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Summary

@ The problem
@ Hadron-Hadron scattering phase shifts

@ Methods for extracting masses from
correlators

@ The variable projection method

@ A new use of the generalized eigenvalue
problem

@ Application fo Baryon-Baryon spectrum
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Elastic Scattering
Phases shifts

@ Maiani-Testa no-go theorem

@ Luscher: Finite volume two particle spectrum is
related to elastic scattering phase shifts

@ Computational problem: Calculate in Euclidean space
and finite volume the two particle spectrum

@ Extract energy levels from exponentially decaying
correlation functions

@ Baryons: Signal to noise ratio grows exponentially with
Euclidean time
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Expected Two Nucleon spectrum

free 2 particle spectrum
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Needed Time Separation
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Conclusion

We need to fit for several low lying states for
reliable estimation of the ground state of the two
particle system in a finite box




Fitting Exponentials

The Variable Projection method (VarPro)
Golub and Pereyra, SIAM J. Numer. Anal. Vol 10 No 2, 1973

t2(Z, E) = @) wk (b, 2, 808 [Gae T (1,7, F)]

]
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Separable Least Squares problem:

@ Solve analytically for for the minimum for Zs at a given
choice for ES

@ Minimize numerically the resulting t2 as a function of E's
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Fitting Exponentials

The Variable Projection method (VarPro)
Golub and Pereyra, SIAM J. Numer. Anal. Vol 10 No 2, 1973
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Fitting Exponentials

The Variable Projection method (VarPro)
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Fitting Exponentials

The Variable Projection method (VarPro)
Golub and Pereyra, SIAM J. Numer. Anal. Vol 10 No 2, 1973

t*(B) = ) di(E)C;;'d;(E)
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Fitting Exponentials

The Variable Projection method (VarPro)
Golub and Pereyra, SIAM J. Numer. Anal. Vol 10 No 2, 1973

@ VarPro can be generalized for multiple
correlation functions with full covariance
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Fitting Exponentials

The Variable Projection method (VarPro)
Golub and Pereyra, SIAM J. Numer. Anal. Vol 10 No 2, 1973

@ VarPro can be generalized for multiple
correlation functions with full covariance

@ Regular x° error analysis is done after
minimization
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Fitting Exponentials

The Variable Projection method (VarPro)
Golub and Pereyra, SIAM J. Numer. Anal. Vol 10 No 2, 1973

@ VarPro can be generalized for multiple
correlation functions with full covariance

@ Regular x° error analysis is done after
minimization

@ Fitting exponentials is hard....
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Alternative Methods




Alternative Methods

' Use multiple correlators and construct linear combinations |
that couple predominately to one state :
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Alternative Methods

' Use multiple correlators and construct linear combinations |
” that couple predominately to one state :

@ "Variational”: Symmetric positive definite
matrix of correlators [c. Michael, ‘85; Luscher&wolf ‘90; ..]

% Prony methods: [Fleming ‘04; NPLQCD ‘08; Fleming et.al. ‘09 ]

@ Matrix Prony [NpLQcD 08]
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a® Similar to “Variational”
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@ Similar to “Variational”
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Looking for a method that is:

@ Similar to “Variational”
@ Applicable to non-symmetric matrices

@ Requires correlators less expensive to construct

Generalized Pensile of Matrix

GPOF
Y. Hua and T. Sarkar
IEEE Transactions of Antennas and Propagation

Vol. 37 No. 2 p.229 ‘89
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Consider Gi;(t) = (0:(t)O1(0))

J

K!™(t) = (Oi(t +I1)Ol(—m7)) = Gy5(t + (I + m)7)

Organized into a matrix

G(t) Git+7) G{+2r) G(t—+37)
G+ 7y GUE&E) G837 Gl A7)
Kit)=| Gt+2¥ G sy Gior & &+ 57)

If N operators and M shifts are used then K is an NMxNM matrix
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Gij(t) = D _(0le™ Ose= *|n) (n|Oj|0)

n

Using the operators g8 . o9 and

QO o) — e e
OT (t w mT) X e—mTHOT (t)emTH

The K(t) is the matrix of correlators resulting from

Ol(t —m7)  creation operators

and
O,(t +m7)  annihilation operators
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In general K(t) is:

@ A positive definite and symmetric if G(t) is
positive definite and symmetric

@ A rectangular matrix if the basic creation and
annihilation operators are not the same set

@ An (N\l N1) X (N\z Nz) matrix if M; shifts with N;
basic annihilation operators and M; shifts with
N2 basic creation operators are used
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In general K(t) is:

@ A positive definite and symmetric if G(t) is
positive definite and symmetric

@ A rectangular matrix if the basic creation and
annihilation operators are not the same set

@ An (N\1 N1) X (N\z Nz) matrix if M; shifts with N;
basic annihilation operators and M; shifts with
N2 basic creation operators are used

From now on I consider K(t) an NxM matrix
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Estimating Energies

Assuming finite number (S) of states contributing to the correlators with S < min(N,M)

Zzn *—Et

Look for vectors w" and * that

N M
WM Z =N T I 5 e R S R O S

K(t)o™ = Z"e Bnt = ¢~ Enlt=to) (¢ )™
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Zzn *—Et

Look for vectors w" and * that

N M
WM Z =N T I 5 e R S R O S
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Estimating Energies

Assuming finite number (S) of states contributing to the correlators with S < min(N,M)

Zzn *—Et

Look for vectors w" and * that

N M
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j =

Ko™ = AK (tg)o"

Tuesday, June 15, 2010



Tuesday, June 15, 2010



K(H)o" = MK (to)a™
WK (t) = Mw™ K(to)

Generalized eigenvalue problem but K is not symmetric
and not positive
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K(H)o" = MK (to)a™
WK (t) = Mw™ K(to)

