


Nuclear	
  poten-al	
  

high	
  density	

equa-on	
  of	
  state	
  nuclear	
  ma7er	


neutron	
  stars	


hyper	
  nucleus,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  exo-c	
  nucleus	
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  022001	
  (2007)	
  	


This	
  approach	
  has	
  following	
  advantages:	
  	


Their	
  method	
  reproduced	
  the	
  short	
  range	
  part	
  	
  
	
  of	
  the	
  	
  NN	
  poten-al	
  ,”repulsive	
  core”.	


• 	
  Sca7ering	
  experimental	
  data	
  are	
  not	
  needed:	
  
	
  	
  	
  	
  	
  	
  hyperon-­‐nucleon,	
  hyperon-­‐hyperon	
  interac-on	


• 	
  It	
  is	
  also	
  possible	
  to	
  inves-gate	
  	
  
	
  	
  	
  	
  	
  	
  three	
  nucleon	
  force	
  systema-cally.	


H. Nemura, N. Ishii, S. Aoki and T. Hatsuda, Phys. Lett. B 673, 136 (2009) 	


(18	
  June	
  room1	
  15:50~	
  	
  	
  	
  T.Doi)	


The	
  region	
  nucleons	
  are	
  overlapped.	
  
Study	
  from	
  the	
  QCD	
  is	
  needed.	
  

r	
  	
  <	
  1fm	




  

� 

Δ + k 2( )φ  x ;k( ) = mN d3yU  x ;  y ( )∫ φ  y ;k( )

Phys.Rev.D71:094504,2005.	
  	
N.	
  Ishizuka	

BS	
  wave	
  func-on	


  

� 

 x p	
 n	
   

� 

≡ φ(  x )
Effec-ve	
  Scrodinger	
  Equa-on:	


pioneering	
  work:	


deriva-on:	


	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  S.Aoki,	
  	
  H.Hatsuda,	
  N.Ishii,	
  	
  PTP123(2010)89	
  

Energy	
  independent	
  
non-­‐local	
  poten-al	


obtain	
  the	
  BS	
  wave	
  func-on	
  	
   calculate	
  back	
  to	
  the	
  poten-al.	
  

φ(r;E) = lim
t→∞ x
∑ 〈0 | N̂(x + r;t)N̂(x;t)NN(t0 ) | 0〉

  

� 

U  x ;  y ( ) = V0(
 x ) + Vσ (

 x )(  σ 1 ⋅
 σ 2)[

  

� 

+VT (r)S12 + VLS (r)
 
L ⋅
 
S + O(∇2)]   

� 

δ  x −  y ( )
LO	


For	
  the	
  moment,	
  U	
  is	
  obtained	
  by	
  LO	
  of	
  deriva-ve	
  expansion:	
  

The	
  purpose	
  of	
  this	
  work:	
  	
  	
  	
  	
  
	
  Check	
  the	
  	
  convergence	
  of	
  the	
  deriva-ve	
  expansion	
  

(Is	
  LO	
  enough?)	
  



ex)	
  	
  	
  	
  S=0	
  case	
  	
  	
  	
  	
  	


                            = mN VC (r) +VL (r) L
2 +VLL (r) L

4 +  …⎡⎣  

                                                    +{Vp (r) ,∇
2} + {Vpp (r),∇

4} +…⎤⎦φ
S=0 (x;k)

Δ + k2( )φ S=0 x;k( ) = mN d 3yU x; y( )∫ φ S=0 y;k( )

:	
  (S12=0)	




ex)	
  	
  	
  	
  S=0	
  case	
  	
  	
  	
  	
  	


                            = mN VC (r) +VL (r) L
2 +VLL (r) L

4 +  …⎡⎣  

                                                    +{Vp (r) ,∇
2} + {Vpp (r),∇

4} +…⎤⎦φ
S=0 (x;k)

Δ + k2( )φ S=0 x;k( ) = mN d 3yU x; y( )∫ φ S=0 y;k( )

LO	


the	
  poten-al	
  obtained	
  by	
  LO:	
  

VC
LO (r;L,E) = 1

mN

Δφ S=0 (r;E;L)
φ S=0 (r;E;L)

+ k2
⎛
⎝⎜

⎞
⎠⎟

                

:	
  (S12=0)	


Δ + k2( )φ S=0 x;k( ) = mNVc(r) φ
S=0 x;k( )



ex)	
  	
  	
  	
  S=0	
  case	
  	
  	
  	
  	
  	


                            = mN VC (r) +VL (r) L
2 +VLL (r) L

4 +  …⎡⎣  

                                                    +{Vp (r) ,∇
2} + {Vpp (r),∇

4} +…⎤⎦φ
S=0 (x;k)

Δ + k2( )φ S=0 x;k( ) = mN d 3yU x; y( )∫ φ S=0 y;k( )

