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Fermilab Formalism

- 1
L = 3 G0000 + 3250 (1490005 (1~ 005 ] v

+ <Z¢ )y - Dip(x arSCZw X)D?4(x)

— facB(Zw )ix-By(x ——acECZ@b Yiov - Eab(x

@ Different coefficients for space and time like operators
@ Smooth transition to mpa — 0 and mga — o
@ Coefficients depend on mgya, ¢ and rs in a non trivial way.
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Improvement Program

Improvement program starts with considering all the operators of
dimesions 6 and 7 of the form QI DDDQ which respect the symmetries
of the continuum QCD (P,C,...) and have the power counting \° in
HQET and % in NRQCD.

Space-Time Asymmetry : e.g., Q7,03Q — QvD3Q and Qv4D3Q
Identities : e.g. ¥ = D? — Lo, Fpu
274Dy - D’Y4D4 = {74D4, - E} — {D§,~ - D}
2v-DyDyy-D={~y D,a-E} — {74D4,(v - D)?}
L = feont 4 S ;a4 0, where s; = dim[O]].

How many are redundant ?
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Redundant Directions

Interactions that are induced by the field transformations (equivalently
the equations of motion) are "redundant”

Q — Qexp[J] and Q — exp[J]Q where

J = aei(y,Dy+ m)+ adyy - D+ &ex(y,D, + m)? — & 26FJWFW
+  &0p(v - D)? + &6gio - B+ &y[yaDs,~ - D]

and similarly for Ay and A .
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This process gives
19 new operators in addition to original Fermilab Action : 7
dimension six and 12 dimension seven

In order to determine the coefficients c; at tree level, a matching
calculation needs to be carried out

@ Tree-level quark Dispersion Relation up to O(p*)

@ Tree-level chromomagnetic O(p®/m?®) and chromoelectric
O(p?/m?) interactions (vertices)

@ Compton Scattering (lowest order)
@ Quark-Quark scattering (lowest order)

Details : [
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Feynman Rules

The quark propagator,

aS'(p) = ivasin(psa) + iv - K + p(p) — cos(psa)
where

Kilp) = sin(p;a)[-2c2p°& — c1pf e’

2o [1 . .
pp) = 1+moa+pPa’ [zrsc + 26p232:| +cay (Pia)t
i

Temporal single-gluon vertex :

1 1
Ae(0.p) = 4008 [z(p'+p)4a}—/sm [z(p'+p)4a]

CE 1 .
+ ?Cacos [2k4a] io - S(k)

2

© Ceey- S(K)Ss(P) — Sa(p)] cos [1k4a} .
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Energy
For small momentum
2 2)2
P Wy 4 (P9)
E = M+ — ——— 4
o s 2P Y,
Explicit calculations yield,
aM; = log(1+ mya)
L _ 2¢° 4 rs¢
aM, ~— moa(2+mea) 1+ mpa
. — 2C +6¢co rs¢ —24c¢y
T moa(2+ mea) ' 4(1 + moa)
1 8¢* 4¢* + 8rsC3(1 + mpa) r2¢?
Miad — [moa(2 -+ moa)l® [moa(2 + moa)]? (1 +moa)?
I 32CC1 8cs

moa(2+ mea) 1+ moa
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Chromoelectric Field

For the interactions with the chromoelectric background field we use
the time component of the current J,

K% —2i% . (K x P)
8m?

J = (¢, 0) [1 — u(¢,0)

_ K2 -2iS - (K x P) zgK?&?
lat — / 91—
J4 U(f 70) [ 8m,2:- + 1+ moa U(f, 0)
where
L ¢ n (®ce N 2rg
4am2a®  [mpa2+moa)l?  moa(2+ moa) 1+ moa

The correct (tree-level) mathching is achieved if one adjust zz = 0 and
(ce,re) such that mg = mo. Similarly for the chromomagnetic

interaction.
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New Action

So ZmOZJJ(XW(X)‘FZiZ )7aDayp(x —sz/)(x Agat)(X)

+ 0 P(X)y - Dath(x frsg“Zw Ay

- %chZJJ )is - Bu(x ——cE<Zw Jioc- Ei(x

+ o) d(x ZmDAnw +c22¢ x){v-D, AP }y(x)

+ C > P(X){7-D,i% - Bu}(x +CEEZ¢ {74 Datat, & - Epac}1h(X)

