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* Summary of n </ 3 pion or kaon systems
* Recent developments

e Really large systems: 298"
Yy 1arge Sy

* Mixed species systems



(Brief)Motivation

Multl hadron interactions

Meson condensates: interesting state of matter with
a complex phase diagram

o finite w:BEC-BCS
crossover

T [Son & Stephanov]

<uys;d>=0

* Spontaneous
rotational symmetry

<t >#0

breaking for wi= my " wl

Kaon condensation may be phenomenologically
relevant In n-stars [Kaplan/Nelson]

Complexity frontier: precursor to nuclear systems
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BOsSONS IN a box

I\, N\
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e large volume expansion of ground state energy of n
meson system to |/L/

e 2 & 3 body interactions (N body: L-3(N-1)

* n=2 reproduces expansion of Luscher result

Scattering length

AE, = ]\jﬂgg”@{1— (%)I} (WL I° + (2n—5)J]
a

_ <_>3 [23 + (2n — ) IJ+ (5n° — 41n + 63)K] }

w L

+"Cs ﬁ773 + O(L™ ) \ Geometric

coefficients

[Bogoliubov “47][Huang,Yang '57][Beane, WD, Savage PRD76;074507,2007; WD+Savage PRD//:057502,2008]



Many mesons in LOQCD

e (Consider @ correlator (my=mq)

C (t) = <O ZE%U(X, t)uvysd(0,0) O>

X
—F t
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Many mesons in LOQCD

e Consider n " correlator (my=mq)

e ———" ¢}
e Te
.“Q:’. OQC
O..QFI .1"1.

_ <o > drsu(x, 175d(0,0

)



Many mesons in LOQCD

e Consider n " correlator (my=mq)

Cn(t) = <O ZE%U(X, t)uvysd(0,0) O>

| X
R A €_Ent

e nl?Wick contractions: (12)2~ 0!/

Cs(t) = tr [T1)° — 3 tr [TT] tr [T1% + 2 tr [T1%]

[T =3, 155(x,t;0)y557(x, t; 0)

e n=|3has ~150 terms
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e (alculations use MILC gauge configurations
e | =2.51m,a=0.12 fm, rooted staggered
* also L=3.5fm and

e NPLOQCD: domain-wall quark propagators
e mg~ 291, ,352,358,491,591 MeV

e )4 propagators / lattice in best case

e |,=n=1I,.,12 pion and (5=n) kaon systems
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N-Meson energies
Fffective energy plots: log[ Cn(t)/Ca(t+ )]

0.228
02265 ¢
0224° ;s

0.222 ——— s
0.220 -
0218

5 10 15
t/b

20

100
098 | =

096+ .
094 |
092
0.90 -

088G . . . . .

t/b

20

1.90 ¢
1850 .

180 =
175
1.70
1.65F
160

ole

28 ¢
2.7¢
26
25+

245

a
S

ESrr

E87T

0.465
0.460
0.455
0.450
0.445
0.440

1.25
1.20
1.15
1.10

20

220%
21"
20 -
19 -

33

32
3.1
3.0
29
2.8

2.7

0.72

0.71
. 070
& 0.69
0.68
0.67
0.66

1.55

1.50
1.45
1.40
1.35

E67r

25

E97T

38F
36¢
34¢
32¢
3.0+

241
231
20¢

t/b

t/b

My = 352 MeV



Plons and kaon BECs

* Analysis of these energies has allowed
* Precise extraction of 2-pion or kaon interactions
e First LQCD measurements of three body interactions
e (alculation of w(pi) and wy(py)
o Agreement with LOyPT important for n-star physics

e Determine how pion gas screens QQ potential

[Phys. Rev. Lett. 100:082004, 2008, Phys Rev D78:014507, 2008
Phys Rev D/8:054514, 2008, Phys. Rev. Lett. 102:032004, 2009]



Complex systems

[WD, M Savage 1001.2768]

* How do we deal with complexity of contractions!
* One species: Niorms ~ eV 2n/3 /v/1 [Ramanujan & Hardy]
* [wo-species Is harder, more Is not feasible

e How do we go beyond n=12!
* Previous method fails because of Pauli principle

* Avoid by using multiple propagator sources but this
leads to contraction complexity



