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N
Introduction

€ Doubling problem : obstacle to simulations

Several ways to bypass No-Go theorem, but....

* Wilson (broken chiral sym.) —> Mass renormalization
* DW or Overlap (Non-locality) —> Numerical expense
- Staggered (4 tastes) —> Rooting procedure

» Another possibility : Minimally doubled fermion

) 2 flavors «— 4 in Staggered
i) Exact chiral:u@)acsu@) <« Broken in Wilson

i) Strict locality «— Not strict in DW or Overlap



> Two known classes

e Karsten-Wilczek fermion CT, P, Cubic

D(p) = sinpyimn
+ sinp iy
+ sinp3 i7y3
+(sin py + cosp1 + cospa + cosps — 3) iy

* Borici-Creutz fermion CTP, S4

D(p) = (sinps +sinps — sinps — sinpa)in
+ (sinp; — sinpo — sin pg + sin py )iy
+ (sinp; — sinpg + sinpg — sin py )iy
+ B(4C — cospi — cospy — COSP3 — COS P4 )i7a
Lack of discrete symmetry requires fine-tuning of parameters.....

P. F. Bedaque, et.al., (2008)
S. Capitani, et al., (2009)

By classifying possible classes of minimal-doubling actions,
we search for possibility of application.
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1. Minimal-doubling actions

A general form of chirally-symmetric O(a) Dirac operator.

D(p) = iy, R, sinp, + lefy#R;W cos p, + Zi%Rzy
17

Three matrices (R, R’, R”) characterize the operator.

» Advantage of this form : Easy to see discrete symmetry

Find another class of Minimal-doubling actions in this framework. |



» Karsten-Wilczek action CT, P, Cubic

1 00 0 00 0 0 00 00
o100 ;o0 00 s [0 0 0 0
R_oolo’R_ UUUU’R_UUUU

00 0 1 A A N0 A XA DO
> Creutz action CPT, Sa
1 1 -1 -1 0O 0 0 0 O 0 0 0
I D R B , |0 0 0 o0 s, |0 0 0 0
R_1—11—1’R_ UUUU’R_UUUO
0 0 0 0 B B B B BC BC BC BC

(Borici action)

1 000 —-1 1 1 ~-1 1 1
o1 0 0 , 11 -1 1 s 11 -1 1
R_UUIU’R_211—11’R_211—11

0 0 0 1 1 1 -1 1 1 -1



——
2. Twisted-0rdering u.cewamamsmicon

Starting with one simple O(a) Dirac op

D(p) = (sinpy + cospr — 1)im

+(sinpa + cospe — 1)ivs
+(sinps 4+ cosps — 1) i3
+(sinpg + cospy — 1)iyy

€ Number of zeros (species)

Py =0 or m/2 m) 16

Just similar to the naive action except for O(a) terms.



2. Twisted-0rdering u.cewamamsmicon

Permuting O(a) terms
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2. Twisted-0rdering u.cewamamsmicon

Permuting O(a) terms
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D(p) =

Sinpy + cospyp —
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+(sinps +|cos ps| —
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+(sinpyg +|cosps|—

€ Number of zeros (species)
pr=0or /2, ppo=0oran/2, (p3,ps)=1(0,0)o0r (7/2,7/2)

=) 8

Twisted-ordering reduces the number of species !



2. Twisted-0rdering u.cewamamsmicon

Permuting O(a) terms twice

[

D(p) = (sinp; + cosgg — 1)im
+(sinpa +|cospr|— 1)ivys
+(sinps +|cosps|— 1)ivys3

( )

+(sinpy + cosgg —

o=,
=




2. Twisted-0rdering u.cewamamsmicon

Permuting O(a) terms twice

sinpy +|cospa|— 1

. o=
=

—
~— S S
o~
-2
(N

o=,
=

==,
—
o

SIN p3 | CoS P4 | —
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+(sinpa +|cosp1|—
(
(

+(sinpy +|cosps|—

€ Number of zeros (species)
(P1,p2) = (0,0) or (m/2,7/2) (P, pa) = (0,0) or (7/2,7/2)

-) 4

More twisted-orderings reduce more species !
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2. Twisted-0rdering u.cewamamsmicon

Permuting O(a) terms in a cyclic way

D(p) = (sinp; +|cospa—|1) i1
3 .

