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't Hooft tensor

't Hooft tensor F,, is a gauge invariant tensor that in the unitary
gauge coincides with the Abelian field strength of the residual U(1)

SU(N) case

A different 't Hooft tensor F7, can be associated to each of the
fundamental weights ¢§, a=1,...,r (r=N-1)

Fi, = TH(*Gu) — STH&"1D,6%, D61

where ¢ = U(x)¢3U'(x) Del Debbio et al. hep-lat/0203023
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L't Hooft tensor

't Hooft tensor

General group case

Fi, = T(¢°Guw) — £ ) % Tr(¢°[Dud, Do)+
— & Xres 3 T [1Du0%, 671, (D¢, 1)+

¢p§g=c?-H, ¢ ab =620, P = simple root
A7 = {(e- @)?|a € root system}

Di Giacomo et al. JHEP10(2008) 096

Fundamental property

The 't Hooft tensor is always linear in the gauge field
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Non Abelian Bianchi ldentities

A violation of Non Abelian Bianchi Identities is by definition a non
zero value of J, = D, G,

Gauge invariant content

By Coleman-Mandula theorem we can gauge-diagonalize all J, and
fundamental weights ¢§ are a basis for diagonal operators.

TI’(QSS[DM G;w]diag) = Tr(d)(a),[-ju]diag)
In a generic gauge ¢ = U(x)¢3UT(x) and

Tr(¢D,,Gp) = Tr(¢7J,)
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Abelian Bianchi ldentities

Definition
A violation of Abelian Bianchi Identities is by definition a non zero

value of the magnetic current j2 = 8“IE§V

The current j2 strongly depends on the specific Abelian Projection
used, that is on ¢?, as clearly seen on the lattice.

NABI < ABI
Jy = Tr(¢7Jy)

Proof for general groups in Bonati et al. Phys. Rev. D 81, 085022 (2010)
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An explicit example: 't Hooft-Polyakov monopole (1)

The hedgehog gauge The unitary gauge

(in cartesian coord.) (in polar coord.)
A=0 A= ey (1~ K) A=0 A=0
A — 1 0 iKe™i®
97 2er \ —ike® 0
K= K(evr) v = Higgs v.e.v. 1 ( 15;0050 Ke—i¢ >
N 2. X2 —x ¢ = 5. i 1—cosf
K(x) 1-x% K(x) = e 2er \ Ke'd —1=sf

0 _ —i¢
COs sin 3 e
V(07 (ZS) = < sin gei(ﬁ COS% > Aunlt VTAhedV i VT(?#V

see e.g. Y. Shnir “Magnetic Monopoles”, Springer 2005
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An explicit example: 't Hooft-Polyakov monopole (2)

3

When there is a Higgs field the natural AP is ¢? = ¢f = 5

NABI:  Jy = D-B= 2?7753(?)03 where B, = %e,-jijk
ABl:  jo =V -b=4ngd3(F) where b; = e,JkF
_1
€= 2%

Pure gauge theory ('t Hooft) ¢?(r) = U(r)%3

U(0) = exp(iao3/2) exp(iBo?/2) exp(iya3/2)

1 5 cos 3
g_2e ( ¢) 2e
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Coleman observation

Theorem Coleman “The magnetic monopole 50 years later”

Every field configuration such that
m it is time-independent and time reversal invariant
m it is solution of equations of motion
. . - 3(0
m it behaves asymptotically as A = M + O (%2)
is gauge equivalent to Ay = eQ(1 — cosf), with Q constant matrix

in the algebra. By a global gauge transformation @ = go® and

Dirac condition becomes exp (4miego®) =1, |g = 27ne

Consequence (apparently never really appreciated)

Every monopole field selects its own Abelian Projection.
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How to select the correct Abelian Projections?

General semi-classical method

Let Ay be a general monopole configuration. Then

m let //4\,\; be a configuration within the same homotopy class of
Ap satisfying Coleman assumptions

m gauge transform Ay to Coleman form A,f/,

m let A;yp be the 't Hooft-Polyakov solution in the unitary
gauge with the appropriate charge, then

c c
Am = Ap — AtHp +AwHP
——
AFluct

By construction Agyct is sub-leading and because of the
linearity of 't Hooft tensor it has no magnetic charge.
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The correct Abelian Projections

How to select the unitary gauge in 't Hooft-Polyakov monopole?

It is simple to show that 't Hooft-Polyakov solution in the unitary
gauge exactly satisfies the equation

OuAT + ie[AS, AT =0

’It is just the Maximal Abelian Gauge! ‘

The result

To have a magnetic charge obeying Dirac constraint the legitimate
Abelian Projections are those which asymptotically coincide with
the Maximal Abelian Gauge.
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General consequences

m MAG has to be used if the goal is to detect a monopole. If

instead one wants to create a monopole on a configuration
with no magnetic charge all Abelian Projections are equivalent
since there is no previous “preferred projection”.

Monopole condensation is AP independent: if O(X) is a
magnetically charged operator in MAG, its magnetic charge
will generically be non-vanishing also in other Abelian
Projections, although it will be less than the MAG one.

for SU(2) we have Q°F = QMAC cos 3

Landau gauge corresponds to the hedgehog gauge in 't Hooft
Polyakov monopole and it has QL2"%U = for all
configurations.
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On the lattice

Since |Q°F| < |@MAC| the monopole density observed in a generic
projection has to be less than the MAG one.

Beware of lattice artifacts!

a3p a3p
2.0e-4 ‘ ‘ 0.05, : :
194 0.04- «— Polyakov gauge| _|
e-4 |
0.03F i
1.8e-4+ { B
0.021- i
1.7e-4 i ool 1
1 1 L ) ) ‘
1.6e-4 1 5 o0 ; ;

2 2
size of the cube size of the cube
Dapelo, D'Elia in progress

Del Debbio et al. Phys. Lett B 267, 254 (1991)
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NABI < ABI: a proof for SU(2)

OuTr(¢?Gp) = Tr(¢?DuGpuw) + Tr(Dud?Gpuw) = Tr(¢74,) + Tr(Dy¢? Gpur)
By using Fj, = Tr(¢?Guv) — s Tr(¢?[Dpd?, Du¢?]) we have

OuF2, = 0uTe(¢?Guv) — 2= €uvpo O Tr(¢°[Dpd?, Dod?]) and so

8I—LF§V =Tr(¢? L)+ R} ‘ where

TI’(DMQS Gp,y) €;Lupo'8/,L (¢2[Dp¢a» Dﬂd)a]); 0

¢? = (X)d)OUT(X) = Du¢a = ie[Ay + Qpu, 9% = Tr(Dud)aG}Ly) =
ieTr( (Ay + Qu)[¢?, Guv]) = Tr(D;.¢?P? G, ) where P? =projector on components
that do not commute with ¢?. For SU(2) P? = [¢?, [¢?,]]
i
R; = _?equﬂGTr(Du¢a[Dp¢av Do ¢7])

From Tr(¢?D,¢%) = 18 L Tr((¢7)%) = 0 it follows that, in the unitary gauge
¢? = ¢f = —03 the covariant derivatives are linear combinations of ot and o~

The trace of three o= is zero and therefore
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Conclusions

We have shown that
m monopoles are related to NABI violations

m to detect monopoles not all Abelian Projections
are equivalent and the Maximal Abelian Gauge
is the correct choice

m monopole condensation is gauge invariant
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