LO	


k2	
 k4	


the	
  poten-al	
  obtained	
  by	
  LO:	
  
k2 / mN = E,


L = −r × i


∇


k = −i∇

VC
LO (r;L,E) = 1

mN

Δφ S=0 (r;E;L)
φ S=0 (r;E;L)

+ k2
⎛
⎝⎜

⎞
⎠⎟

                   = VC (r) +VL (r)L
2 +VLL (r)L

4 ++ {Vp (r) ,∇
2} + {Vpp (r),∇

4} +…
L	
  dependent	
 Energy	
  dependent	


Size	
  of	
  the	
  higher	
  order	
  terms	
  	
  can	
  be	
  es-mate	
  from	
  	
  
the	
  examina-on	
  of	
  the	
  E	
  and	
  L	
  dependence	
  of	
  LO	
  poten-al.	


:	
  (S12=0)	


Δ + k2( )φ S=0 x;k( ) = mNVc(r) φ
S=0 x;k( )
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□	
  momentum are discritized in a finite box of size L.	


APBC	


  

� 

 p = 2nxπ
L
,
2nyπ

L
,2nzπ

L
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

ground state	


E0 ~ 0
PBC	


previous	
  study	
  of	
  energy	
  dependence:	


 2d  Ising     analytical study        

 (  S. Aoki, J. Balog P. Weisz  arXiv:0805.3098) 


= φ(r;E0 )e
−E0 (t− t0 ) + φ(r;E1)e

−E1 (t− t0 ) + t→∞⎯ →⎯⎯ φ(r;E0 )e
−E0 (t− t0 )  

� 

 x 
∑ 0 ˆ N iα ( x +  r ,t) ˆ N j

β (  x ,t)NN(t0) 0 ground	
  state	


compare	


E0 ~
3
mN

×
π
L

⎛
⎝⎜

⎞
⎠⎟
2

~	
  45	
  MeV	
  in	
  this	
  work.	
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comparison of potentials : and 
1S0	
  Vc　(+-­‐5)	
 Set	
  up:	


Lafce	
  size:	
  	
  32^3	
  x	
  48	
  	
  	
  ~4.5	
  [fm]	
  

Heat	
  bath	
  	
  	
  	
  quenched	

mπ=529.0(4)	
  MeV	
  	
  	
  mN=1334	
  MeV	


Plaque7e	
  gauge	
  ac-on	
  	


� 

β = 5.7

κ ud = 0.1665
	
  1/a=1.44	
  GeV	
  	
  (a~0.14[fm])	


boundary	
  condi-on:	
  
PBC	
  for	
  0	
  MeV,	
  	
  	
  APBC	
  for	
  45	
  MeV	


Vc
(r
)	
  [
M
eV

]	


r	
  [fm]	




Vc
(r
)	
  [
M
eV

]	
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comparison of potentials : and 
1S0	
  Vc　(+-­‐5)	
 Set	
  up:	


Lafce	
  size:	
  	
  32^3	
  x	
  48	
  	
  	
  ~4.5	
  [fm]	
  Heat	
  bath	
  	
  	
  	
  quenched	
mπ=529.0(4)	
  MeV	
  	
  	
  mN=1334	
  
MeV	


Plaque7e	
  gauge	
  ac-on	
  	


� 

β = 5.7

κ ud = 0.1665
	
  1/a=1.44	
  GeV	
  	
  (a~0.14[fm])	


boundary	
  condi-on:	
  
PBC	
  for	
  0	
  MeV,	
  	
  	
  APBC	
  for	
  45	
  MeV	


r	
  [fm]	


VC
LO (r;L,E) = VC (r) +VL (r)L

2 +VLL (r)L
4 ++ {Vp (r) ,∇

2} + {Vpp (r),∇
4} +…

Energy	
  dependent	
  part	


                            = mN VC (r) +VL (r) L
2 +VLL (r) L

4 +  …⎡⎣  

                                                    +{Vp (r) ,∇
2} + {Vpp (r),∇

4} +…⎤⎦φ
S=0 (x;k)

Δ + k2( )φ S=0 x;k( ) = mN d 3yU x; y( )∫ φ S=0 y;k( )

The	
  size	
  of	
  higher	
  
deriva-ve	
  terms	
  are	
  
significant	
  weak.	
  





