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Strong Coupling Lattice QCD (SC-LQCD)

[ » Finite pn in Monte Carlo simulation=® sign problem ...

» (Semi) Analytic Lattlce QCD based on 1/g° expansion
» Applicable to the High Density matter

» Chiral symmetry in the strong coupling Most studies ]

» Spontaneous breaking of the chiral symmetry are in ]_/g2 =0
N. Kawamoto and J. Smit (’81),
H. Kluberg-Stern, A. Morel and B. Petersson (’83) 1.2 |
. SCL with B —
» QCD phase diagram 1 SCL wloB - -
P. H. Damgaard, N. Kawamoto and K. Shigemoto(’84), 0.8 |

-

Y. Nishida, K. Fukushima and T. Hatsuda (°04), K. Fukushima (°04) = 06 &
A. Ohnishi, N. Kawamoto and K. Miura (’07), i
Ph. de Forcrand and M. Fromm (’09) (Monte Carlo)
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Purpose

< Beyond Strong Coupling Limit

» Higher order of 1/g> = NLO, NNLO

Faldt, Petersson (°86), N. Bilic, F. Karsch and K. Redlich (°92),
K. Miura, TZN, A. Ohnishi and N. Kawamoto (’09), TZN, K. Miura, A. Ohnishi (’10),

A. Ohnishi, K. Miura, TZN, (LAT09)

» Deconfinement transition = Polyakov loop
\ Kogut, Snow, Stone (°82), llgenfritz, Kripfganz (’85), Gocksch, Ogilvie (°85), Fukushima (’O;)/
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» Deconfinement transition =» Polyakov loop
\ Kogut, Snow, Stone (°82), llgenfritz, Kripfganz (’85), Gocksch, Ogilvie (°85), Fukushima (’O;)/

» NNLO results

4 TC, u=0 l«
» Critical point = small pn

=>» favorable, however insufficient.

first order in the staggered fermion (N=4)
D’Elia-Lombardo(‘03)

| L L
in the lattice unit, chiral limit (m,=0)
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Purpose

< Beyond Strong Coupling Limit )
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—
(" Effective Potential QCD phase diagram )
.- Chiral
T+

Deconfinement

\_ parameter 0 11 )
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Lattice QCD Action

@QCD X5 X ULl \

_gluon

antiquark quark -+ mass (myp) term
— e @=e—0 + + he + @O
X UJ/.J-‘ Xa+v iji-‘ X
r  r+v o
tr C UI/ Jdsth

staggered factor
oh (v = 0) <+— chemical potential
Ny.x = {

(—1)% 001 (y £ () -— s — related factoy

» SU(3), Staggered fermion (N; = 4 in the continuum limit)
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Formulation

Partition function
ZIx. x, U]
— fD[Xa X?EIJ} eXp(_SLQCD[Xa Xa UIJD
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Formulation

Partition function ”Q“) .
Zx. x, U, A , 856__.’?_%
= [ DIx, X, U] exp(—=Siqen(x, X, Ub]) ) 1.DU; ¢ O

= | D[x, X, Uo] exp(—Sscr) (exp(—5¢)) >'2 .bosonization

= [ D[x, X, Uo] exp(—=Serr[x, X, Up: ®@])  #[3. MF saddle Igl)t
(@ = o, 0,1) approximatio
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Formulation

Partition function ”56 o
ZIx,x. U, x , 8:(;:._7%
= [ Dx, X, Us] exp(=Staenlx, X, U]) [LDT; ¢ O
N fD;X’X’ Vbl exp(=Sscr ) (exp(=5c)) >'2 .bosonization
= [ D[x, X, Uo] exp(—Seit[x; X, Up; ®])  #|3. MEF, saddle pt.
(@ — 0w (1) approximatio
Effective potential 4.D|x, X|
T 5D U 0 P. SK Deér;_gaard,tN.’lgjvvamoto

Fog[®; 1, T = _VlogZ and K. Shigemoto (*84)

