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RBC and UKQCD collaborations are generating new dynamical DWF ensembles:

• Iwasaki + dislocation suppressing determinant ratio (DSDR) gauge action, β = 1.75, and

• Domain-Wall Fermions (DWF) quarks, Ls = 32 and M5 = 1.8,

• a−1 ∼ 1.368(7) GeV: mstrangea = 0.045, muda = 0.0042 and 0.001.

Much closer to physical pion mass than the previous set of Iwasaki+DWF ensembles:

• mπ ∼ 180 and 250 MeV, with large volume, (∼ 4.6fm)3 (323 × 64).

Here we report the current status of our nucleon calculations, by

• Meifeng Lin, Yasumichi Aoki, Tom Blum, Chris Dawson, Taku Izubuchi, Chulwoo Jung, SO, Shoichi Sasaki,

Takeshi Yamazaki, ...
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Nucleon form factors, measured in elastic scatterings or β decay or muon capture:

〈p|V +
µ (x)|n〉 = ūp

γµFV (q2) +
σµλqλ
2mN

FT (q2)

uneiq·x,
〈p|A+

µ (x)|n〉 = ūp
[
γµγ5FA(q2) + iqµγ5FP (q2)

]
une

iq·x.

FV = F1, FT = F2;GE(q2) = F1 −
q2

4m2
N

F2, GM = F1 + F2.

Related to mean-squared charge radius, magnetic moment, gV = FV (0) = GFermi cos θCabibbo, gA = FA(0) =

1.2694(28)gV , Goldberger-Treiman relation, mNgA ∝ fπgπNN , ... determine much of nuclear physics.

On the lattice, with appropriate nucleon operator, for example, N = εabc(u
T
aCγ5db)uc, ratio of two- and

three-point correlators such as
CΓ,O

3pt (tsink, t)

C2pt(tsink)
with

C2pt(tsink) =
∑
α,β

1 + γt
2


αβ
〈Nβ(tsink)N̄α(0)〉,

CΓ,O
3pt (tsink, t) =

∑
α,β

Γαβ〈Nβ(tsink)O(t)N̄α(0)〉,

give a plateau in t for a lattice bare value 〈O〉 for the relevant observable, with appropriate spin (Γ = (1+γt)/2

or (1 + γt)iγ5γk/2) or momentum-transfer (if any) projections.
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Deep inelastic scatterings :

∣∣∣∣∣∣
A
4π

∣∣∣∣∣∣
2

=
α2

Q4
lµνWµν, W

µν = W [µν] + W {µν}

• unpolarized: W {µν}(x,Q2) =

−gµν +
qµqν

q2

F1(x,Q2) +

P µ − ν

q2
qµ
 P ν − ν

q2
qν
 F2(x,Q2)

ν
,

• polarized: W [µν](x,Q2) = iεµνρσqρ

Sσ
ν

(g1(x,Q2) + g2(x,Q2))− q · SPσ
ν2

g2(x,Q2)

 ,
with ν = q · P , S2 = −M 2, x = Q2/2ν.

Moments of the structure functions are accessible on the lattice:

2
∫ 1

0
dxxn−1F1(x,Q2) =

∑
q=u,d

c
(q)
1,n(µ2/Q2, g(µ)) 〈xn〉q(µ) +O(1/Q2),

∫ 1

0
dxxn−2F2(x,Q2) =

∑
f=u,d

c
(q)
2,n(µ2/Q2, g(µ)) 〈xn〉q(µ) +O(1/Q2),

2
∫ 1

0
dxxng1(x,Q2) =

∑
q=u,d

e
(q)
1,n(µ2/Q2, g(µ)) 〈xn〉∆q(µ) +O(1/Q2),

2
∫ 1

0
dxxng2(x,Q2) =

1

2

n

n + 1

∑
q=u,d

[eq2,n(µ2/Q2, g(µ)) dqn(µ)− 2eq1,n(µ2/Q2, g(µ)) 〈xn〉∆q(µ)] +O(1/Q2)

• c1, c2, e1, and e2 are the Wilson coefficients (perturbative),

• 〈xn〉q(µ), 〈xn〉∆q(µ) and dn(µ) are forward nucleon matrix elements of certain local operators,

