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Introduction
Infrared fixed points

[Banks & Zaks 82]

β(ḡ) = µ
d

dµ
ḡ(µ) = −β0ḡ

3 − β1ḡ
5 + O(ḡ 7)

β0 > 0 =⇒ asymptotic freedom, nf < naf
f

β(ḡ) < 0 =⇒ confining theories

β(ḡ∗) = 0 =⇒ IR fixed point

conformal window: IR zero of the β function

nc
f < nf < naf

f

(4π)2β0 (4π)4β1

SU(3), nf = 3 fund 9 64
SU(3), nf = 12 fund 3 -50
SU(2), nf = 2 adj 2 -40
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Introduction
Scheme-dependence

existence of the IRFP is scheme-independent

β(ḡ) = µ
d

dµ
ḡ(µ)

change of scheme: ḡ ′ = Φ(ḡ), Φ′(ḡ) > 0

β′(ḡ ′) =
∂

∂ḡ
Φ(ḡ)β(ḡ)

universality of the first two coefficients

β-function away from IRFP is not universal!

m̄′ = m̄F (ḡ)

γ′ = γ + β
∂

∂ḡ
log F
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Introduction
The scales of an IRFP

g

ΛUΛIR

g*

µ

asymptotic freedom at high-energy scale ΛUV

scale invariance at large distances =⇒ no massive spectrum

large-distance dynamics: anomalous dimensions at the IRFP

nonperturbative IRFP: strong coupling, large anomalous dimensions

scale invariance explicitly broken by a mass term/finite volume
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Introduction
The conformal window

Fund

2A

2S Adj

Ladder

γ = 1 γ = 2

Ryttov & Sannino 07

SU(N) Phase Diagram

Dietrich & Sannino 07

Sannino & Tuominen 04

the edge of the window is relevant for phenomenology
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Technicolor models
Relevance for pheno

[talk by Chivukula]

ΛTC

METC

Λ QCD

ΛTC<ΨΨ>=
3

TC

ETC

SM

flavor

gauge GeV

TeV

???
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Technicolor models
Flavor constraints for TC

ETC: mass term for the SM fermions, FCNC [talk by Chivukula]

−→ ∆L ∝ 1

M2
ETC

〈Ψ̄Ψ〉ETC ψ̄ψ,
1

M2
ETC

ψ̄ψ ψ̄ψ

running of 〈Ψ̄Ψ〉: (near) conformal IR behaviour

〈Ψ̄Ψ〉ETC = 〈Ψ̄Ψ〉TC exp

„Z METC

ΛTC

dµ

µ
γ(µ)

«
[holdom, lane, appelquist, luty, sannino, chivukula,...]
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Lattice formulation
RG flow for QCD-like theories

YM theory - g lattice bare coupling, g ′ space of irrelevant couplings

g

g’

Luigi Del Debbio (University of Edinburgh) Conformal window on the lattice Lattice 2010 9 / 48



Lattice formulation
RG flow for conformal theories

flow in the m = 0 plane - assuming only the mass is relevant in the IR

g

g’
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Lattice formulation
RG flow for conformal theories

flow in the presence of a mass deformation

(g,g’)

am

?

non-trivial UV fixed point? [Kaplan et al 09, Hasenfratz 10, talk by Pallante]
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Numerical tools
Scaling laws

Using the linearized RGEs in the vicinity of the IRFP [DeGrand & Hasenfratz 09, Fodor et al 09, ldd et al 10]

solution of RGEs for the two-point correlators

CH(t; g , m̂, a) = m2∆H/ymF(tm̂1/ym ) ∼ exp(−MHt)

scaling with the quark mass

MH ∼ ξ−1 ∼ m1/ym

finite-size scaling
M = L−1F (x), x = Lymm = (L/ξ)ym

scaling is characterized by the critical exponent ym = 1 + γ

asymptotic behaviour: m→ 0, L→∞ (beware of m→ 0 at fixed L!!)
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Numerical tools
Conformal spectrum

In the presence of a mass deformation (and infinite volume)

no parametric separation between the PS and the other channels

all masses/decay constants scale like m1/ym (but M ∼ F (0)/L !!)