1 T A T'A — ()
Stationary condition|” " / ~~~~ L0

8£ﬁ — 0 o |0 #N

0 (L
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Diagram (NNLO + Polyakov loop)
» Cluster expansion of exp(-S;) =2 Connected diagrams

» Quark : leading order of 1/d expansion Kluberg-Stern, Morel Petersson ('83)

(" NLO(1/¢?) : . NNLO(1/g*)
= == ) I =y
DS - B S

Polyakov loop

()
\— = ﬂ x J
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Diagram (NNLO + Polyakov loop)
» Cluster expansion of exp(-S;) =2 Connected diagrams

» Quark : leading order of 1/d expansion Kluberg-Stern, Morel Petersson ('83)

» Spatial link intgral =»Hadron, Polyakov loop

Polyakov loop

PX PXJr}'
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Bosonization

» Extended Hubbard-Stratonovich (EHS) transformation

K. Miura, TZN, A. Ohnishi (2009), K. Miura, TZN, A. Ohnishi,

N. Kawamoto (2009)

e Bl= [dyp ’*doe“{ (A+B)/2°

~ o~ (AHB)p+o?—i(A=B)o}

~

ij—@{w@—Aw—wgﬂ

k b= (A). 4 = (B)

+[0—i(A-B)/2]°+aAB}

stationary
o= (A+B)/2, ¢ =i(A— B)/2
B L_
stationary

~

s —ip, b= +ig

/

» Polyakov loop action
AS, x {ﬁ P ]+ h.c.) >

X+
Lattice2010@Sardinia, Italy

~ 200 — Pyl — epp
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Effective Potential (NNLO + Polyakov loop)

@a,wT,Q;M,T]_]—“qJFUQJF... \
i :

Polyakov loop
Quark number density
Chiral condensate
eQuark

F, = l-quark + 2-quark + 3-quark +..
® o0

ePure glue
U —9T 3. 00 — T loo D, finite ;- modifed bessel function
=213 0/ )

/ £ vy
k (¢2N,) YT3N? \\Enej\fcﬂ log(f/f)/Q[[g 4 .. ] /
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Effective Potential (NNLO + Polyakov loop)

@JawTag;ﬂ,T]—fq—’—Ug—’—... \
i :

Polyakov loop
Quark number density
Chiral condensate

eQuark
Fq= lquark + 2-quark + 3-quark +..
® o0 @
- NNLO effects
S Quarksxctation E, i Z,
ePure glue
Uy =215, - log D, finite o modifed bessel function
£

g / ’
\ (gQJ\Q)*”TSNf \\E.HGNHI log(fif)/Q[]% + .. ] /
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Effective Potential (NNLO + Polyakov loop)

@O_aw’ra&@ﬂ;T]—fq{—Ug{_... \
i ¢

Polyakov loop
Quark number density
Chiral condensate

eQuark
F, = l-quark + 2-quark + 3-quark +..
o ee @
ﬁ NNLO effects
"3 Quark excitation Eo, 1, 2y
ePure glue Kogut, Snow, Stone ('82) : p=0 1 1
U, =210, 00 — Tlog Dy finite o modifed bessel function
L

g M
k (¢°N,) " VT3N? \\EneNcﬂ log(fif)/Q[]g 4. ] /
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Effective Potential (NNLO + Polyakov loop)
» Analytically....

F,=—Tlog(Zp/D;) — N log Z, ,
sinh((N. +1)E,/T")
sinh(E, /T

+4cosh?(E,/T)(DyeP’T + D_ye P/T)
+2cosh(E, /T)(D_4e*MT + Dye /T L Dy +2)
—I—EBE’EUT + ﬁ_ﬁﬁ_ﬁxT :

Zp/Dy = + 2 cosh(Nep/T)
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Effective Potential (NNLO + Polyakov loop)

> Many modlﬁed Bessel functions .