• so is 〈1〉δq(µ) = 〈P, S|ψ̄iγ5σµνψ|P, S〉 which may be measured by polarized Drell-Yan and RHIC Spin.
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Unpolarized (F1/F2): on the lattice we can measure: 〈x〉q, 〈x2〉q and 〈x3〉q.
1

2

∑
s
〈P, S|Oq

{µ1µ2···µn}|P, S〉 = 2〈xn−1〉q(µ)[Pµ1Pµ2 · · · Pµn + · · · − (trace)]

Oq
µ1µ2···µn = q̄


 i

2

n−1

γµ1
↔
Dµ2 · · ·

↔
Dµn −(trace)

 q

Polarized (g1/g2): on the lattice we can measure: 〈1〉∆q (gA), 〈x〉∆q, 〈x2〉∆q, d1, d2, 〈1〉δq and 〈x〉δq.

−〈P, S|O5q
{σµ1µ2···µn}|P, S〉 =

2

n + 1
〈xn〉∆q(µ)[SσPµ1Pµ2 · · · Pµn + · · · − (traces)]

O5q
σµ1µ2···µn = q̄

 i
2

n γ5γσ
↔
Dµ1 · · ·

↔
Dµn −(traces)

 q
〈P, S|O[5]q

[σ{µ1]µ2···µn}|P, S〉 =
1

n + 1
dqn(µ)[(SσPµ1 − Sµ1Pσ)Pµ2 · · · Pµn + · · · − (traces)]

O[5]q
[σµ1]µ2···µn = q̄

 i
2

n γ5γ[σ

↔
Dµ1] · · ·

↔
Dµn −(traces)

 q
and transversity (h1):

〈P, S|Oσq
ρν{µ1µ2···µn}|P, S〉 =

2

mN
〈xn〉δq[(SρPν − SνPρ)Pµ1Pµ2 · · · Pµn + · · · − (traces)]

Oσq
ρνµ1µ2···µn = q̄[

 i
2

n γ5σρν
↔
Dµ1 · · ·

↔
Dµn −(traces)]q

Higher moment operators mix with lower dimensional ones: Only 〈x〉q, 〈1〉∆q, 〈x〉∆q, d1, and 〈1〉δq can be

measured with ~P = 0.
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Previous RBC and RBC+UKQCD calculations addressed two important sources of systematics:

• Time separation between nucleon source and sink,

• Spatial volume.

And though not explicitly addressed yet, a better understanding of quark mass dependence is necessary.

Source/sink time separation:

• If too short, too much contamination from excited states, but if too long, the signal is lost.

• In an earlier RBC 2-flavor DWF study at a−1 ∼ 1.7 GeV, separation of 10 or 1.1 fm appeared too short.

4



Shigemi Ohta RBC/UKQCD ID+DWF Nucleon, LAT2010 5

In the RBC+UKQCD (2+1)-flavor study we choose separation 12 or 13 : ∼1.4 fm:

Mass signal: mf = 0.005
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Bare three-point functions: 〈x〉u−d (left) and 〈x〉∆u−∆d (right), for mf = 0.005 (red +) and 0.01 (blue ×):
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In this study we like to do at least as good, hopefully better: separation of 10 lattice units or longer.
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On the other hand, with RBC+UKQCD 2.2-GeV (2+1)-flavor dynamical DWF ensemble:
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2-state fits suggest excited-state survives tsink ≥ 9.

LHP analysis of vector form factors with tsep = 12 or 1 fm agree with RBC+UKQCD 1.7-GeV results.

Vector current is less sensitive: conserved charge cannot tell excited-state contamination, for example.

Can we go shorter, ∼1 fm, separation, in spite of our lighter masses?

• Perhaps with better tuned source and sink smearing?

• Would be good as we have to fight growing error, ∼ exp(−3mπt).
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Spatial volume. In Lattice 2007 Takeshi Yamazaki reported unexpectedly large finite-size effect:

• in axial charge, gA/gV = 1.2694(28), measured in neutron β decay, decides neutron life.
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Our DWF on quenched and LHPC DWF on MILC calculations are presented for comparison.

• Heavier quarks: consistent with experiment, no discernible quark-mass dependence.

• Lighter quarks: finite-size sets in as early as mπL ∼ 5, appear to scale in mπL:

– elastic form factors demand big volumes.