Generalized eigenvalue problem but K is not symmetric
and not positive

Consider the singular value decomposition

Kit) =2
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K)o" = MK (to)&"

WK (t) = Mw™ K(to)

Generalized eigenvalue problem but K is not symmetric
and not positive

Consider the singular value decomposition

Kit) =2

Let M<N Then we have M singular values

But only S (the number of states contributing to the
correlator) of them are non-zero

Tuesday, June 15, 2010



G(t) Clidar - Cle+ 27y GOy 39
Git+7) G+2r) Git+31) G(t+ 47)
K(t) =1 Gt +280GE+37) e+ 4. Gt +57)

The S+1 column is a linear combination for the first S columns
given that the signal is a sum of exponentials
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Let Oi be the non-zero singular values of K(to)

& o acas - - - SxS matrix

U' =U(:,1:8) NxSmatrix v/ —7y(:1:8) MXS matrix

Kigp= U2V

V/TV/ & ]—SXS U/"‘U/ i ]_st
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Let A=Y "3 U'K@)V'%'"2  SxS matrix

Then Aot =27\ (" anA e )\nan anqu R

o 5nm
with - @™ =1SFoatg . e gnl 373 't

is an eigenvalue problem of a non-symmetric matrix
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Let A=Y "3 U'K@)V'%'"2  SxS matrix

Then Aot =27\ (" anA e )\nan anqu R

Wi.l.h (.:)n 29 V/Z/_% 'qvn wn]‘ = an Z/—% U/'I'

is an eigenvalue problem of a non-symmetric matrix

Z factor reconstruction

1

VAR SIDYER " ihr i A

Tuesday, June 15, 2010



In practice...

Keep singular values that 2
max(o;)

The tolerance can be taken to be of the order of the
signal to noise ratio

Typical tolerance values 102 to 10-3
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In practice...

ARy =B a Gfic(e) V! B

A@)q" = A (t)q"

()

)\n(t) — (]_ i Zzz) e—En(t—to) L Zzie—Ez’.(t_to)

Tuesday, June 15, 2010



In practice...

ARy =B a Gfic(e) V! B

A@)q" = A (t)q"

()

)\n(t) — (]_ i Zzz) e—En(t—to) L Zzie—Ez’.(t_to)

prin&ipat correlakor
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In practice...

® Scan over several to values

@ Chose tolerance based on signal to noise
ratio

@ Fit the principal correlators in (to+1,tmax)
Mn(t) = et

@ tmax as large possible with A(t) resolved

® Confidence level is checked
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Single Baryon spectrum

® Use smeared-smeared correlation functions

@ Use a basis of all local independent
interpolating fields

@ JLab anisotropic lattices at 390MeV pion
mass

@ Compare GPOF with regular “variational”
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Nucleon Mass
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Nucleon Mass
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Nucleon Mass

2 source shifts
2 sink shifts
3 local operators

6x6 matrix
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Delta Mass
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Delta Mass
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Delta Mass

2 source shifts
2 sink shifts
2 local operators

4x4 matrix
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Two Baryon Correlation functions

@ Single smeared quark source : S el e e
@ Multiple sink interpolating fields WN‘PLQCT} d& |

® Smeared, Point and Smeared-Point

@ Resulting G is a 3x1 matrix
@ No-need for all-to-all propagators

@ Very high statistics (300K correlation functions on 2K lattices)
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Single Baryon

—

single operator
one source smearing
smeared and point sink
two source shifts

2X2 matrix
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Single Baryon

G

single operator
one source smearing
smeared and point sink
two source shifts

2X2 matrix
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Single Baryon

u

single operator
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Single Baryon
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Two Baryons

protprot

single operator
one source smearing

smeared, point and
smeared-point sink

three source shifts

3x3 matrix
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Two Baryons

neutprot

single operator
one source smearing

smeared, point and
smeared-point sink

three source shifts

3x3 matrix

Tuesday, June 15, 2010



Two Baryons

neutprot

single operator
one source smearing

smeared, point and
smeared-point sink

three source shifts

3x3 matrix
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Two Baryons

single operator

lamlam

one source smearing

smeared, point and
smeared-point sink

three source shifts

3x3 matrix

Tuesday, June 15, 2010



Two Baryons

NPLQCD

lamlam

single operator
one source smearing

smeared, point and
smeared-point sink

three source shifts

3x3 matrix
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Two Baryons
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single operator
one source smearing
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Two Baryons
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single operator
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Two Baryons

NPLQCD
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single operator
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Two Baryons
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single operator
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Two Baryons

single operator

neutsig. SO

one source smearing

smeared, point and
smeared-point sink

three source shifts

3x3 matrix
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Two Baryons

neutsig, SO

single operator
one source smearing

smeared, point and
smeared-point sink

three source shifts
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Two Baryons

NPLQCD

neutsigSS1

single operator
one source smearing

smeared, point and
smeared-point sink

three source shifts

3x3 matrix
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single operator
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Single Baryon

single operator
one source smearing
smeared and point sink

VarPro 3 state fits
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Two Baryons

NPLQCD

neutsig,S1

single operator
one source smearing

smeared, point and
smeared-point sink

VarPro 3 state fits
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Two Baryons

NPLQCD

neutsig,S1

single operator
one source smearing

smeared, point and
smeared-point sink

VarPro 3 state fits
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Conclusions

@ The Generalized Pencil of Matrix provides an
alternative “diagonalization” method for correlator
matrices

@ “Shifting” is not a substitute for a good set of
interpolating fields

@ Non-symmeftric correlator matfrices can be treated

@ Symmetric positive definite correlator matrices are
preferable

@ Could be useful for variational approach to Form
Factor calculations
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