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* Lattice SUSY transformation
[

half lattice shift translation (1dim.)
+

. . species doublers
alternating sign

as supermultiplets

/

*  Exact SUSY in momentum space with
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*  New (commutative) star product in coordinate space

O(F(z) = G(z)) = (0F (z)) * G(z) + F(z) * (6G(z)) L.ebniz rule

|

difference operator Link approach



The simplest example D=1 N=1
(continuum)

super field  ®(z,0) = p(z) + i0y(x),

supercharge Q=% +i02 SUSY algebra Q2 =i2.
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role of supercoordinate

Lattice superfield: D(z) = p(z) + 1zp(az) (=)

SUSY transformation: 6®(z) = a2 a(-1)

hermiticity

Sp(o) = 5 [v(e + ) + 0o - )| > iav(

su(e) = 207 afola+ ) = (o~ )| > a5

alternating sigh —— key of the lattice SUSY



Momentum representation
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D=1 N=2 Lattice SUSY
Fourier transform

O(p) = %Zx:% ePT (), W(p) = %Zm:%Jr
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O(x) =a f* LD (p)ePr, U(z)=a [, d—ilp(p)e—im
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D(p+ L) =d(p), V(p+L)=-9(p)
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species doubler
as supermultiplets




Kinetic term

Skin = da [ % 42 [2sin> Ld(—p)D(p) — } sin LW (—p)¥(p)]

Mass term
Simass = damq [ L o5 [0+ Z)2(p) + 1 (0 + ) (p)]

Interaction term . .
L attice mom. conservation

i i)
x (T, cos 22) [25in 222 B(p1)D(ps) -+ D(pa)+

+2L sin S22 ()W (a)D(ps) -+ B ()]

S = gMand [ A deoss (T

exact lattice SUSY invariance under 4; and 92

Momentum representation



8y = a/aQy, & = av/aQ,

— sin @, i0
a ;

Q1=Q3=id, {Q1.Q2} =0

Since difference operator does not satisfy Leibniz rule
“ How can algebra be consistent ?”



Symmetric difference operator === No Leibniz rule

Possible solutions:

(1) Link approach: Hopf algebraic symmetry
Q1(F(2)G(x)) = Q1F(2)G(z + §) + F(z — §)@Q1G(x)
Q2(F(2)G(x)) = Q2F (z)G(x — §) + F(z + §)Q:2G(x)

QI=Q3=i0, {Q,Q2}=0
(2) New star product: e Leibniz rule ?

O(F(z) * G(z)) = (0F (z)) * G(z) + F(z) * (0G(z))



(F-0)p) = [ dp1dp2F(p1) G (p2)S(p — p1 — pa)

Lattice momentum: (F=c)p) = f dp1dpp F (p1)G(p2)(p — pr — p2) p=2sing

Leibniz rule in mom.
p(F+G) [ dp1 dp2 [pr Fi(p1) G(p2) + F(p1) p2 G(p2)] 6(p — p1 — p2) dp = dpcosp

New star product in coordinate space:
(F+G)(x) = F(z)* G(z) = afg e P (F x G)(p)

T : dpy dps ©odr
= [ dp cosp e ¥ /_E %Qi COSP1 COS P2 m%e”{mp_mpl_s'“m}
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- o J(r) = — gtnb—rsind) g
i) (Esinﬁi) = i/ dre'™ TP () Z?T_L
a dr J_ o

. Jnt1(7) = %[Jn+l{7_] + Ju1(7))
commutative  F(e) « G(z) = G(z) = F(x)



B (x —a [ L b, P (F x G)(p)

- dpy dpy
—_ _ ipT t-p1y+ng
1 / ipe ; [ o 21

x ((id, F(y)G(2) + F(y) (i0. G(2))) 65— jr — o)
= (i0F (7)) * G(z) + F(z) * (i0G(z)).

star product «——> Leibniz rule

(F(x) * G(z)) = (0F (z)) = G(z) + F(z) = (0G(z))



Exact SUSY invariance in coordinate space
on star product actions

+ LIF[L' - E} +* W(r + E}]

SO = 3 [0(a) « (20() — B+ 2~ Bl — D) + 20+ 2 1

2 2

@

g _ %95”] > [(28() - B +5) — Bz — 5)) « B()" (=)

Qj(F(x)  G(x)) = Q;F (z) » G(z) + (1)1 F(z) + Q;G(2)



Conclusions

*  Exactly SUSY invariant formulation in mom.
and coordinate space is found.