↪→ very different spectrum from a QCD-like theory [Miransky 94]

QCD-like conformal

mPS

Λhad

mPS

ΛYM
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Numerical tools
MCRG

Matching two lattices of size L/a and L/(ab)

O
(n)
k (β) = O

(n−1)
k (β′)

Define bare step scaling function

s0(β, b) = β − β′

fixed point

s0(β∗, b) = 0

Matching m at fixed β

ξlat(m) = bξlat(m′)

m′

m
= bym

Systematics in matching at strong coupling?

m = 0

ξlat(β′) = ξlat(β)/b

a(β′) = ba(β)
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Numerical tools
Schrödinger functional

Schrödinger functional [ALPHA collaboration]

Z [η] = e−Γ[η] =

Z
L×L3

DUDψDψ̄ exp(−S [U, ψ, ψ̄])

Dirichlet boundary conditions at t = 0, L, dependent on η

k

ḡ 2(L)
=

∂Γ

∂η

˛̨̨̨
η=0

, ḡ 2 = g 2
0 + O(g 4

0 )

Lattice step scaling function

Σ(u, a/L) = ḡ 2(bL)
˛̨̨
ḡ2(L)=u,m=0

Step scaling function
σ(u) = lim

a→0
Σ(u, a/L)

fixed point: σ(u∗) = u∗

Luigi Del Debbio (University of Edinburgh) Conformal window on the lattice Lattice 2010 15 / 48



Numerical tools
Schrödinger functional

Definition of the renormalized mass

∂µ(AR)µ = 2m̄PR

(AR)µ(x) = ZAψ̄(x)γµγ5ψ(x)

(PR)(x) = ZP ψ̄(x)γ5ψ(x)

Lattice step scaling function

ZP(g0, L/a) = c

√
3f1

fP(L/2)

ΣP(u, a/L) =
ZP(g0, bL/a)

ZP(g0, L/a)
, ḡ 2(L) = u

Step scaling function
σP(u) = lim

a→0
ΣP(u, a/L)
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Numerical tools
Potential schemes

[Bilgici et al 09, Fodor et al 09, talk by Etou]

g 2
w (L0,R/L0, a/L0) =

1

k
(R/a)2χ(R/a, L0/a)

step scaling function

Σw (u,R/L0, a/L0) = g 2
w (bL0,R/L0, a/L0),

u = g 2
w (L0,R/L0, a/L0)

σw (u) = lim
a→0

Σw (u,R/L0, a/L0)

O(a) improved

0

0L

T

a

R

T
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Numerical tools
Phase diagram

[Deuzeman et al 09]

ANALOGY WITH STRONGLY COUPLED QED

Broken

Broken

Symmetric

Symmetric

g=0 : A.F.
IRFP gc

gc

QCD Conformal

QED

• At the critical point gc

〈ψ̄ψ〉 = am1/δ

• In the symmetric phase

Conformality perturbatively broken by Coulomb

forces:

〈ψ̄ψ〉 = amd , d =
3−γ
1+γ

• Only in the free limit:

d = 1.

• d measured in QED

Kogut et al. 1985

1/δ < d < 1

m

<ψψ>

Lattice strategy:

–Contrast χ2 of different fits –

• Symmetric Phase 〈ψ̄ψ〉 = amd

• Broken Phase 〈ψ̄ψ〉 = am+ b
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Results
SU(3) fundamental

nf = 16, 12 staggered, MCRG [Hasenfratz 10]
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Results
SU(3) fundamental

nf = 12 staggered, MCRG [Hasenfratz 10]
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Results
SU(3) fundamental

nf = 12 staggered, spectrum [talks by Kuti]

Lattice Higgs Collaboration 
New Nf=12 NLO beta=2.2 chiral analysis in p-regime:
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π
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β = 2.40
243 x 32

π
πi5
πij

ρ

Nf = 12
2 Stout

Consistent with chiral symmetry breaking

 3.5

 4
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 a
 M

π2  / 
m

q

 a mq 

Nf = 12

β = 2.20
up to 323x64

2 Stout
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 (a

 M
)2  

 a mq 
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π
πi5

πij

ρ

up to 323x64

Nf = 12
2 Stout

 0.02

 0.04

 0.06

 0.08

 0  0.01  0.02  0.03  0.04

 a
 F

π 

 a mq 

Nf = 12

β = 2.20
up to 323x64

2 Stout
B=2.1(4)
F=0.0123(9)

Λ3 = 0.39(9)

