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2+1 flavor DWF Ensembles

• DWF+I = DWF fermions with the Iwasaki gauge action  (Detailed results in talk by Chris Kelly)

• DWF+ID = DWF fermions and the Iwasaki/Dislocation Suppressing Determinant Ratio gauge action



DWF+I results - 2010
• NLO SU(2) ChPT fits, including O(a2) corrections to LO constants

• Fits reweight/interpolate in ms to achieve self-consistent value

• Use known mπ, mK and mΩ to set scale, mud and ms

• 2 lattice spacings, assume O(a2) scaling

* O(a2) corrections are percent level

• 5-8% ChPT errors expected from behavior of series for mπ ~ 300 MeV

* For fπ, where we have data, NLO corrections are 20-30% of LO

• Estimated ChPT errors consistent with disagreement with experiment

• Many observables measured:

* fπ, fK, BK, Kl3, nucleons, E&M splittings ...

* Larger volumes than the (2.75 fm)3 here are needed

• Chiral extrapolation is dominant error



DWF+I results (Lattice 2009) with NNLO

• Uncorrelated, least squares fit with no inputs besides lattice data and 
physical values for mπ, mK and mΩ



DWF+ID
• Working on coarser lattices allows small mπ and large volumes

• Direct calculation of K−>ππ weak matrix elements

• Nucleon observables

• Residual mass for DWF grows rapidly as β decreases

• Add a 2 flavor Wilson determinant to control mres

Controlling Domain Wall Fermion Chiral Symmetry Breaking Dwight Renfrew

(a) No Wilson fermions (b) Two Wilson fermions

Figure 1: Behavior of the 20 lowest eigenvalues of DW (−m0) versus m0 at a lattice spacing of a−1 ≈ 2.0Gev
for, (a), a pure Wilson gauge action, and, (b), a pure Wilson gauge action combined with two Wilson-Dirac
fermions.

2. The Auxiliary Determinant
Arguably the ideal weighting factor to suppress mres would be built from H4, which is compu-

tationally inaccessible. Thus, our and others’ weighting factors are built from the computationally-
inexpensive Hermitian Wilson-Dirac operator γ5DW (−M) M > 0. As the determinant of this
operator is near zero if one or more eigenmodes are near zero, including the squared determinant
as a multiplicative factor in the DWF path integral will under-weight corresponding regions of
gauge-field phase space during Monte Carlo sampling, or equivalently, generate a repulsive force
away from such regions during molecular dynamics (MD) evolutions.

We point out that this use of the Hermitian Wilson-Dirac operator relies on the assumption:
the eigenmodes operator γ5DW (−M) are ‘sufficiently similar’ to the those of the operator H4 so
that suppressing the near-zero eigenmodes of the former operator also suppresses the near-zero
eigenmodes of the latter operator. Similarity is to be expected, because, in the case of a continuous,
unbounded 5’th dimension, H4 become the Hermitian Wilson-Dirac operator, and, when this two
operator has a zero eigenmode, the Hermitian Wilson-Dirac operator does also. Vranas has pro-
vided a proof of principle that using a determinant of Wilson-Dirac fermions suppresses near-zero
eigenmodes [2]. Figure 1 from that paper demonstrates this suppression.

However, the Wilson fermion determinant is not an ideal weighting factor: it essentially pre-
vents topological tunneling since it is very close to zero in the presence of very-close-to-zero eigen-
modes; and it over-weights regions of gauge-field phase space where all eigenmodes are large since
it is large in such regions.

Our weighting factor avoids these problems by including a small imaginary addition to the
mass in the numerator (see refs. [6] and [2]) and the denominator, the latter proposed in ref. [3].