13	


	
  symmetry	
  under	
  the	
  rota-on	
  is	
  broken	
  =>	
  	
  (	
  cubic	
  group	
  )	
  
L	
  	
  	
  (orbital	
  angular	
  mom.),	
  	
  S	
  (spin),	
  	
  J	
  (total	
  angular	
  mom.)	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  The	
  representa-on	
  of	
  cubic	
  group	
  

L ,  S ,  J ⎯→⎯ A1, A2 , E, T1, T2

representa-on	
  with	
  spin	


L, S, J



� 

N = εabc (Q aCγ 5Q b )Qc

  

� 

Q = q(t,  x )
 x 
∑

Q = q(t, x) cos((±x ± y + z)π / L)
x
∑

four	
  momentum	
  wall	
  sources	


wall	
  source	

= A1

= A1 + T2

For	
  simplicity,	
  we	
  will	
  restrict	
  this	
  talk	
  to	
  S=0	
  state.	


J = 0  (L = 0)

J = 2  (L = 2)

dominant	


dominant	


φ(r ) = 〈0 | N̂ i
α (
x + r ,t)N̂ j

β (
x,t)NN(t0 ) | 0〉

x
∑

schema-c	
  figure	


Break	
  the	
  rota-onal	
  symmetry	
  	
  with	
  source	
  
	
  	
  	
  	
  	
  	
  and	
  extract	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  states.	


It	
  was	
  difficult	
  to	
  extract	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  states.	
  	
  L ≠ 0

L ≠ 0



P(Γ )φ(r ) = dΓ

24
χ (Γ )[Ri ] φ(Ri

r )
i=1

24

∑
Projec-on	
  operator	


1S0 :    (S = 0)⊗ (L = 0) 1D2 :    (S = 0)⊗ (L = 2)

L ≠ 0

Ri
χ (Γ )

dΓ

elements	
  of	
  cubic	
  group	


characters	
  of	
  representa-on	
Γ
dimension	
  of	
  the	
  representa-on	
Γ

P(A1 )φ(r ) P(T2 )φ(r )
(Γ = A1,T2   in this work)

~ Y2m (
r )∑

r  [fm]

1S0	
  wave	
  func-on	
 1D2	
  wave	
  func-on	




VC
LO (r) = 1

mN

Δφ
1 S0 (r)

φ
1 S0 (r)

+ k2
⎛

⎝⎜
⎞

⎠⎟
= Vc(r)

S=0 	
 ∇2 + k2( )φ S=0 (x;

L)

         = mN [Vc(r) +VL (r)L
2 +VLL (r)L

4 +]φ S=0 (x;

L)

φ
1 S0 (x;k) = P (A1 )φS=0 (

x;k)

φ
1 D2 (x;k) = P (T2 )  φS=0 (

x;k)

VC
LO (r) = 1

mN

Δφ
1 D2 (r)

φ
1 D2 (r)

+ k2
⎛

⎝⎜
⎞

⎠⎟
= Vc(r) +VL (r)2(2 +1) +

L=0 S=0  :  1S0 	


L=2 S=0 :  1D2 	


compare	


the	
  size	
  of	
  higher	
  order	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  deriva-ve	
  terms	
  	




L=0	
  	
  vs.	
  	
  L=2	


1D2	


1S0	


45	
  MeV	


L	
  dependence	
  of	
  the	
  S=0	
  central	
  poten-al	


 L dependence is weak

(Noise has to be reduced.)




L=0	
  	
  vs.	
  	
  L=2	

1D2	


1S0	


45	
  MeV	


L^2	
  dependence	
  of	
  the	
  S=0	
  central	
  poten-al	


VC
LO (r;L,E) = VC (r) +VL (r)L

2 +VLL (r)L
4 ++ {Vp (r) ,∇

2} + {Vpp (r),∇
4} +…

L	
  dependent	
  part	


                            = mN VC (r) +VL (r) L
2 +VLL (r) L

4 +  …⎡⎣  

                                                    +{Vp (r) ,∇
2} + {Vpp (r),∇

4} +…⎤⎦φ
S=0 (x;k)

Δ + k2( )φ S=0 x;k( ) = mN d 3yU x; y( )∫ φ S=0 y;k( )

 L dependence is weak

(Noise has to be reduced.)


The size of higher

 L terms are small.




We	
  have	
  examined	
  the	
  convergence	
  of	
  deriva-ve	
  expansion	
  of	
  non-­‐local	
  
poten-al.	
  
In	
  this	
  purpose,	
  we	
  have	
  caclulated	
  0	
  MeV,	
  45	
  MeV	
  BS	
  wave	
  with	
  using	
  
boundary	
  condi-on	
  and	
  1S0	
  ,1D2	
  BS	
  wave	
  with	
  using	
  cubic	
  group.	
  

We	
  conclude	
  that	
  the	
  NN	
  poten-al	
  from	
  the	
  QCD	
  obtained	
  up	
  to	
  LO	
  is	
  
valid	
  at	
  E=0	
  ~	
  (at	
  least)	
  45	
  MeV,	
  and	
  	
  L=0	
  ~	
  (at	
  least)	
  2.	
  