~ew plon contractions

o0~ (@Y

CZﬂ'(t): a o
Cgﬂ(t): g _3 @ _2 @




Blocks

* Define a partly contracted pion correlator
[I=R = ZS X, t;20)Y554q(x0; X, t)ys = ZS X, t; ZCO)ST(X t;xo)

* [ime-dependent |2xI2
matrix (spin-colour indices) @j@
 (orrelators
Ci(t) = (W), Ca(t) = (I)* — (II%), ...
* [Functional definition

IL;; = u;(z)ug(zo)
e (Generalises to

(Rn)ij = ui(x)ug(zo)

9
0u;()ouk (o)

C1(t)

0
0 ;(x)dur(xo)

Cn(t)



Recursion relation

The block objects are simply related
Recursion relation
R,11=(R,) Ri —n R, R,
Initial condrition is that Ry =11, R; =0,Vj <1

Can also construct a descending recursion as we
know that Rj3=0

A A

— g i i
— e (\_/

n+l — 7 n W &F n @&



Multi-source systems

* Jo get beyond n=12, need to consider multi-source
Systems

e (Consider two sources first

ni+nsg n1 n2
Clnynt | nan)(t) = < ( Z Tt (x, 1) ) (W(YLO) ) (77(}’270) ) >

e Cp,(t) contains contractions like

T

<

D)
Y1 >
i/
> X,
B
G

\/
£ </_\
) T—




Multi-source systems

 Multiple types of blocks needed

A=Y Sulx,tiza)Shx, tray) >

()

A

Lp

* [wo species case has a simple recursion relation:
First define

P1:<A11(t)A12(t)) | P2:( 0 | 0 )

0 | O Az (t) | Aga(t)

Then Qi (generalisations of the Ry) satisty

Q(n1—|—1,n2) — < Q(nl,ng) > Py — (nl _I_n2) Q(nl,ng) Py

_|_< Q(n1+1,n2—1) > P2 T (nl +n2) Q(n1+1,n2—1) P2



EXxtensions

e Recursions also constructed for
®* m-source systems
e k-species systems: w's, K's, D’s, B's, ...

* m-source, kK-species systems

k

3

Il‘|‘1rs 4 n_|_17’8 (¥ > PZ] o N Tn_|_17’8_1’03 PZ-]

[

)

where subscripts are matrices

* |mplemented as matrix multiplications -
computationally tractable



EXxtensions

e Factorial cost reduced for N mesons

* [Fach rteration involves essentially two-body
contractions

* Memory requirements

* Recursions also exist for baryon contractions but
are messier

* Different choices of basis objects for recursion

e Allow calculations of B=4,5,... systems



Mixed species systems

[work in preparation with B Smigielski (WE&M/UW)]

Weakly interacting two species systems: pions and
kaons

Enm Of N pions and m kaons depends on three 2-
body and four 3-body interaction parameters at L

e Analytic form has been calculated but ugly (1/L°)
[Smigielski & Wasem ‘08]

Matching to lattice energies allows for extraction of
interaction parameters

Reduced symmetry: contractions significantly more
complex — n=6 pions, m=6 kaons; | 500 terms!



| QCD calculations

* One ensemble of anisotropic clover lattices

e Dynamical N=2+1 lattices from JLab/HSC  Jefferson Lab
e mMy=390 MeV, as=0.123 fm, £=3.5, 20°x 128

e ~30K measurements: ~/5 sources
on ~400 cfgs

* Anti-periodic BCs for quarks (periodic for mesons)

e (orrelators have complicated time dependence

e (Correlators for all sets of {n,m} with n+m</3



| QCD correlators

* [Extend single species construction

Cuemett) = (. 04) " (L 0l) " (0400)) " (0:00) ")

X

where
Oq(x) = 0(x)y59(x) and x = (x, t)

e (an show the expected behaviour Is

1 E
— — — N—n,M—m_I_En,m T/2
Cnr vk (t) = > S:Sj e ( )T/2x tr=t-T
m=0 n=0
1 3.5 E T2
cosh ((EN nM—m — )tr) + izﬁ p € N/2M/2 / ON,210M 2k
272



(1/2) Four pion correlation

T (6—4E47rt X €—4E4W(T—t))