M ρ

F
= 10.2(1.1)

 0

 0.4

 0.8

 1.2

 1.6

 2

 2.4

 2.8

 3.2

 0  0.01  0.02  0.03  0.04  0.05

 a
3  <

 ψ
 ψ

 >
 

 a mq 

Nf = 12

up to 323x64
2 Stout

β=1.0
1.4
1.8
2.0
2.2
2.4requires 

new runs

Nf ⋅ B ⋅F2 = 0.0039(9)
ψψ = 0.0014(2)

a3 ⋅ψψ

Fπ

+ eigenvalues distribution in agreement with RMT
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Results
SU(3) fundamental

nf = 12 staggered, spectrum [Jin & Mawhinney 09/10]

0

0.05

0.1

0.15

0.2

0.25

0.3

0 0.01 0.02 0.03 0.04

m
2 π

mq

Nτ = 32
Nτ = 8

data consistent with broken chiral symmetry
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Results
SU(3) fundamental

nf = 12 staggered, TPL scheme [talk by Itou]

There is a large systematic error.

4-points linear extrapolation 3-points constant extrapolation

There is no signal of the fixed point.
We should be study the large u region (beta<5) to find the fixed pointWe should be study the large u region (beta<5) to find the fixed point

and 
have to do some improvements (larger lattice size simulation).
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Results
SU(3) fundamental

nf = 12 staggered, QQ scheme [talk by Holland]

Kieran Holland Running coupling

12 flavor QCD

7 8 9 10 11 12

R

0.04

0.05

0.06

0.07

0.08

0.09

V
(
R
)
-
V
(
R
0
=
4
)

1-loop

2-loop

3-loop

32
3
x48  ! =3.0  m=0.001  V(R)-V(R

0
=4)

running coupling QQ scheme V (R)− V (R0) = CF

∫ R

R0

αqq(R′)
R′2 dR′

measure via simulationsV (R)
αqq(R0 = 4) = 0.30

run αqq(R′) via

1,2,3 loop pert thy

data run faster than pert thy

do not see IR fixed point

α3−loop
qq = 0.371IRFP

Lattice Higgs Collaboration 
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Results
SU(3) fundamental

nf = 12 staggered, phase diagram [poster by Lombardo, talk by Pallante]
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Results
SU(3) fundamental

nf = 12 staggered, phase diagram [poster by Lombardo, talk by Pallante]

mq

gL = 1.22− 1.30 from top to bottom

SPECTRUM AND CHIRAL SYMMETRY: SAME TREND AS IN SYMMETRIC QED,

CONSISTENT WITH CHIRAL SYMMETRY

A. Deuzeman, E. Pallante, M.P. Lombardo
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Results
SU(3) fundamental: a trip at the edge of the window

Lattice Strong Dynamics collaboration 

6-flavor parity doubling trend? 

Talk by M. Lin and G. Fleming (Thursday) 
S parameter Talk by D. Schaich  (Thursday) 

Preliminary 

  DWF ~ 1,000 configurations 
  SU(3c), SU(2c) fundamental 
  Small lattice spacing a ~ Nf matched  
  V = 323 x 64      Mπ L > 4 
  Condensate enhancement 
  Spectrum 
  S parameter 
  Eigenvalue spectrum 
  LLNL BG/L ~ 300 million core hours 

LSD 

2f, 6f, scales matched 

6-flavor / 2-flavor  
condensate enhancement 

(relative to Fπ) 

Talk by P. Vranas (Thursday) 

 PRL 104:071601,2010 
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Results
SU(2) adjoint

nf = 2 Wilson, spectrum [Catterall et al 07-09, ldd et al 08-10, Hietanen et al 08]

β = 2.10, 64× 243 lattice

0 10 20 30
t/a

0.0

0.1

0.2

0.3

0.4

0.5

0.6
a
 M

e
ff

a MPS

a MV
a mPCAC

systematic errors on smaller volumes [talk by Kerrane]
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Results
SU(2) adjoint

nf = 2 Wilson, spectrum [talks by Pica & Patella]
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Results
SU(2) adjoint

nf = 2 Wilson, FSS spectrum [talk by Pica]

