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Outline
★ Twisted mass lattice action recap

★ Ensemble overview

★ Status and strategy of tuning

★ NLO SU(2) pion χPT fits

★ Preliminary new lattice spacing
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Not in this talk
★ Baryon spectrum: Drach, P22 (Tuesday)

★ Nucleon matrix elements: Dinter, P2

★ Nf=4 setup for renormalization constants: 
Palao (an hour ago)

★ Pseudoscalar decay constants: Urbach, next

★ Extraction of mK and mD: Pallante, poster
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Action
★ 4 flavour twisted mass fermion action: mass 

degenerate light doublet, mass split heavy 
doublet: Nf=2+(1+1)

★ Iwasaki gauge action

★ PHMC algorithm

★ See also arXiv:1004.5248v1
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Light doublet
★ Nf=2+1+1 twisted mass Wilson fermions: 

arXiv:hep-lat/0606011v1 (Chiarappa et al.)

★  

★ Twisted basis:

★  

★
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2.1 Gauge action

The Iwasaki gauge action [42, 43] includes besides the plaquette term U1×1
x,µ,ν

also rectangular (1× 2) Wilson loops U1×2
x,µ,ν

Sg =
β

3

�

x



b0
4�

µ,ν=1
1≤µ<ν

{1− ReTr(U1×1
x,µ,ν)}+b1

4�

µ,ν=1
µ �=ν

{1− ReTr(U1×2
x,µ,ν)}



 , (2)

with β = 6/g20 the bare inverse coupling, b1 = −0.331 and the normalisation
condition b0 = 1− 8b1.

The choice of the gauge action is motivated by the non trivial phase struc-
ture of Wilson-type fermions at finite values of the lattice spacing. The phase
structure of the theory has been extensively studied analytically, by means
of chiral perturbation theory [44–50], and numerically [51–56]. These studies
provided evidence for a first order phase transition close to the chiral point for
coarse lattices. This implies that simulations at non-vanishing lattice spacing
cannot be performed with pseudoscalar masses below a minimal critical value.

The strength of the phase transition has been found [53, 56] to be highly
sensitive to the value of the parameter b1 in the gauge action in eq. (2).
Moreover, in [35] it was observed that its strength grows when increasing
the number of flavours in the sea from Nf = 2 to Nf = 2+ 1+ 1, at otherwise
fixed physical situation. Numerical studies with our Nf = 2+1+1 setup have
shown that the Iwasaki gauge action, with b1 = −0.331, provides a smoother
dependence of phase transition sensitive quantities on the bare quark mass
than the tree-level-improved Symanzik [57,58] gauge action, with b1 = −1/12,
chosen for our Nf = 2 simulations.

Another way to weaken the strength of the phase transition is to modify the
covariant derivative in the fermion action by smearing the gauge fields. While
the main results of this work do not use smearing of the gauge fields, we
report in section 3.7 on our experience when applying a stout smearing [59]
procedure, see also [60].

2.2 Action for the Light Doublet

The lattice action for the mass degenerate light doublet (u, d) in the so called
twisted basis reads [3, 4]

Sl = a4
�

x

{χ̄l(x) [D[U ] +m0,l + iµlγ5τ3]χl(x)} , (3)
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where the twisting angle ωh takes the value |ωh| → π
2 as |m0,h −mcrit| → 0.

2.4 O(a) improvement at maximal twist

One of the main advantages of Wilson twisted mass fermions is that by tuning

the untwisted bare quark mass to its critical value, automatic O(a) improve-

ment of physical observables can be achieved.

Tuning the complete Nf = 2+1+1 action to maximal twist can in principle be

performed by independently choosing the bare masses of the light and heavy

sectors am0,l and am0,h, resulting, however, in a quite demanding procedure.

On the other hand, properties of the Wilson twisted mass formulation allow

for a rather economical, while accurate alternative [4,34,35], where the choice

am0,l = am0,h ≡ 1/2κ − 4 is made, and the hopping parameter κ has been

introduced.