W (M,ε f ,εb) =
det[DW (−M + ıεbγ5)†DW (−M + ıεbγ5)]
det[DW (−M + ıε f γ5)†DW (−M + ıε f γ5)]

(2.1)
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Figure 2: Fi versus |λ | for ε f /εb of 0.001/0.10, 0.005/0.50, and 0.040/0.50. Exemplary val-
ues at |λi| of 0.001, 0.025, and 0.100 of Fi(0.01,0.10)/Fi(0.04,0.50) are: 16, 2.9 and 0.6; and of
Fi(0.005,0.50)/Fi(0.04,0.50) are 62, 3.4 and 1.2, respectively
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Where λi are the eigenvalues γ5DW . The effect of W can be more readily appreciated by con-
sidering the total force, F , and the force from a single eigenmode, Fi, generated during an MD
simulation. 1
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τ is the MD time; Wi = (λ 2
i + ε2

f )/(λ 2
i + ε2

b ); and usually 0 < ε2
f � ε2

b < 1.
We examine in detail the variation of Fi with |λi|, assuming that (∂λi/∂U) varies sufficiently

slowly with |λi|, for the three combinations of ε f /εb for which numerical results are presented
below: 0.001/0.10, 0.005/0.50, and 0.040/0.50. Figure 2 illustrates the variation of Fi with
|λi| and lists exemplary values of the ratios Fi(0.01,0.10)/Fi(0.04,0.50) and Fi(0.005,0.50)/
Fi(0.04,0.50) for |λi| of 0.001, 0.025, and 0.100. This figure makes apparent that the size and
position of the maximum of the force and the size and size and position of the tail of the force can
be significantly and independently controlled by the imaginary mass parameters ε f and εb. Table 1
summarizes the |λi|-dependence of relative forces and eigenmode suppression.

3. Numerical Studies
The numerical results reported here have had the goal of rapidly obtaining a qualitative under-

standing of the properties of our selected weighting factor, and therefore have been continued only
for sufficient trajectories, generally from 300 to 500 (MD timestep usually 0.2), to obtain, first, a
reasonably accurate values for mres, second, an estimate the QCD transition temperature, Tc (βc),

1This expression for F abstracts features useful for the subsequent discussion. A more correct derivation could
proceed according to an ansatz introduced in [7]: first differentiate the MD Hamiltonian with respect to MD time, and
then find the force as the traceless, anti-Hermitian (TA) part of the coefficient of the MD momentum. F is a formally
color-independent coefficient and factors out of the TA operation.
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• M = 1.8, far from Mc for Wilson fermions

• Implies λi small only for non-continuum configurations

• Example:  configuration where topology is changing



• Measuring 12 smallest eigenvalues of Dwil(m5) without DSDR (left) 
and with (right) shows change in ρ(0) (arXiv:0902.2587)

• β changed to keep lattice scale similar

• Tune εf and εb to make mres small and still allow topological tunneling

• For 1/a ~ 1.4 GeV, we use εf = 0.02 and εb = 0.5

DWF+ID
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Appendix
Subsequent to submitting this report to the Proceedings of Science, we determined the behavior
of several lowest Wilson-Dirac eigenvalues versus mass for sample configurations from the runs
reported in Table 2, and present in this Appendix results for thermalized sample configurations
from the three runs appearing above the double line in the left portion of Table 2.5. These three
runs are expected to be below, but near to, the QCD transition. When no weighting factor is used,
the transition has been independently determined to be at or near β = 2.031(5) 6.

These results are sufficient to qualitatively appreciate the effects of the weighting factor. How-
ever, the statistics are insufficient for quantitative analysis at this time. In all cases, the domain wall
fermion height was -1.8.

Figure 3: Without weighting factor: behavior of the 12 lowest eigenvalues of DW (m0) versus m0 at for a
thermalized 163 ×8×32 lattice at β = 1.950.

(a) β = 1.950 and ε f /εb = 0.01/0.10. (b) β = 1.750 and ε f /εb = 0.005/0.50.

Figure 4: With weighting factor: behavior of the 12 lowest eigenvalues of DW (m0) versus m0 at for a
thermalized 163 ×8×32 lattice at β = 1.950 and ε f /εb = 0.01/0.10 (left subfigure) and for β = 1.750 and
ε f /εb = 0.005/0.50 (right subfigure).