Z N D

n=—oo
Dpi =12 — Iniolnly o — 20,111, o
+ 12+1In 2+ In 1Iny2
Dpo= 213 — Iniolpnly_2) + 5Ini1lnln o
— 32 T2+ T2 Tni2) — Inyslnln_3
+In_1ln_olpis+Insilngoln_3.
Dy 43 = Dpr11,
Dptg=I12In=1+ 12 Ines

— I»E,:Flfnil + In+olnr1lnro — IntolnlnTs
— I+ ln =2 .
Dy +5 = Dpz1,54
Dy +6 = _(IQIn:Fl T Iiilfn:FB)
+ ‘)(Inq:k[nj:l Intoln—1ln—o + Intolpln+3)
+ 17 oTnis — Inislnz1lnzs -
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Chiral Phase Transition (u=0)

» Polyakov loop effects =» Chiral condensate decreases.
A (MC)=> From left,

» Close to the Monte Carlo results at f~4.  h. e Forerand and M. Fromm (09),

Ph. de Forcrand, private communication,
S.A.Gottlieb et al. (°87) ,

D’Elia and Lombardo (’03)

Z.Fodor and S. D. Katz (’02),

R.V.Gavai et al. (°’90)

B=2N_/g"=4.0, 1=0, m=0.05 m=0.0

6/N,w PL B;(T=1/NT, u=0)(MC) —a—
o/N.w/o PL -----. T.(SCL, u=0)(MC) —=—1

in the lattice unit
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Deconfinement Phase Transition (u=0)

» Simultaneous treatment
» Chiral phase transition
» Deconfinement phase transition

) Tx ~ T4 cf. Aoki, Fodor, Katz, Szabo (06)

4 m=0.05
-d(6/N AT ------.
3 | ddT ——

in the lattice unit
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Haar Measure Method

» Polyakov loop (cf. Miura’s talk)
» Background field
» w/o explicit temporal link integral

AS, o = (PxPy i+ h.c.) >
~ — 2/
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Haar Measure Method

» Polyakov loop (cf. Miura’s talk)
» Background field
» w/o explicit temporal link integral

Fukushima (’04), Ratti, Thaler, Weise (°06)

» Polyakov loop effects =»Haar measure (cf. PNJL model)

\_

N
>

2(Ey—p)/T + G_B(Eq—ﬂ)/T]

/ 0.l G, T) = Fy + Uy + -
oQuark
— NcEq
vacuum 00
—T'log[l 4+ Nfe~Fami/T L N (e~
quarks
—Nc 10{9; ZX
wir

ePure glue

= 2T 3,00 —

2 AT 71/1\:\/72
(¢>N,)"V/T3N*

+ antiquarks

Tlog[l — 600 + 4(0° + ) — 3(¢0)°]
Haar measure

/
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Bosonization v.s. Haar Measure (u=0)

» Qualitatively same, quantitatively different
» Bosonization : Weiss MF approx.
» Haar measure : Background field

» Coupling of the quarks and gluons (Bosonization)

» Temporal link integral ) 5 | - m=0.0 |
> Favor color-singlet B(T=1/N_, u=0)(MC) —s—
= Suppression of 27 T(SCL, p=0)(MC) —=—

the quark excitation T 1.5 A Bosonization
[ ] -

Megias, Arriola, Salcedo ("06)

1
0.5 -

—

in the lattice unit
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Summary & Future Works

K We have derived the effective potential with Polyakov Ioﬁ\
and NNLO effects in strong coupling lattice QCD.