+(sinp2 +|cosps + |1)i7v9

Y3

1Y4

— | e

(
+(sinpg + cosﬁl 1
+(sinpy + cosgl — |1




2. Twisted-0rdering u.cewamamsmicon

Permuting O(a) terms in a cyclic way

D(p) = (sinp1 +|cospa|— 1)im
+(sinpy +|cosps|— 1) iv2
+(sinps +|cospg|— 1) i3
+(sinpy +|cospi|— 1)ivy

€ Number of zeros (species)

Py = (0,0,0,0), (7/2,7/2,7/2,7/2) mmp 2

Minimal—doubling ! | (On the orthogonal lattice)




¢ 2d

1) Untwisted case
D(p) = (sinp; + cospr — 1)iy
. . —T ¢ T P1
+(sinpy + cospa — 1) iy,
zeros: (0,0), (0,7/2), (7/2,0), (7/2,7/2)
— 7T
K

i) Twisted case

D(p) = (sinp; + cospa — 1)im .<

+(sinpy + cospy — 1)iv9

zeros: (0,0) (w/2,7/2) | HM_ _.s*”;'

Minimal number of species!




€ Two choices to place a parameter

1. t-parameter

D(p) = (sinp; + cospz — 1)im
+(sinpa + cospz — 1)iv2
+(sinps + cosps — 1)i73
+(sinpy + t(cospr — 1)) iva

thZE}z),%al t=0.5

.-/ | ‘\_.<_w/2,3r/2,w/2,w/2> <£-_ >

\ .f/ A P ;/:* \
000N/ 0.0.00N

One of zeros shifts with t.
0<t<1

t=0

7 N (10.0.0)

L 4
(07 Oa 03 0) N,

(m/2,m/2,7/2,7/2)



€ Symmetries

Translation, Gauge, U(1)s, U(1)ACSU(2)

One exact chiral symmetry

Common with all Minimal-doubling actions. r.r.sedaque, etal., PLB 662, 449 (2008)

> Discrete symmetries

t=0: CP T Z>2 First CP-invariant MD action

t=1: CPT Z4 Z2 Hypercubic sym . — Z4

Fine-tuning to cancel redundant operators is still required.

Note: Flavored C,P or T may exist.



2. a-parameter

D(p) = (sinp; + cospa2 — a)imn
+(sinpy + cosp3 — )iy Minimal-doubling persists within
+(sinps + cosps — ) i3
. . 0<a< V2
+(sinpg + cospr — «)ivy
a=0 a=0.1 a =12
N 5
\\ / / I\\__,{" “‘\
“cut” solution p"2 dispersion arises One mutilated pole

A small a leads to unphysical dispersion relation. (d=2n)



€ Gauged action in position space

1 _
§ = 52 [P0 Unsibnss = Ul yons)
n,
+ uﬂn Tp—1 (Un:ﬁtwﬂ-l-,u + U"];—M#wn_'u B Oé'l,bn)

N Twisted

We term this mechanism Twisted-Ordering.

Minimal-doubling action with chiral symmetry and strict locality
on orthogonal lattices !

Note: Maximally Twisted-Ordering = Minimal-doubling
Partially Twisted-Ordering => 4 or 8 species



3. Higher dimensions

T. Kimura and T. Misumi (2009)

» Clifford algebra in even dimensions

(2m) (2m—9) 0 FLQm—Q}
™m . T (2m— .
F” =T & F” ) — I‘Elm_gj 0 for p=1,---,2m—1,

' 0 — 41 om— 1 j9m— 0
ng;“1=rg®ﬂ|gm_-]=(_ s 1) D2 @i 1]_( e )

E-J][gm—1| —J][gm—1|

Cf.) Creutz action (d=2m)

2m

1 V; m L / n m L s
S =5 20 (30 (v, (500 v = ik, (207 0) ot

p=
A 2m L (2m)

tr—i—q (E( )'eﬁ) +La 'tp,( ) )LI)

A

‘r

A

‘

;—-a

2
+?.+"-"';r (E( 2m) eQm+1) Lf ( Qm) 2m+1
B

)
or (8]

A o (2
_’L'fr{ (E( m) eQm-{—l) ’L



» Minimal-doubling range of parameters

* Creutz (d=2m) m—1 ~C <1 © m=2 = 4d case

1

« K-W (extended version) ivy Z(?" — COS Pp)
o
d++v2 -3 _ d+v2-1

d <7 d

Minimal-doubling range tends to be narrower with d.