Analysis

-xtracting the eigen-energies (or interaction
barameters) from these correlators is involved

—uge parameter space; O(90) correlators

Canok INVoOlves | 8 parameters

Correlations between different {n,m} important

Variable projection: minimize the x* function
analytically for analytic parameters

Augment y? via Bayesian priors



Extracted energies

M

* Boxes correspond
to extracted energies

e Surface is fitted
dependence AE(N.M)
on 2- and 3-body
parameters



Interaction parameters

* [xtracted interaction parameters

mgakk = 0.444 £+ 0.0123 4= 0.005
Mya,, = 0.243 £ 0.016 = 0.007
M ka.xk = 0.136 == 0.015 £ 0.007

Mxfarfr = 1.002 4 0.303 4 0.149
mkfak fre = 0.800 & 0.314 4 0.127

my my _ 4
7 f = 1.123 +0.379 = 0.162
<mK + ZmW) "3,7KK TrKK

mg My _ 4
K T, — 0.769 4+ 0.348 £ 0.150
<m7r + 2mK) MBrrK Irnk

* Single species parameters consistent with previous
calculation but with better precision In 3-body case



Summary

o | QCD Is making progress in many-body
Systems

* Explore novel types of QCD matter
* Properties and effects of meson condensates

* New algorithms to ameliorate contraction
complexity

e (Light) Nuclei?



[FIN]



~our pion correlation

t=0



~our pion correlation

t=0



~our pion correlation

t=0



~our pion correlation

t=0



~our pion correlation

T (€—4E47rt n 6—4E47T(T—t))

t=0



~our pion correlation

T (6—4E47rt . €—4E4W(T—t))

t=0



~our pion correlation

T (€—4E47rt n 6—4E47T(T—t))

t=0



~our pion correlation

Tur (€—4E47rt n 6—4E47T(T_t))

Z3/1n (G—ESWtB—Elw(T—t) n e—Egﬂ(T—t)e—Elﬂt)

t=0



~our pion correlation

T (6—4E47rt n 6—4E4W(T_t))

Z3/1n (e—E3wt6—E1w(T—t) n G—Egﬂ(T—t)e—Elwt)




~our pion correlation

Tur (€—4E47rt n 6—4E47T(T_t))

Z3/1n (e—Eswte—Elw(T—t) n e—Egﬂ(T—t)e—Elﬂt)

ZQ/Qwe_E%te_EQ”(T_t) = Zz/2we_E2“T

t=0
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BOsSONS IN a box

I\, N\
A ANAN AVAVA VA VA VAN

e Large volume expansion of GS energy of n meson
system to |/L’

e 2 & 3 body interactions (N body: L-3(MN-D)

* n=2 reproduces expansion of Luscher

Scattering length

AE, = ]\jﬂggncz{1— (%)I} (WL I° + (2n—5)J]
a

_ <_>3 [23 + (2n — ) IJ+ (5n° — 41n + 63)K] }

w L

+"Cs ﬁ773 + O(L™ ) \ Geometric

coefficients

[Bogoliubov “47][Huang,Yang '57][Beane, WD, Savage PRD76;074507,2007; WD+Savage PRD//:057502,2008]
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Hadron scattering

* Maiani-lesta: extracting multi-hadron S-matrix elements from
Euclidean lattice calculations of Green functions is impossible

* | Uscher:volume dependence of two-particle energy levels
= scattering phase-shift up to inelastic threshold

AE(n) = \/\Q(n)\2+m?4+ \/\Q(n)\2+m23 —Mma — Mg \i

2M

1 qn)L
q(n) €0t 0(q(n)) = W—LS ( (271 )

|| <A

1
S(n) = li — 4T
=l | 2 e




Hadron scattering

* Maiani-lesta: extracting multi-hadron S-matrix elements from
Euclidean lattice calculations of Green functions is impossible

* | Uscher:volume dependence of two-particle energy levels
= scattering phase-shift up to inelastic threshold

AE(n) = \/\Q(n)\2+m?4+ \/\Q(n)\2+m23 —Mma — Mg E

1 q(n)L
Q(n) Ot O(q(n)) = W—LS< (271 ) __________

|| <A

1
S(n) = li — 4T
=l | 2 e




Hadron scattering

Maiani- Testa: extracting multi-hadron S-matrix elements from
Euclidean lattice calculations of Green functions is impossible

[ Gscher: volume dependence of two-particle energy levels
= scattering phase-shift up to inelastic threshold

Exact relation provided r«L

Used for 7t 7t, KK, NN, AN, ...