Effective Potential QCD phase diagram
T
Foi A TA_ - i ,./_{.U T4 P
/ } "Polyakov e

=T »
- T, ~T. loop NNLO
0 o, ws, Ul ! Yeffects el fects
. 0 T

Polyakov loop : quark excitation . H

NNLO * modification of Bosonization v.s. Haar measure
' ! =>» Qualitatively same, quantitatively differW

- )

uture works

» Phase diagram with the deconfinement transition
» Higher Order of Polyakov loop Langelage, Miinster, Philipsen (*08), Langelage,
\_ Philipsen (’10) y
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Back Up
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QCD Phase Dlagram

= | RHIC,LHC

Temperature

Nuclear matter ‘n' tron star

0 Baryon Chemical Potential U
» Chiral and Deconfinement phase transition
» Where is the critical point?
» What phase can appear in the the high density region?
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Strong Coupling Lattice QCD (SC-LQCD)

"» (Semi) Analytic Lattice QCD based on 1/g? expansion A
» Applicable to the High Density matter
L (Sign problem can be weakened or avoided) D
» Pure glue lG: MUnsterl(’Sl)
SC-LQCD

» Area law of the Wilson loop at strong coupling K.G. Wilson ("74) |
» Continuity between the strong and the weak coupling region
SC-LQCD : G. Munster (*81), MC : M. Creutz (°80, °82) 1.0}

021

ca?

0.1f

2 | Strong
- coupling

\ Weak
coupling

e MC

pQCD

. . LO
.\ inSC-LQCD

\
\
—_—
\
L

0

T 2 3

B=2N./g* (N=2)
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Chiral Symmetry in 1/g°=0

» Many studies...

» Spontaneous breaking of the chiral symmetry
N. Kawamoto and J. Smit (’81),

H. Kluberg-Stern, A. Morel and B. Petersson (’83) Most StUdiS are
» QCD phase diagram in 1/g°=0.

P. H. Damgaard, N. Kawamoto and K. Shigemoto(’84),

Y. Nishida, K. Fukushima and T. Hatsuda (°04), K. Fukushima (’04)
A. Ohnishi, N. Kawamoto and K. Miura (’07),

Ph. de Forcrand and M. Fromm (’09) (Monte Carlo)

| Fesr 12 SCL with B —

1 1 SCLw/oB - -
0.8

E 0.6 o#0
0.4
0.2
0 01 02 03 04 0.5
P=6/5 ) -UITc
1P. H. Damgaard, N. Kawamoto and K. Shigemoto(’84), A. Ohnishi, N. Kawamoto, K. Miura(2007)1

in-the lattice-unit : S
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Spatial Link Integral

» Quark composites=2» Hadron

| 7 < \-,—.—‘b’ "
/(l’.(,,-r(,i,h(,«:!d — Tomfobfi‘ ! L—‘—C !
: l f (-i\.'F._J)‘

/(]( (,:"I”g_';.(x"'f,l,_-f tee (,f — T;IE(H”--FFG({” f| (:

g S

spatial
\ link

integral

Yy N N\
) + ' “
' “’\}

. S . S
) e

Meson
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NNLO Effective Action

» Factor =»systematic evaluation

SNNLO

e M M,
SClL i by 8"\)9‘ |
LoV v =2 s MM, b -
2;( ! 2 2d I.)'Z>O[ lia Vf.c‘)@ $ ;G? SNUse.)
NLO + NNLO A
1 1 e T\ el
s 2 9 2. [V Vo+ VvV ]]‘_.I_ 9 ® ' Nve.
‘1:\[(_ q- 2 (j x,7>0 - 'é“ :E)?‘ WA TN
1 1+ L 5 AL, MR DI
NNLO A HE NS
1 _ _ o e ol N1"%
—— W*w W-Ww+.., - _
AN3gt IEO[ T Jjia wWew; % Z
1 AT
> MMMM] . [MM AW
GANT Y o, 50,40, 1]>0 | ik MM 4
k[ # G |1 # . 1] # [k d
1
+1/— —1/+
29[?%163@9* J?,j>5k’|;éj[v v IK’[UJEZZbl éggm{l ity 2&({/%& 1““)




Bosonization

» Bosonization=2evaluation of the Hadron term
» Chiral condensate (o)
» Vector potential (o, = - 0 Fygt / 0 u=p,)
» Hubbard Stratonovich transformation (cf.Ising model)