Summary	
  of	
  this	
  work:	


Conclusion:	


Future	
  work:	


Father	
  check:	
  	
  full	
  QCD,	
  	
  	
  light	
  quark	
  mass,	
  	
  hyperon	
  system...	
  

We	
  are	
  applying	
  the	
  technique	
  to	
  S=1	
  case,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  the	
  calcula-on	
  of	
  LS	
  force	
  is	
  on	
  going.	
  

VC
LO (r;L,E) = VC (r) +VL (r)L

2 +VLL (r)L
4 ++ {Vp (r) ,∇

2} + {Vpp (r),∇
4} +…



3D2

3S1
3D1

VC VT VLS

New!!�



21	




Q = q(t, x) cos((−x + y + z)π / L)
x
∑

Q = q(t, x) cos((+x − y + z)π / L)
x
∑

Q = q(t, x) cos((−x − y + z)π / L)
x
∑

Q = q(t, x) cos((+x + y + z)π / L)
x
∑φ0φ1

φ2φ3

The	
  representa-on	
  matrix,	
  	
  and	
  charactor	
  can	
  be	
  obtained	
  easily.	


90°	

� 

6C4
ex)	
 φ0

φ1
φ2
φ3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

⎯→⎯

1
1
1

1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

φ0
φ1
φ2
φ3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

φ1←
φ2←
φ3←

φ0←
χ

charactor	
  of	
  this	
  system	




φ0φ1

φ2φ3

charactor	
  of	
  the	
  cubic	
  group	


cα = χ(α )[Ri ]* χ[Ri ]
i=1

24

∑χ(R) = cA1χ(A1)[R]+ cA2χ(A2 )[R]+

= A1 + T2

L=0	


L=2	
  is	
  dominant	


irreducible	
  decomposi-on:	


χ(A1)
χ(A2 )
χ(E)
χ(T1)
χ(T2 )

Ri :	
  elements	
  of	
  cubic	
  group	


charactor	
  of	
  this	
  system	


χ



h0 (
x) ≡ cos((+x + y + z)π / L),

h1(
x) ≡ cos((−x + y + z)π / L),

h2 (
x) ≡ cos((+x − y + z)π / L),

h3(
x) ≡ cos((−x − y + z)π / L)

f0 (
x1,…,

x6 ) ≡ h0 (
x1)…h0 (

x6 ),
f1(
x1,…,

x6 ) ≡ h1(
x1)…h1(

x6 ),
f2 (
x1,…,

x6 ) ≡ h2 (
x1)…h2 (

x6 ),
f3(
x1,…,

x6 ) ≡ h3(
x1)…h3(

x6 )

  G (n)
α ,β ;α ' ′β (

x, y)

= 〈0 |T Nα (
x,t)Nβ (

y,t)N αN β⎡⎣ ⎤⎦x1 ,…,
x6

∑ | 0〉 f (n) (x1,…,
x6 ),

Nα = qt (x0 )Cγ 5γ 0q(x1)( )qα (x2 )
x0 ,x1 ,x2
∑



Projec-on	
  of	
  	
  J	
  	
  (total	
  angular	
  mom.)	


  G (n)
α ,β ;α ' ′β (

x, y)

= 〈0 |T  Nα (
x,t)Nβ (

y,t) qα1 (
x1)…qα6 (

x6 )
x1 ,…,

x6
∑ f (n) (x1,…,

x6 ) | 0〉 Cγ 5γ 0( )α1α2 Cγ 5γ 0( )α3 ,α4 ,

  〈0 |T  Nα (
x,t)Nβ (

y,t) P (Γ ) qα1 (
x1)…qα6 (

x6 ) f
(n) (x1,…,

x6 )⎡⎣ ⎤⎦x1 ,…,
x6

∑ | 0〉 Cγ 5γ 0( )α1α2 Cγ 5γ 0( )α3 ,α4 ,

Rx→ x

  P (Γ ) qα1 (
x1)…qα6 (

x6 ) f
(n) (x1,…,

x6 )⎡⎣ ⎤⎦x1 ,…,
x6

∑ | 0〉

= χ (Γ )
i=1

24

∑ (R1) SS⊗ StSt  qα1 (R 
x1)…qα6 (R 

x6 ) f
(n) (x1,…,

x6 )⎡⎣ ⎤⎦x1 ,…,
x6

∑ | 0〉

= χ (Γ )
i=1

24

∑ (R1) SS⊗ StSt  qα1 (
x1)…qα6 (

x6 ) f
(n) (R−1x1,…,R

−1x6 )⎡⎣ ⎤⎦x1 ,…,
x6

∑ | 0〉



The	
  representa-on	
  of	
  J	
  we	
  can	
  obtain	


J	


J	




States	
  we	
  can	
  obtain	
  with	
  S=1	


Orbital	
  Angular	
  momentum	
  L	
 Total	
  Angular	
  momentum	
  J	