*  Lattice SUSY algebra is exactly fulfilled on
the star product in coordinate space.

* Ward-Takahashi id. is fulfilled.

An interesting possibility:

Link approach and star product formulation
IS equivalent !

Another solution to chiral fermion problem

Species doublers are physical









61 = ay/aQ1, d2 = ay/aQ-

Qi =Q3=7;sing, {Q1,Q2}=0

Q%:Q%:ié, {Q1,Q2} =0

2si11“2—p<—>758

a

O(F(2)G(z)) = L (Fz + 9)G(z+ &) — F(z — )G(z — 2))
— OF (2)G(x + g)+ F(x — %)5’(?(3:)

= OF(2)G(x — &) + F(z + 2)0G(x)

“How can the lattice supersymmetry algebra be consistent since the difference operator does not
satisfy Leibniz rule while the super charges satisfy Leibniz rule 77



Qi(F(2)G(x)) = Qi (2)C(x + %) + Flz — £)Q:G(x)
Qx(F(2)G(x)) = QuF (2)C(z — %) + F(a + 4)Q2G(x)
Qi(F(2)G(x)) = QiF (2)C(x + %) + F(z — 9)Q:G(x)

= Qu(C@)F(2)) = QG@)F(z + %) + Gz — $)QiF ()

Q1G(x)F(x+ ) = Fz — )Q1G(x)

QF(2)G(x+ ) = Gz — §)Q1F(x)



ENDFE2009

BEXMEDBFLTOERILETDER

A A 57
tBEXRE




Motivations
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Majorana fermion
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fermion + gravity

Boulatov &Kazakov



Fractal Structure of 2D Quantum Gravity

(# of triangles in radius r) ~ rdu

d(3)(c) _ 5y V25—c++49-c
H V25—c+V1—c (c: central charge ~~ matter )

N.K. & Watabiki

N.K. & Yotsuji



Quantization and Twisted SUSY

Continuum

S = [ d?xpe" O wy
é0¢p =0, dwy = Oyv

Tsukioka, N.K.,
Kato, Miyake, Uchida

(Two dimensional Abelian BF)

S = [ d?x[e"” pOuwy + bOFw,, — icO Duc—ilp)

= fd2ws§%e””’susy(—i5c)

i2 — {Sag} =52 = {SIJ’SV} = 0,

{8,8u} = —10u,{S, su} = i€u0”
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b 0 ouc —ip
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Auxiliary field
Off-shell invariance

Nilpotency of
BRS charge s

N=D=2 Twisted SUSY
Kato,N.K.&Uchida



Fermionic Link Fields

[V Uty] = —€pwp
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Twisted N=2 Lattice SUSY Transformation
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Twisted SUSY Algebra closes off-shell
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Twisted N=2 Super Yang-Mills Action

Action has twisted SUSY exact form. —» Off-shell SUSY invariance
for all twisted super charges.

1
5 Z Tr sss1sg Uy, U_
£Ir
= Sp + SF
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Bosonic part of the Action
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Fermionic part of the Action

Sp = ZTI'[—?:[L{—HL,Au]az,m—a(ﬂ)m—a,m -+ (1)

— U(P)z,ztacuvU—ps AWlzrax| — (2)
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Higer dimensional extension is possible:

® Integer sites

o Half-Int. sites

Z’{i 2

3-dim. N=4 super Yang-Mills



Two Problems
Qa(d1(x)p2(2)) = (Qadi(x))d2(x) + d1(r + aa)Qap2(x)

QA(¢2($)¢1($)) — (QA¢2($))¢51(33) + 6352(33 + OLA)QA%(%)
When ¢1(z)da(x) = ¢o(z)d1(z) “inconsistency”

but if we introduce the following “mild non-commutativity”:

(Qadi(2))d;(x) = ¢ (w +aa)(Qadi(x)) i,j=1,2
then Qa(61(2)2(x)) = Qalda(x)er (x))