More species need to be eliminated for higher dim.

* TO (a-parameter) () < o < \/5 for any d=2m

Special case! = Twisted-ordering itself excludes species.



4. Summary and Discussion

|.  Twisted-ordering reduces species in any dimensions.

II. Maximally-Twisted-ordering produces Minimal-doubling actions.

» Three classes
1. Karsten-Wilczek 2. Creutz-Borici 3. Twisted-Ordering

CT, P, Cubic, Z2 CPT, Sa, Z2 t=0:CP, T, Z2

t=1:CPT, Za4, 72

o STRRN
V\/.hI.Ch- IS b-est for application” S. Capitani, et al., (2010)
Minimize fine-tune parameters? Talk by S. Capitani,
A general form? Poster by J. Weber.



€ Candidate for a general form

D(p) = i I sin(p + ) — Visin(p, — 4,)] — iT

Y. = AwYr B Another gamma matrix

3, W two zeros £,
A, sin23, = sin2p,

Borici and some TO actions are unified in this form.

Drawbacks: Including PTO too
Not including t-cases of TO and K-W

We need to search more to find a general form...



Appendix 1. General form

» Borici action
-1 1 1 1
__ Iyt 1 -1 1 1
B = m/4 A=3511 1 -1
1 1 I —1
» Twisted-Ordering action

/6u:7T/4 A —

_— o O O
o o O =
o O = O
o= O O

Note there are equivalent actions

Pp — Ppt oy T — CLwh



Appendix 2. Redundant operators

KW fermion
Relevant: O3 = iy Marginal: [0} = FuF,
2
0P = By by, [ Ren. for
0} = ¢ Dy v 7 speed of light
0514) = ?.ED,(LA!{;LL'{!
BC fermion
Relevant: 0" = Q(ys® )Q Marginal: of" = F,,F,,
- (2) _
05 = Qv © T)Q O1 = PP
0 = F,,F,
oY = Fy, Fy,
0" = Q(7, ®1)D,Q
O = Qv ©1)DsQ

(
04(15) - Q(Z—'Y,u'% @ 1)DuQ
0% = Qimays ®1)DaQ



Twisted-Ordering fermion (t=0)

Relevant: O3 = iy (j=1,2,3)

Marginal: | — iy, D,y
O =y Dy s
0513) = FuFu 7
0514) = Fju b,

Renormalization for the speed of light

The number of fine tuning parameters is as few as KW fermion.



E————
Appendix 3. KW and BC actions

& Karsten-Wilczek fermion

4 3
D(p) = ?‘Z v sinp,, + i\t Z(l — cos pj) » Two zeros : Eg:g:g:_?_r))

p=1 j=1

One direction specified

»Hypercubic X —cubic
»C,TX

» Redundant operators (wyw, wyDw, etc)

Fine tuning required for a continuum limit!



€ Creutz action . creutz 2007)

D(p) = (sin p1 + sinpe — sinpz — sin py )iy
+ (sinp; — sinps — sinps + sin py)iy2
+ (sinpy — sinps + sinps — sin py)iy3
+ B(4C — cospy — co8Spa — COSP3 — COS P4 )iY4




» Karsten-Smit theorem (No-go theorem on cubic lattices)

Conditions of the no-go theorem

+ » 16 doublers
Permutation sym.of 4 axes: S4

(2¢ in general dimensions)
(Hypercubic Symmetry)

cf.) Staggered fermion 16 = 4
Hypercubic Symmetry X = Twisted HS O



€ Generalized Creutz action Kimura and Misumi (2009)

1
5252

xTr

4
D (Gul - €y — Vuypl - €hy) + 2zwﬂ4w$]
pn=1
1) 4 spinor vectors i) On-site term o< any of gamma matrices

» Dirac operator

3 4 4
D(p) = z'z'y“ (Z ("), Sinpy) + iyt (t —

r=1

(e”), cos py)

1

v

ini - " 0 =1,2,3
Minimal-doubling Condition: Z(e”)“:{ o AE RS

» p:i(ﬁﬂﬁﬂﬁﬂﬁ)* COSﬁ:C

A larger class of minimal-doubling fermions




€ Expansion around zero points
ex.) Creutz action
D(p) = Cloi+q—q—q)in
+ C(q1 — g2 — g3 + q4)ie
+ C(q1 — q2 +q3 — qa)i3
+ BS(q1 + g2 + 43 + qa)iva + O(¢°)

Coefficients of gamma matrices stand for orthogonal
coordinates of momentum.  {~y# ~¥} = 2§51V

» Momentum basis

bl = (C,C,C,BS), b*=(C,—C,—C,BS),
b3 = (-C,—C,C,BS), b*=(-C,C,—C,BS)

a, b, =0,, ™ Spatial basis is found.