What about n>2 hadrons! "
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Tt interaction

E

7o

U

=

5

g.\b\' I

SR

S :
9

My = 352 MeV



_(I=2)
Mz Qpp

27t and 2K Interaction

e OScattering lengths

curves: VWeinberg



3rt+ and 3K Iinteraction

e First QCD three body interaction

15+

-05¢

10
05+

0.0

Naive dimension analysis: |



Kaon Chemical Potential: #= ——

d F

V' const
030F T T & 030F -
- my ~291 MeV L " mg ~ 352 MeV
025" 1y ~ 580 MeV - 0255 ;g ~ 597 MeV
0.20 -] 020 ¢ L~251fm
MK~ : ] MK~ i L ~35fm
——1 015! | —-1 0.15| ]
mK : 7 mK [
0.10 | 0.10 : ]
0.05 : 0.05 f
2 4 6 8 10 12 2 4 6 8 10 12
(2.5 fm)* py- (2.5 fm)* py-
030 T 3 030F T _
i m; ~ 491 MeV . m; ~ 591 MeV
025y ~ 640 MeV ] 0250 mg ~ 678 MeV ]
0.20 | 0.20 |
Hk- [ Mk~ [
——1 015! —-=1 0.15}
Mg [ Mmg [
0.10 0.10
0.05 0.05
0.00 £~ 0.00 &~
(2.5 fm)* py-
2+3 body fit e No 3 body - — — - LOYPT [Son & Stephanov]




Colour screening by pions

WD+ M Savage PRL 09]

e Static quark potential

[Leinweber][Bali et al.][Petreczky/Petrov]



Colour screening by pions

WD+ M Savage PRL 09]

e Static quark potential

0-2 1 L] 1 1 L] L] I.'——}
0 WE BTt et G mae e os o f,
v’l‘"{‘ﬁ
02 | _ o~ _
~ V(r)
04 L ) -~ i
./,
'/
06 -/
4 state 11> =
08 o state 12> +——1

2 4 6 8 10 12 14 16 18
T/a

[Leinweber][Bali et al.][Petreczky/Petrov]



Colour screening by pions

WD+ M Savage PRL 09]

e Static quark potential
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e Screening: evidence for quark-gluon plasma

[Leinweber][Bali et al.][Petreczky/Petrov]



Color screening by pion gas

WD+ M Savage PRL 09]

e Static quark potential




Color screening by pion gas

WD+ M Savage PRL 09]

e Static quark potential




Color screening by pion gas

WD+ M Savage PRL 09]

e Static quark potential

_) #6 V(R)|t

* Modified by condensate! Hadronic screening?



Color screening by pion gas

WD+ M Savage PRL 09]

e Static quark potential

_) #6 V(R)+0V (R, n)]

* Modified by condensate! Hadronic screening?



In medium effects

Gn,W (Rv t’iTa tW? t) —

Cn,W(Ra tﬂ'a tW? t)

Co(tr, t)Cw (R, ty, t)

— #Hexp |—0V(R,n)(t —ty,)]

<

| |
|

{

N

)

) ¢

B —
1]
D
Nt
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DWF on MILC: a=0.09 fm, 28°x96, m+=318 MeV



Plon screening

* rindependent shift In QQ force

e Dielectric medium inside
flux tube

o Small effect: oF(n=1)/F = 0.002
at large R

e Hadronic medium effect

e Relevance to [Ap suppression
@ SPS/RHICY




Mixed species case

~ 20y MM . Qric\ 2
ABe(nm,L) = = ;LS [1—(Wf)z+(ﬂf)
2 C_LW 1 2
x| I°+7T|-14+ —"(n—-1) +
Ar K K Lz

TK
2 _ )
30N (T + £ ( ) )
A K
1=0 p=m,K |
nm(n — )03 e (L) nm(m —1)03 rxx (L) -
+ 576 + 576 +O(L™")

[Smigielski & Wasem ‘08]