5Diagrams of this type are often presented −m0 ≥ 0 on the horizontal axis.
6Michael Cheng et al., The transition temperature using 2+1 flavors of domain wall fermions at Nt = 8, in prepara-

tion.
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DWF+ID Ensembles
• 323 × 64 × 32, β = 1.75, M5 = 1.8, εf = 0.02, εb = 0.5

• Multilevel RHMC with Hasenbusch preconditioning

• mres = 0.00187 −> 3 to 4 MeV, after renormalizing to MS-bar

• Two dynamical mass choices (ml,mh)

• (0.0001 + mres, 0.045 + mres) −> mπ ~ 180 MeV

• (0.001 + mres, 0.045 + mres) −> mπ ~ 250 MeV

• Valence mass give mπ ~ 150, 180, 250, 320 MeV

• ~50 measurements on 180 MeV ensemble (only 30 used here)

• ~150 measurements on 250 MeV ensemble (only 120 used here)
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Topology moving quite well, as expected at strong coupling



Fitting DWF+I and DWF+ID together
• With two lattice spacings for DWF+I, fit to NLO SU(2) ChPT

• Include different O(a2) corrections to LO LEC's for different actions

• Formula for fll is
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Of course, fits must be done at more than one value of a to determine the a2 dependence.

Our general approach is to fit quantities at both lattices spacings to the general form

X(a2,ml) = X(0,0)+a2
·

dX
da2

∣∣∣∣
a2=ml=0

+ml ·
dX
dml

∣∣∣∣
a2=ml=0

(7)

where ml is the light quark mass and a unitary observable has been used for simplicity. We want

to consider the O(a2) and ml corrections as small parameters. Of course, for quantities with chiral

logs, the expansion in ml (or mx for partially quenched results) will include chiral logarithms.

values.

1. SU(3)

Let’s look at m2
π in SU(3) ChPT as an example. The continuum formula is

m2
ll = χl ·

{

1 +
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f 2
0
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16
f 2
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0

[
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χ
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1
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Λ2
χ

]}

, (8)

where χl = 2B0ml .

To work at a nonzero value for a, keeping corrections of O(a2) and O(mf ), we would change this

to

m2
ll = χl

[
1+ cB0a

2] +χl ·

{
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f 2
0
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6 −L(3)
4 )χ̄ +
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f 2
0
(2L(3)
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+
1
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[
3
2
χl log
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χ
−
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χη log

χη
Λ2
χ

]}

, (9)

Think of this as an expansion for mll2/mf = 2B0 +O(a2)+O(mf )

For fll in SU(3) we have

fll = f0
[
1+ c f0a

2] + f0 ·

{
24
f 2
0
L(3)

4 χ̄ +
8
f 2
0
L(3)

5 χl

−

1
16π2 f 2

0

[
χl +χh

2
log

χl +χh
2Λ2

χ
+ 2χl log

χl
Λ2
χ

]}

, (10)

• To add in DWF+ID, just need a new O(a2) coefficient

• Chiral expansions for mπ
2 and fπ done in terms of chiral limit f0

• All expansions use lattice quark mass as expansion parameter

• Fits give relative normalization of quarks between ensembles

• All quark masses on plots are renormalized to MS-bar at 2 GeV

• Conversion to MS-bar done via NPR from one ensemble



Parameters in DWF+I and DWF+ID Global Fits
• Simultaneous fit to mπ

2, mK
2, fπ, fK, and mΩ 

• mπ, mK and mΩ chosen to be quantities without O(a2) corrections

• Parameters in SU(2) chiral expansion:

• mπ
2 and fπ:  8 parameters − 2 LO, 4 NLO, 2O(a2)

• mK
2 and fK:  6 parameters − 2 LO, 4 NLO, 2O(a2)

• mΩ:  1 LO, 1 NLO

• Total: 18 parameters

• Fits also determine 

• 3 lattice spacings

• 2 ratios of light quark mass renormalization factors

• 2 ratios of strange quark mass renormalization factors

• ms



Fitting DWF+I:  NLO SU(2) ChPT, w/o FV
Histogram of fit values minus data (in units of s.d.)