€ Spatial basis (hopping vectors)

a' = 2(1,1,1,-%), a*=-+(1,-1,—-1,-%
N 140 BSC 4 401 ) ’BSC

These mean deformed-hypercubic (rhombus) lattices except for C=BS.
(b) Kimura and Misumi (2009)

(b) is more natural since there is no hopping within one unit.

» Creutz-type actions are defined on rhombus lattices.
(It is clear that hypercubic symmetry is broken.)



€ Generalized Karsten-Wilczek action

+
1 _ | _ |
2 Z Z [wmﬁf“w:ﬂ—i—ﬁ - 'wm—l—,ﬂﬁr'#w:n} + Se

xr p=l1

S. = %T;

N
|

4
203 + 1)0ar e — ) (Var" Yors — Vor 7 ¥a)

ki

A new parameter introduced

Sumoveru=1,2,3,4



@ Dirac operator:

4 3
D(p) = iz v sin p, + iry? {Z (1 —cospy)+ (t — cospﬁl)]

@ Minimal-doubling condition:

r r
t <1, t+2)>1
b= (R e (R

@ Linearized Dirac operator with p = ¢ + py:

3
D(p) =iy Agu+ivV1+7r2(1 =)y g+ O(¢%)
p=1
@ Reciprocal/primitive vecs
- O o (n=1,2,3)

0= syrFam=m ¢ @ = sy T (a4




€ Comparison with Wilson action

d'k 7, TR r .-
/ (27)* Y( -k )[’?)Esm(a.k,u) +m + p Z(l — cos(ak,))]v(k

4
Wilson term : r Z(l — CoSpy)
p=1

4
K-M term : ’i?"’}’4 Z(l —cospy)  fort=1
=1

You can obtain minimal-doubling actions just by
multiplying Wilson term by one of gamma matrices !

Hypercubic and C, T are broken instead of chiral symmetry.



Appendix 4. Details of Higher dims

D=2m : you can generalize straightforward
D=2m+1: extra hoppings are necessary
€ Spinor vectors in higher dimensions

Isotropic vectors

o 1 for p=v
et e =
cosly for pu=#v cosfg=—1/d




€ Spinor vectors (d=2m)

el = (€159~ 84—154. €253 54, ==+ . C4—254—15d. Cd—154- Bcq )
et = ( S2++84—154, C253° -S4, ", C4—254—15d. Ca—154. Bcq )
et = 0, S3:+Sq, *** . Ci—25d—15d. Cd—154. Bcq )
ed—1 = ( 0. 0, ---. Sd—15d. Cd—154. Bcg )
e = 0. 0, -, 0. Sq. Beg )
edTl = ( 0, 0, - . 0, 0. BC)

¢, =cosl, =—1/p, s, =sinf, =\/p?>—1/u



» Clifford algebra in even dimensions

(om) © % 0 FLEm—Q}
| e ) e o for w=1.---.2m—1,
m 1 m I‘Em’ 2) 0 H
X 0 — il gm—1 Emj 1 9m—1 ]
D™ = @l g 1y — e IO o S [PSRIPPR e
Dy Al gm—1] i';l][gm—1| 0 - 2m+1 3 L [2m-1] 0 —J][gm—1|

defined from (2m-2)D algebra

We define the following vectors.