1

2

3
LF

P
S

L= 8
L=12
L=16

1 2 3 4 5 6
x

1

2

3

LF
P

S

1 2 3 4 5 6
x

γ*=0.1

γ*=0.4 γ*=1.0

γ*=0.2

for several γ, LFPS = F (Lymm); γ < 0.5 is favoured
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Results
SU(2) adjoint

nf = 2 Wilson, Schrödinger functional coupling [Hietanen et al 08, Bursa et al 09]

4 6 8 10 12 14 16 18
L/a

0.0

1.0

2.0

3.0

g2 (β
,L

/a
)
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Results
SU(2) adjoint

nf = 2 Wilson, Schrödinger functional coupling [Hietanen et al 08, Bursa et al 09]

0.0 1.0 2.0 3.0
u

0.98

1.00

1.02

1.04

1.06

1.08

1.10

σ(
u)

/u

1-loop
2-loop
Statistical

0 0.5 1 1.5 2

1/g
2
(L

1
)

-0.06

-0.04

-0.02

0

0.02

0.04

∆(
L

1,L
2)

4, 8
6, 12
8, 16
12, 20
2-loop scale 2
2-loop scale 5/3

∆(L1, L2) = 1/g 2(L2)− 1/g 2(L1)
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Results
SU(2) adjoint

nf = 2 Wilson, Schrödinger functional mass [Bursa et al 09]

0 0.5 1 1.5 2 2.5 3 3.5
u

0.84

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

1.02

1.04
σ P

(4
/3

,u
)

1-loop
Statistical Error

log |σP(u, b)| = − γ log b =⇒ 0.05 < γ < 0.56
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Results
SU(2) adjoint

nf = 2 Wilson, MCRG mass matching - PRELIMINARY [talk by Keegan]

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6
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 0.8

 0.9

 0  0.05  0.1  0.15  0.2  0.25
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m
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beta=2.25
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beta=3.00

m′ = bymm =⇒ γ = 0.49(13)
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Results
SU(3) sextet

nf = 2 Wilson, SF coupling [talk by Svetitsky]

0.2 0.4 0.6

u = 1/g
2
 (4

4
, 6

4
, or 8

4
)

-0.04

-0.02

0

0.02

0.04
B

(u
,2

)
thin links 4->8
fat links 6->12
fat links 8->16
2 loops
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Results
SU(3) sextet

nf = 2 Wilson, SF mass

0 1 2 3 4 5

g
2

0

0.2

0.4

0.6

0.8

γ
m

one loop
from SF
from FSS
from EV

γ < 0.6
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Results
SU(3) sextet

nf = 2 staggered [talk by Kuti]
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linear fit

Sextet Model: Chiral condensate in a!mq −> 0 limit

approximate taste degeneracy reached

ψψ ≈ 0.0025 expected at β=3.3
from chiral fit of B and F

Consistent with chiral symmetry breaking

Lattice Higgs Collaboration 
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Results
SU(3) sextet

nf = 2 staggered [Kogut & Sinclair 10]

Nt = 4, 6, 8 - separated deconfinement and chiral transitions
β values for these transitions:

Nt βd βχ
4 5.40(1) 6.3(1)
6 5.54(1) 6.6(1)
8 5.66(1) 6.7(1)

Increase in βχ from Nt = 6 tp Nt = 8 is very small
need to simulate at larger Nt and check how βχ changes
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Outlook
Towards phenomenology

tools have been developed and tested - look for better tools

preliminary results need to be put on solid ground
benchmark codes/analysis
control systematics: small masses & large volumes
improved actions [talks by Karavirta & Mykkänen]

SU(2) nf = 2 adjoint, consistent results

more results needed for SU(3) nf = 12 fundamental, nf = 2 sextet

all methods have systematics that “muddle” the answers
more confident when different approaches yield consistent results

anomalous dimensions are small - better control of systematics

deformations away from conformality
nf < nc

f
mass deformation
4fermi interactions

approach the conformal window from the chirally broken phase
LSD collaboration: deviations from QCD

lattice results to be taken into account for model building

talk to phenomenologists!
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Lattice formulation
What can the lattice provide?