Last year we reported the structure function moments do not seem to suffer so badly, but we need large volume

at least for form factors: present (∼ 4.6fm)3 volume is a good start.
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RBC/UKQCD (2+1)-flavor, Iwasaki+DWF dynamical, a−1 = 1.73(2) GeV, mres = 0.00315(2), mstrange = 0.04,

• mπ = 0.67, 0.56, 0.42 and 0.33 GeV; mN = 1.55, 1.39, 1.22 and 1.15 GeV,

Ratio, 〈x〉u−d/〈x〉∆u−∆d, of momentum and helicity fractions (naturally renormalized on the lattice),
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consistent with experiment, no discernible quark-mass dependence.

No finite-size effect seen, in contrast to gA/gV which is also naturally renormalized on the lattice.
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RBC/UKQCD (2+1)-flavor, Iwasaki+DWF dynamical, a−1 = 1.73(2) GeV, mres = 0.00315(2), mstrange = 0.04,

• mπ = 0.67, 0.56, 0.42 and 0.33 GeV; mN = 1.55, 1.39, 1.22 and 1.15 GeV,

Momentum fraction, 〈x〉u−d, with NPR, ZMS(2GeV) = 1.15(4), plotted against m2
π,
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Absolute values have improved, trending to the experimental values, with NPR, ZMS(2GeV) = 1.15(4).

No finite size effect seen (163 (+) and 243 (×) results agree): Likely physical light-quark effect.

A better understanding of quark mass dependence is necessary.
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RBC/UKQCD (2+1)-flavor, Iwasaki+DWF dynamical, a−1 = 1.73(2) GeV, mres = 0.00315(2), mstrange = 0.04,

• mπ = 0.67, 0.56, 0.42 and 0.33 GeV; mN = 1.55, 1.39, 1.22 and 1.15 GeV,

Helicity fraction, 〈x〉∆u−∆d, with NPR, ZMS(2GeV) = 1.15(3), plotted against m2
π,
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Absolute values have improved, trending to the experimental values, with NPR, ZMS(2GeV) = 1.15(3).

No finite size effect seen (163 (+) and 243 (×) results agree): Likely physical light-quark effect.

A better understanding of quark mass dependence is necessary.
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Now RBC and UKQCD collaborations are jointly generating new (2+1)-flavor DWF ensembles

• with Iwasaki and dislocation-suppressing-determinant-ratio (DSDR) gauge action, β = 1.75,

• and DWF fermion action, Ls = 32 and M5 = 1.8, with mstrange = 0.045, mud = 0.0042 and 0.001.

We have reasonable topology distribution while maintaining small residual mass:

• lattice scale from Ω−: a−1 = 1.368(7) GeV,

• mπ = 0.1816(8) and 0.1267(8), or ∼ 250 and 180 MeV.

323 × 64 volume is about 4.6 fm across in space, 9.2 fm in time.

We started nucleon structure calculations using the RICC supercomputing facility at RIKEN, Wako, Japan.

• tuning Gaussian smearing with width 4 and 6,

at this 100-TFlops peak-speed facility.
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RBC/UKQCD (2+1)-flavor, ID+DWF dynamical, a−1 = 1.368(7) GeV, mstrange = 0.045,

Nucleon mass signal from the light (mud = 0.001 or mπ = 180 MeV) ensemble, with ∼30 configurations,
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mN = 0.721(13) or ∼ 0.98 GeV,

but probably needs a longer plateau for structure calculation to be free of excited-state contamination,

presently increasing the statistics.
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RBC/UKQCD (2+1)-flavor, ID+DWF dynamical, a−1 = 1.368(7) GeV, mstrange = 0.045,

Nucleon mass signal from the heavy (mud = 0.0042 or mπ = 250 MeV) ensemble, with 13 configurations

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  2  4  6  8  10  12  14  16

e
ff
e
c
ti
v
e
 m

N

t

nucleon efective mass Gaussian width 4

mN = 0.73(3) or ∼ 1.0 GeV,

but needs a better plateau for structure calculation to be free of excited-state contamination,

presently increasing the statistics.
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Conclusions: RBC/UKQCD (2+1)-flavor, ID+DWF ensembles are being analyzed for nucleon physics.
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Preliminary low statistics ID32 1.4GeV 4.6fm
experiment

with a−1 = 1.368(7) GeV, (∼ 4.6fm)3 spatial volume.

Closer to physical mass, mπ = 180 and 250 MeV, mN < 1.0 GeV,

Isovector form factors and structure function moments will be reported in the near future.
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