;> n)(n|
» For (1 + 1)-dimensional CFT at finite temperature T =1/,
Sa(l) = 3 |og (a sinh 5) +c =
35

» At sufficiently large / (or in the high temperature limit),

e > 8.

S reduces to the thermal entropy.



— Results: dSa/dl at finite temperatures (below
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— Results: dSa/dl at finite temperatures (above T.) —
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— Results: dSa/dl at finite temperatures —
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(4.8 +1.0) x 1.443 ~ 173 « 14.1(8)

Rough estimates : s ~
(5.34+1.5) x2.022 ~56.0 « 62.3(25)
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— Summary and outlook —
We discussed the entanglement entropy in SU(3) pure YM theory.

Entanglement entropy measures amount of quantum correlations

between subregions
0S /01 behaves as 1//° at small /, and vanishes at large /.
Discontinuity has not been observed at zero temperature.

In the deconfinement phase, entanglement entropy approaches to a

finite value at large /,



— Summary and outlook —

» We have to examine
e discretization errors (with an improved gauge action)

e systematic errors (n > 2 cut simulations)

> Interesting to calculate the entanglement entropy in

e compact QED (confinement phase and Coulomb phase)



— Entanglement entropy : definition —

» Divide a system into two subsystems A and B

» The density matrix on A is defined by

pa = Tre(pas);

i.e., by tracing over the states of the subsystem B.

> pa can be regarded as the density matrix for an

observer who can only access to the subsystem A.

» Entanglement entropy as the von Neumann entropy

Sa=—Tra(palnpa)



— Entanglement entropy : a simple example —

B A

oo

» Two spin 1/2 particles

» For a separable (product) state, e.g.,

1
V2

» For an entangled state, e.g.,

) == (INa+1Da) @ = Sa=0

_ 1

¥) 7

(INa@ s +Iae ) = Sa=h2



— Entanglement entropy : a simple example —

» Consider two spin 1/2 particles (|a|> + |b|? + [c|?> + |d|> = 1)

o= o)lo) () < Che) ()G

» The density matrix pag = |[¢) (%] is given by

L[(1 0 10 L(1 0\ (0 1
pPAB = aa + ab +
0 OA 0 OB 0 OA 0 0B

» The reduced density matrix pa = is

aa* + bb* ac* + bd*
pa = Tre(pas) = ( )

ca* +db* cc* + dd*



— Entanglement entropy : a simple example —

» The eigenvalues of the density matrix pa are

1
_ - _ _ 2
)\i—z <1:t\/1 4|ad bC|>

» The entanglement entropy is

Sa=—Tra(palnpa) = Z)\In)\

» For a separable (product) state, e.g.,

=25 (IDa+lva) el — Sa=0

» For an entangled state, e.g.,

9= 25 (Iasllla+IDasiie) — Sa=n2



— Analyticity of Trps —

See [Calabrese and Cardy, quant-ph/0505193]

Z(l,n,T)
TVPQ\:W>
Troa=> X, 0<)\<l1

i

» Trp!) is absolutely convergent and analytic for all Ren > 1.
» The derivative with respect to n exists and analytic in the region.

> If pa = —>; Ailn ) is finite, then the limit as n — 17 of the first

derivative coverges to pa.

» Z(I,n, T)/Z"(T) has a unique analytic continuation to Sen > 1.



— Replica method —

» The entanglement entropy

Sa(l) = —Tra(paln pa)

can be written as (Trapa = 1)
Sa(l) lim 0 InTra pia
= — 1l —_—
A n—190n APA

» The total density matrix p is (Z(T) = Trexp(—(H))
plo" (), ¢' ()] = Z7H(T) (¢"(X)| exp(—H)|¢' (X)) .

or, in the path integral expression,

e e -1 O(%,t=F)=¢" (%) B
ple" (%), ¢'(X)] = Z7(T) D¢ exp (—SE)
B(%,t=0)=¢'(X)



— Replica method —

» The total density matrix
plo" (%), #(R)] = Z7HT) (" (%) exp(—BH)|¢' (X))