In general  ¢.(xz+b)¢p(x) = ¢p(x + a)dy () T+ a

r+a+b OJ;

xr+0b



+ Field Theory

Modified Leibniz rule } Hopf algebraic
Mild non-commutativity

Concrete representation of this non-commutativity

{X1, X2} = 5255, P = ki, kueZ

A) = N >_pexpipy (X — &)

00 © P(€) = N7 TroappA(€) = Npg (&1 — &, &) en(6r + 2,6)

Orbifold condition ,Q = w*Qe, (Q = exp—iZF X = w™1)



V 4 operation makes link holes and thus loses
gauge invariance.

A possible solution

We claim: if there is covariantly constant super
parameter 7) A which has opposite shift
of V 4 and commutes with all the
super covariant derivatives:

, V =0
n4,V} {maVa,S8}=0
{TlAa 90} =0

lattice SUSY and gauge invariant !
n4a compensates the link holes.

= T]A gets coordinate dependence
super gravity



Gauge Theory on the Random Lattice

Form Simplex Gauge Theory + Gravity ?
0 o Boson <«— Fermion ?
w = wydxt
B = By datday AN \¢/

A=jlw+Q+) +k(¢+B+-)
F16M +xB - +iO + XD )

S=[Tr(3AQA + 143)




Generalized Gauge Theories
In arbitrary dimensions N.K. &Watabiki

gauge field A=T"A%dz,

gauge parameter g = T%%
derivative d = dxz"0,
curvature F =dA+ A?
gauge trans.  §A = dv + [A, v]

Chern-Simons [Tr(iAdA + 143)

Topological
Yang-Mills J Tr(FF)
Yang-Mills [Tr(F *F)

A=1¢ +i)+jA+kA
Y =14+ ia + ja + ka
Q=jd
F = QA+ A?
SA=QV+[A,V]
[Tr(3AQA + 5A3)
| Stri(FF)

fTTl(fV.]:) * 1

‘91



Puzzle 2

What is the role of “quaternion”
In generalized gauge theory ?

A=1¢+ip + jA+ kA

Y =1a+ia + ja + ka



Single lattice translation as SUSY transformation

®(z) = p(x) + TEy() (n(z) = S, ¥ (2) = &

5(x) = B(z +a) — B(x) = @z +a) + SLy(z +a) - (p(x) + S o (x))
= (@) [~ (@ + a) — P (x) + y(z) EEE )
= dp(x) + () ()

p(x) = —n(z)(Y(x + a) + () = nQp(x)

Sp(x) = n(x)0ye(r) = nQyY(x)

0%p(x) = —né(Y(z + a) + ¢¥(x)) = —n*(9¢(x + a) + Op(z))

= P el = _ 20 p(a) SUPST ) = G
parameter

_ 2 . .2M2 2
= Q)" = —n"Q7 = x50, SUSY algebra {@Q,Q} =94



Matrix Representation

o(r1) 0 0 0 0
) 0 o(x2) 0 o --- 0
o —1)% _ 0 0  @xs) 0 -« 0
@(QC)—(’O( ) w( ) i : : : Do :
0 0 0 0 - ¢zn) |
1 0 0 0 0
o -1 00 --- 0
cor= |00 DT Yy N ]er=ken ¢ and 1 are diagonal.
0 0 00 - 0
1 0 0 0 -1
o100 --- 0
o010 --- 0
0 00 1 --- 0

E}®1=(al+z‘02)®1z(i+j)®1
TexPoint Display

o o 0 -1

100 0 -+ 0

o010 0 ---0 . . .
A-=QTi=] :[(1) g}‘gl:(gl_mﬁ)@lz(l_.])@l

00 0 - - 0

o000 - 1 0

Two step translation as SUSY transformation

0=Q10Q -0 =-Q'[Q.®]  2_ a2

<I>=1<,0+\/—Nw V=1a+1a+ja+ ka



Partial answer to Puzzle 2

Quaternion may be fundamentally related to the
lattice SUSY transformation. Chirality may play
an important role in the transformation.

Differential form structure for Dirac-Kaeher mechanism
should be essentially introduced to accommodate
super gravity nature.