125 data points used
χ2 =  78.37
χ2 / d.o.f = 0.63

−4 −3 −2 −1 0 1 2 3 4
0

10

20

30

40

50

60

70
m

π
2  42 values

f
π
  42 values

fK
2   18 values

fK  18 values
m

Ω
  5 values

0.01 0.02 0.03 0.04 0.05
0.115

0.12

0.125

0.13

0.135

0.14

0.145

0.15

0.155

0.16

0.165
Unitary fπ versus ml (= mx = my)

ml = mx = my (GeV)

f π (G
eV

)

DWF+I 32 2.25
DWF+I 24 2.13
Continuum limit

0.01 0.02 0.03 0.04 0.05
1.62

1.64

1.66

1.68

1.7

1.72

1.74

1.76

1.78
mΩ versus ml

ml (GeV)

m
Ω

 (G
eV

)

DWF+I 32 2.25
DWF+I 24 2.13
Exp. value for calculated mud and ms

0.01 0.02 0.03 0.04 0.05
4.5

5

5.5

6

6.5

7
Degenerate mπ

2/mx versus mx (= my)

mx = my (GeV)

m
π2 /m

x (G
eV

)

DWF+I 32 2.25
DWF+I 24 2.13

fπ = 119.7 +/- 2.6 MeV



Fitting DWF+I and DWF+ID together:  legend

• DWF+I

• mπ < 420 MeV

• DWF+I and DWF+ID

• mπ < 420 MeV

• DWF+ID and DWF+ID

• Only use ensembles with 
mπ < 380 MeV
(ml < 30 MeV)

• valence mπ < 420 MeV

• DWF+ID and DWF+ID

• Only use ensembles with 
mπ < 380 MeV
(ml < 30 MeV)

• Valence mπ < 380 MeV



DWF+I and DWF+ID together:  χ2
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DWF+I and DWF+ID:  degenerate mπ
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DWF+I and DWF+ID together:  unitary mπ
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DWF+I and DWF+ID together:  unitary mK
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DWF+I and DWF+ID together:  mΩ
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DWF+I and DWF+ID together:  unitary fπ
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DWF+I and DWF+ID together:  unitary fK
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Preliminary results from DWF+I and DWF+ID
• With more and lighter quark masses, can remove heaviest ones from fits

• In preliminary fits: drop largest mπ from 420 MeV to 350 MeV

• Continuum fπ changes from 119.7 MeV to ~ 124 MeV

• Continuum fK increases slightly, ~ 1 MeV

• Consistent with the expected size of NLO fit systematics

• O(a2) coefficients for fπ (preliminary values)

• DWF+I:  cf = 0.027 GeV2  −>  ~0.5% scaling error at 1/a = 2.3 GeV

• DWF+ID:  cf = 0.083 GeV2  −>  ~4% scaling error at 1/a = 1.4 GeV

• These scalings agree with scaling at unphysical quark masses

• NLO ChPT finite volume effects to be included soon

• NNLO fits will be rerun - what will increased data do?



Thermodynamics with DWF+ID 
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• Columbia DWF+I thermo has led to HotQCD DWF+ID thermo

• Investigating Nt = 8 transition with mπ = 200 MeV

• Exciting opportunity to study thermo with full flavor symmetry, 
UA(1) symmetry only broken by QCD and ~5% scaling errors



Summary
• DWF+ID ensemble generation and basic measurements well underway

• Topological charge evolution for DWF+ID looks very encouraging, 
substantial motion of Qtop during evolution.

• Preliminary global fits to DWF+I and DWF+ID ensembles:

• allow lighter pions to be used in ChPT fits

• increase fπ in continuum limit by ~4 MeV

• Current 4-8% ChPT ext. errors on fπ, fK, BK ... may drop by ~2×

• Preliminary fits show ~5% scaling errors for fπ on DWF+ID ensemble 
with 1/a ~ 1.4 GeV

• Scaling at unphysical quark masses for DWF+ID ensembles will give 
additional check on O(a2) scaling

• DWF+ID also being used for 2+1 flavor thermo with mπ = 200 MeV

• These calculations have used the RBRC QCDOC, BNL NYBlue, 
LLNL and ANL computers with time provided by the RBRC, BNL, 
HotQCD and USQCD organizations.