+ 0> P00 AT + 65 YUl ZZ{IZ,B,M,A,M}w(x)

i i#
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Difference Operators

Dplat = (Tp - T*p)/za
Aplat = (Tp + T,p — 2)/23
3 3
AY = S A
i
1 o
Foota = 55 > signpsigns [T ToT 5T -5 — To T;T 5T

p=xpoto

V() = U)W+ ) To,W(x) = Ul(x — p)W(x — p)
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Matching
B 71 moa(2 + mya)
¢ = 55T B0 1 moa)
o — ¢33 -1) ~ GPI¢ +2rs(1 + moa) — 3rs¢®/(1 + mpa)
2 7 [2ma(2 + mea)? 8moa(2 + mpa)
N 3r2¢® moa(2 + moa)ri¢ [ rs¢ ]
16(1 + mpa)? 32(1 + mpa)2 |1+ moa
1 1 1
Cs + ﬂfsC + gCBC Cg="Is C3=0C Cs5 = ZCBC
o — -1 N rsC rZmpa(2 + mpa)
£ = moa(2 + mea) 1+ mpa 4(1 + mpa)?
o [ 10+ moa) | ce(c-1)(1 + moa)

[mpa(2 + mpa)]? mea(2 + moa)
((rs(—1-mpa) 1

1
! 21 2.4 » )
2moa(2+mpa) + 2fsCEC 4CE<( +mpa)| /(2+mpa(2+mpa)
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Action

S = Zd_)xd)x — Kt Z'@x“ - ')’4) T4wx — Kt ZQZJX(" + 74)7-—41/1)(

— HtZd—Jx[(fsC +8cs) — 7i(¢ —2¢1 — 12¢2)] Tipx

X, i

— Kt Z&X[(fsg + 8C4) + ’Yi(c —2¢ — 1202)] T i

X,
+ Ry Ux[2Cs + (202 + 1) TPy — re(CeC +1605) Y duiE - Byx

X X
+ ki Z Dx[204 — 7i(2C2 4 €1)] T2 i0x — KeCEC Z Pxlcx - Eqhy

X X
+  KtC Z Uxyi{ Ti—T—i, Ti— T—j}x + 2r:Cs Z Px Z Z{iz/Bilah (Ti4T-j)}eox

X,ij P i i
+  2ktCs Z Ux{7y * Diat, % - Bua}thx + 2k1Cee Z Ux {74 Datat, 0 - E}abx
X X
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Coding and Tadpole Improvement

With the form of the action on the previous slide, it is straightforward to code
the new action. Our implementation is in QOPQDP.

It is also possible carry out the tadpole improvement :

Tip = Uo [Tp/to] = to Ty

and factor up are absorbed into the couplings. This way, one finds

Rt = Upkt C4
G +2C

FC + 884
C—28 — 128

ﬁ’)oa

UpCy 52 = UpC2
c1 +2¢c
rs¢ + 8¢
C — 201 — 12C2

— (1 +3Fs( +188%)

2Rt

The terms with no E and B terms are straight forward.

'@ZX{'Y -D,i%- B}wm "/_}x{'74D47 - E}¢Xa L_)x E,’ Z,’ﬂ{iZIBilats Ajlat}’b/)x
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Simulation Parameters

Coefficients at x = 0.04
Test Lattices 7s,C,Ca 1.0

Lattice  N;=2+1,16% x 48 Ce +0.581
I6] 6.600 Cee -0.0087
m;/ms  0.029/0.0484 (~0.6) C +0.2311
Ug 0.8614 C2,C3 -0.0955

a ~ 0.15fm Cs 0.375

Cs 0.25
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Inconsistency

Since the action is designed to improve O(p*) terms, we need to find
observables to test these improvements. Binding energies of the
kinetic meson mass comes from O(p*) term :

M1Oq:M1@+M1q+B1 Mzéq:MZQ—I—MQq—I—BQ
define 0M = M, — My and 6B = B>, — B4
2(5Méq — (6M(_)O + 5M<_JQ) | 2(SBéq - ((53@0 + 5Baq)
= | =

where By and B. are the binding energies. “I” will test the improvement
and if the lattice action(s) of the quarks were sufficently accurate, "I’
would vanish.
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Inconsistency
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Hyperfine Splittings

Another way to see the effects of improvement is to look at the
hyperfine splittings. The rest masses M is order of O(p°) and
accurate with the Fermilab Formalism but the kinetic masses Ms will
be improved due to higher order corrections e.g., ¥{~ - D, i% - B}¢ .
We look at

MY — MES] = [MY — M}S]

and compare it with the FNAL action at fixed light quark mass.
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- ________________________
QQ system
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|

— aA[M,] =aA[M ]

0.080 OK-Action
} = FNAL

L 1
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B f 0.125
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x
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aM,(V)-M,(P3)]
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0.038 0040 _———

L —

|

P N I A I I P

Preliminary

O.‘O3 | 0.64 | 0.‘05 | 0.‘06 | O.‘O7 | O.‘OB | O.‘OQ | O‘.l | 0.‘11
a[M,(V)-M (P9)]
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Qq system
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Outlook

@ More statistics and data analysis (old data will be revisited).
@ Optimization of the code and c¢s operator.
@ Implementation in a higher precision study of heavy quark hadrons
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