analytical studies so far (voodoo QCD)
Schwinger-Dyson
AdS/CFT
other assumptions on the NP dynamics

lattice provides first-principles results (w. systematic errors)

Spectroscopy
masses and decay constants
finite-size scaling
eigenvalue distributions

MCRG
two-lattice matching

SF/TPL/QQ schemes
running coupling
running mass

Phase diagram
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Lattice formulation
RG flows

field theory on a lattice
a, φ(x), {Kα}

integrate out UV −→ blocked lattice

a′ = ba, φ′(x ′)

constant physics Z
Dφ′ exp[−S ′(φ′)] =

Z
Dφ exp[−S(φ)]

flow in the space of couplings

S(φ) =
X
α

KαOα(φ) 7→ S ′(φ′) =
X
α

K ′αOα(φ′)

RG trajectory

{Kα} 7→ {K ′α} 7→ {K ′′α}
ξlat 7→ ξlat/b . . .
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Lattice formulation
RG fixed points

RG transformation
K ′i = Ri (K)

fixed point
K∗i = Ri (K

∗)

linearized flow equations in a neighbourhood of K∗

δK ′i = Rij δKj , Rij =
∂Ri

∂Kj

˛̨̨̨
K∗

eigenvalues and eigenvectors of Rij

u′i = byi ui

yi critical exponents

yi > 0: relevant coupling at the fixed point
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Results
SU(3) fundamental

(for nf < 4 see other talks!!)

nf = 16 staggered, evidence for IRFP from MCRG [Hasenfratz 09]
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Introduction
Infrared fixed points

SU(N) gauge + nf massless fermions in representation R

β(ḡ) = µ
d

dµ
ḡ(µ) = −β0ḡ

3 − β1ḡ
5 + O(ḡ 7)

β0 =
1

(4π)2

11

3
C2(A)

»
1− 4

11
xf

–

xf =
TRnf

C2(A)

asymptotic freedom: β0 > 0

xf <
11

4
⇐⇒ nf < naf

f
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Introduction
Infrared fixed points

β(ḡ) = µ
d

dµ
ḡ(µ) = −β0ḡ

3 − β1ḡ
5 + O(ḡ 7)

β1 =
1

(4π)4

34

3
C2(A)2 [1− F1(R)xf ]

F1(R) =
1

34

»
20 + 12

C2(R)

C2(A)

–

β1 < 0⇐⇒ 1 < F1(R)xf

(4π)2β0 (4π)4β1

SU(3), nf = 3 fund 9 64
SU(3), nf = 12 fund 3 -50
SU(2), nf = 2 adj 2 -40
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2-loop
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Introduction
Infrared fixed points

UV Gaussian fixed point at g = 0 if nf < naf
f

IR fixed point at g∗ if nf > nc
f

g∗2 = −β0

β1
= −(4π)2 11

34

1

C2(A)

1− 4
11

xf

1− F1(R)xf

conformal window

nc
f < nf < naf

f

for fundamental fermions:

xc
f =

17

10 + 3 N2−1
N2

, nc
f =

34N

10 + 3 N2−1
N2

for adjoint fermions:
xc

f ≡ nc
f = 34/32
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Results
SU(3) sextet

nf = 2 Wilson, SF coupling [DeGrand et al 10]

0.1 0.2 0.3 0.4 0.5

u = 1/g
2

-0.1

-0.05

0

0.05

R
(u

,s
)

  6 ->   8
  6 -> 12
  8 -> 12
12 -> 16
  8 -> 16
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Numerical tools
Schrödinger functional

Schrödinger functional [ALPHA collaboration]

Z [η] = e−Γ[η] =

Z
L×L3

DUDψDψ̄ exp(−S [U, ψ, ψ̄])

Dirichlet boundary conditions at t = 0, L, dependent on η

∂Γ

∂η

˛̨̨̨
η=0

=
k

ḡ 2
, ḡ 2 = g 2

0 + O(g 4
0 )

Lattice step scaling function:

Σ(u, a/L) = ḡ 2(bL)
˛̨̨
ḡ2(L)=u,m=0

Step scaling function:
σ(u) = lim

a→0
Σ(u, a/L)

β(
p
σ(u)) = β(

√
u)

r
u

σ(u)
σ′(u)
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