I'-I[Em} B 0 '?_F{Em}

ﬂ?__.:gm} _ (Fgﬂm—ﬂ}! o l-.l[Em—EJ il [gm_]]) .- ,?{Emj _ (Pg‘lm—‘ljr o F[‘lm—?}r il [‘3:"-'?—1-])

2m—1 2m—1



€ Creutz action (d=2m)

2m

1 _ _ |
So = LT [35 (e (2000w i (200

r p=l1
A S (2m wy . B | B (2m 1L
_?-*'"’-.r—ﬁ—ap (E( . € ) Yy + ?4"3:—1# ( ) "€ ) (G )
A
T

A 2 | I
_|_wl§1 (E(_m) ) eQnH—l) L‘f o L‘;B ( Qm) 2m+1

L

_L_,;l (S(?m) ) 62m+1) L‘f n L_‘:‘tB ( Qm) Qm—H) i }

>»Momentum basis vectors

by = (Cecisa---sqg-18q4, Ceasg---5q. -+, Ccq 954154, Ccq154. —BSeq )
be =( Csg -85 184, Ccasg -84, -+, Ccqg a8q 154, Ccq 184, —BScy )
by = 0, Csg---sq, -+, Cecqg_as4-154, Ccq_154, —BScq )
ba—1 = ( 0, 0, -, Cs4-184, Ccq_154, —BScq )
be = ( 0, 0, - 0.  Csq. —BScq)
, b, b B?5%¢2 + C?s% ¢y
> Internal multiply cosp = B ¥ _ 4 T CTsqCd-1

bulby|  B2S2¢2 + 022



» Minimal-doubling condition
Exclude redundant zeros
p(i):i@cg...jcﬁj) O pZ(pc,.---

m—1 <(C <1 = m=2reduceto 4D case

T

Minimal-doubling region gets narrower with D

» Creutz condition

T T T
.-A',: . C: S . B: d 1 t
po= g COﬁ(d—kl) (d+1)co (d—l—l)

» Borici condition
C'=cospc, B=+vd+ 1cotpc



€ Odd dimensions  t«rwaaa

» Spinor structure on Hyperdiamond lattice

I' = T ® oy
~~ ~——

sublattice subspinor

A—B, B—A hoppings are enough for Even dimensions

A—A, B—B hoppings are necessary for Odd dimensions

Because we need diagonal hoppings in any representation in odd dimensions.




& Clifford algebra in d = 2m+1
(d=2m) spinor => Parity rep.

(2m—2)
P(Zm) _ — r(?m—?) _ O ]_—"u'm t _ 1 2 - 1
P =71 @1l = r(gnkz) 0 or p=1,---.2m
n

0 —i1
T%T)—T O]l_(z']l S )

0
o™ —mel=
el T 0 -1 o= (TP TP o), 5= (TP TR i)

€ Creutz action (d=2m+1)

2m—+1
B TA B B — [ A 7B _ A
Q Z Z ( ‘T— G*.U / )T-'""}l“ — Yzr4a, (ﬁf : E"M) Yy T Yr—a, (ﬁf ' e,u.) Ve = VYita, (’}-‘ . e’u') (o8 )
T
2m+1
pA 4B B 7B B
2 Z |: Z ( I"‘& —|_ w —ay, .?,*"_,-"I _|— (2 m—l—a [ + (E.. T— G‘,“ .'1.“ ) ru‘}:r L/T )“
‘ |
v

Nearest-unit AA BB hopping

Mass-like term common hopping with even



€ Momentum space

2m+1

S = / dp Y (isinpud™(—p) (v )P (p) + isinput® (<p) (3 ) (p))

—I—/dp

= /dp lIJ(fp)D(P)LI'(p)

2m—+1
i (_t + Z Cos-p“) (L_‘A(—}J)L’A (P) - '&B(—PWB (p))]

€ Dirac operator

2m+1
D(p)=i Y au(p)TZ™
n=1
2m+1 L
x,(p) = ( H 5V) (c}u Z sin p,, + Sinpwl) for p=1,---.2m
vr=p+1 r=1
2m+1
Lom1(p) = —t + Z COS py,
pn=1

Minimal-doubling condition

Y —1<t<2m+1 p==xp.p) with cosj=-—"

C
2m + 1




& Excitations

2m+1 In
=€ ( 11 'SV) (Cﬂ Y av+ qwl) +0(q*) for p=1,---.2m
v=1

v=p-+1 =

2m+1
Tam+1(p) = =95 Z qu + O(Q’z)

p=1

Choosing t=2m +1 » Two zeros reduce to one !

Excitation in (2m+1)th direction disappears: Z2m+1 = 0

2m
D(p) =iy wu(p)TE™  Mutilated pole
=1

One massless fermion appears in terms of 4D.

Chiral symmetry is broken in O(a”2).

5d minimal-doubling action = 4d Wilson-like action