B(%,t=F)=¢" (X)
- zin 79exp(~5¢)
$(X,t=0)=¢'(X)
» Z(T) = Trexp(—3H) is found by setting ¢'(X) = ¢"(X)
and integrating over ¢'(X).
» The reduced density matrix pa[¢”(X), ¢'(X)] = Trg p can be obtained

by imposing the boundary conditions

$(%,t=0)=¢/'(X) and 4(X,.t=p)=¢"(X) if XA
p(X,t=0)=o(X,t =0) if XeB



— Replica method —

» n-th power of the reduced density matrix

PAld"(X), /(RN = Jien 291+ - Gn
pal¢" (%), 1(3)]pal1(X), ¢2(X)] ---
xpaldn-1(X), ¢/ (X)] B

» The trace of p/; is found to be

Trph = [icaZ¢1 - ¢n
pAl#1(X), p2(X)]pal$2(X), 3(X)] - -
X palpn(X), p1(X)],

> Trpf is obtained by imposing the periodic boundary condition in time

with period ng3 if x € A and with period 3 if x € B.




— Some examples —

» For (1 + 1)-dimensional CFT in a finite system of the length L,
[Calabrese and Cardy, 2004, Korepin, 2004]

L )
Sa(l) = 3 Iog (a sin L> + .
» For (1 + 1)-dimensional CFT at finite temperature T =1/,

c /
—log — i
3Oga+C1 <<,8,

Sa(l) = 3 Iog <ﬁa sinh ﬁl> +c =

» In the high temperature limit, Sa reduces to the thermal entropy.



— Entanglement entropy : holographic approach —

» AdS/CFT correspondence argues that the supergravity on
(d + 2)-dimensional anti-de Sitter space AdS» is equivalent to
a (d + 1)-dimensional conformal field theory living on the boundary of

AdSg2 [Maldacena, 1998].

» It has been proposed that the entanglement entropy Sy in
(d + 1)-dimensional CFT can be computed from the 'area law’
[Ryu and Takayanagi, 2006]
area of
Sa(l) = 4G,(Vd+Z)A’
where 4 is the d-dimensional static minimal surface in AdSg42
with 9ya = 0A, and G,(Vd+2) is the (d + 2)-dimensional Newton

constant (cf. Bekenstein-Hawking formula for black hole entropy)



— Holographic approach : example —

The gravitational theories on AdS3 space of
radius R are dual to (1 + 1)-dimensional
CFTs with the central charge ¢ = 3R/2G},

Metric of AdS3

ds? = R?(— cosh p2dt? + dp? + sinh p2d6?)
The subsystem A is the region 0 < 6 < 2x//L.
Y4 is the static geodesic which connects the
boundary of A traveling inside AdSs.
The geodesic distance L., is given by

7l

L , ,
cosh <;A> = 1+ 2sinh? p3 sin? [

¢

|

RV N
=,



— Holographic approach : example —

» Assuming exp(po) > 1, the entanglement entropy is

7l

Sa(1) = § 1og [ explpo)sin (7 )| exlm) ~ L2

which coincides with the result obtained by using the replica trick.

» In (3 + 1)-dimensional /' = 4 SYM considered to be dual to AdSsxS®
background in type IIB string theory [Ryu and Takayanagi, 2006]

N2 N2
/ e _ ¢
\8A]SA( )=~

0.051 AdS result
e .
¢ = (24 6) x 0.0049 + 4 x 0.0097 = 0.078 free field

Vv
gauge + real scalar Majorana




— holographic approach : confining background —
» Generalization of the 'area law’ formula to non-conformal theories

[Klebanov, Kutasov,and Murugan, 2008]

1 _ 8)
Sa= /dgae 2¢ Gi(n .
4G,(V10) d

» nonanalytic behavior for backgrounds:
» Klebanov-Strassler
» D4-branes on a circle ; . NC2/ ’
» D3-branes on a circle ((2 4 1)-dim. theory)
» Soft wall model (e==" dilaton) B ~0(1)
le

» Other behavior for backgrounds:
» Maldacena-Nunez
» Hard wall model

> Soft wall model (e%",n < 2)
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