MM, 5 | Do exp [—ar( o+ M), (oc+ M), it oM M

ex]P (—0402 — 2@M1;0> _j o= {(—M

z-l-]]

X
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Bos

onization

» Extended Hubbard-Stratonovich (EHS) transformation

(-

VIive
R

) | Dle. f.;ﬂf?”{""(‘ ot

2

( - 1,1_'— "_‘L_ ) / 2+ (-72 —10 ( o 1t_ =V ) / 2}

_ 5

}i{”*f('\' oy
JF

T+

) ;"2}2+o ( V

T+

+1 —
x4y

)

EUEE Y
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= Ve W
~ e _ =((L++L )/2
O = 1w —
J LV EV)/2 = p@l chiral invariant
P w (Vi V)2
"'l_‘_'-l ' .
. :: : :I : ‘/74— A ‘/i— ] )( _.(-_ZLI_UO l i
o H
'I: ':: Lir _\,g 0( Uv{)i)(l
P T R S
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Bosonization

LaAB _ / doo dip o= le=(A+B) /2P +[6=i(A-B) /2 } +aAB

—a{ﬁ,, (A+B)p+9¢?—i(A-B)o}

stationary
~ e—&{gﬁu‘b—;’—l-r’i;—-@ﬂB}
stationary
LOAB —a{ﬁ,, (A4+B)p—w?+(A-B)w}
stationary
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Cluster Expansion
» Nn=1 =>NLO, n=2 >NNLO

. : (T [ A(5)_g
o~ Seft (:X,Uo) — DUjg_SLQCD — ¢ °F /DUje—bp —Sc

[ pU0U;)eF
(0) ==

Py (s) ™
A DU} EE)F }
1,
e 9scr,

cumulant
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1/d Expansion (N_.=3)

» H.Kluberg-Stern, A.Morel, B.Petersson (1983)

K.Miura, TZN, A.Ohnishi and N.Kawamoto (2009)
Ziew = [ DUse *F =11 | [ DUe

/ 1

h 4

/DUjesf-“ — exp (—sﬁeiﬁ) M, = XuXey Br = vi° e (XTXE XC)
"’/ o
Sfreff) ] nzl ’4;? (i\[ A[H—j) "‘ 14j.;tt (B;thi;__;; + (_l)ﬂrc (h-.(f.))

> AM M, = O(1/d")

J
Xoe = O(l/d1/4)

n=0= O(1/d") O(1/d"?)
n=1= 0(1/d")
n=2= O(1/d*
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QCD Phase Diagram (NNLO)

» Critical Point(CP) —oO
» NNLO effects smaller p P
=>»favorable, however insufficient. z

first order in the staggered fermion (N;=4) D’Elia-Lombardo(“03) ' ;

» Origin:next-to-nearest neighbor interaction .
Oo——e

2 57
1.5 critical
1! point
05°F 0
0 2
2
4 P=2NJg
Partially Chiral

Restored Phase
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He, =0
» “Approximate expression” of p. r—o(1st)
» Evolution of E*) and SuV'o"e" with 3

Ist
MC( st)

(1st)

\approximate form

36/23

3
B

1

0.8 |

0.6 1

0.4 r

0.2 r
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“Approximate Form” of p p_o!'sY

» Two body interaction dominance
» As [ increases, E, decreases and p shift increases.

A
Feff

/

1 - Wigner NG
N+ GNGu! " o o NE,
Lst. App. 1 vac - Wigner
—of ) = g o
5/ ="\ 7
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Truncation of NNLO Diagrams

» Temporal-temporal, spatial-spatial, temporal-spatial

1.2
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' +SS82 —e—

+TT1 —e—

4881 —e—

I
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B=2N./g’=4.0, T/T, 4=0.9,1.0,1.1

1
T, 4=0.7491
0.5 - Bosonization met
=T}
-
() o—=———=
0.5 L
1 [
T, 4=0.6127
0.5 | Haar measure m
S0
)
0
-0.5 '
0 0.5 1
¢
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