Tuning to maximal twist, i.e. κ = κcrit, is then achieved by choosing a parity

odd operator O and determine amcrit (equivalently κcrit) such that O has van-

ishing expectation value. One appropriate quantity is the PCAC light quark

mass [29, 52, 53]
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�
x
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�

2
�
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, a = 1, 2 , (8)
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µ,l(x) = χ̄l(x)γµγ5

τa
2
χl(x) , P

a
l (x) = χ̄l(x)γ5

τa
2
χl(x) , (9)

and we demand mPCAC = 0. For the quenched [25] and the Nf = 2 case [17],

this method has been found to be successful in providing the expected O(a)

improvement and effectively reducing residual O(a2) discretisation effects in

the region of small quark masses [29].

The numerical precision required for the tuning of mPCAC to zero has been

discussed in [8]. Contrary to the Nf = 2 case [5, 8], where this tuning was

performed once at the minimal value of the twisted light mass considered in

the simulations, we now perform the tuning at each value of the twisted light

quark mass µl and the heavy-doublet quark mass parameters µσ and µδ. This

obviously leaves more freedom in the choice of light quark masses for future

computations.

Although theoretical arguments tell us that O(a) improvement is at work in

our setup, a dedicated continuum scaling study is always required to accurately

quantify the actual magnitude of O(a2) effects. In section 3.4 we provide a first
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★ Mass-split heavy doublet, details:
arXiv:hep-lat/0311008v2 (Frezzotti, Rossi) 

★  

★ Twisted basis:

★  

★  
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where m0,l is the untwisted bare quark mass, µl is the bare twisted light quark
mass, τ3 is the third Pauli matrix acting in flavour space and

D[U ] =
1

2

�
γµ

�
∇µ +∇∗

µ

�
− a∇∗

µ∇µ

�

is the massless Wilson-Dirac operator. ∇µ and ∇∗
µ are the forward and back-

ward gauge covariant difference operators, respectively. Twisted mass light
fermions are said to be at maximal twist if the bare untwisted mass m0,l is
tuned to its critical value, mcrit, the situation we shall reproduce in our sim-
ulations. The quark doublet χl = (χu,χd) in the twisted basis is related by a
chiral rotation to the quark doublet in the physical basis

ψphys
l = e

i
2ωlγ5τ3χl, ψ̄phys

l = χ̄le
i
2ωlγ5τ3 , (4)

where the twisting angle ωl takes the value |ωl| → π
2 as |m0,l −mcrit| → 0. We

shall use the twisted basis throughout this paper.

2.3 Action for the Heavy Doublet

We introduce a dynamical strange quark by adding a twisted heavy mass-
split doublet χh = (χc,χs), thus also introducing a dynamical charm in our
framework. As shown in [34], a real quark determinant can in this case be
obtained if the mass splitting is taken to be orthogonal in isospin space to the
twist direction. We thus choose the construction [33,34]

Sh = a4
�

x

{χ̄h(x) [D[U ] +m0,h + iµσγ5τ1 + µδτ3]χh(x)} , (5)

where m0,h is the untwisted bare quark mass for the heavy doublet, µσ the
bare twisted mass – the twist is this time along the τ1 direction – and µδ the
mass splitting along the τ3 direction.

The bare mass parameters µσ and µδ of the non-degenerate heavy doublet are
related to the physical renormalised strange and charm quark masses via [33]

(ms)R = Z−1
P (µσ − ZP/ZS µδ) ,

(mc)R = Z−1
P (µσ + ZP/ZS µδ) ,

(6)

where ZP and ZS are the renormalisation constants of the pseudoscalar and
scalar quark densities, respectively, computed in the massless standard Wilson
theory.

A chiral rotation analogous to the one in the light sector transforms the heavy
quark doublet from the twisted to the physical basis

ψphys
h = e

i
2ωhγ5τ1χh, ψ̄phys

h = χ̄he
i
2ωhγ5τ1 , (7)
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and we demand mPCAC = 0. For the quenched [25] and the Nf = 2 case [17],

this method has been found to be successful in providing the expected O(a)

improvement and effectively reducing residual O(a2) discretisation effects in

the region of small quark masses [29].

The numerical precision required for the tuning of mPCAC to zero has been

discussed in [8]. Contrary to the Nf = 2 case [5, 8], where this tuning was

performed once at the minimal value of the twisted light mass considered in

the simulations, we now perform the tuning at each value of the twisted light

quark mass µl and the heavy-doublet quark mass parameters µσ and µδ. This

obviously leaves more freedom in the choice of light quark masses for future

computations.

Although theoretical arguments tell us that O(a) improvement is at work in

our setup, a dedicated continuum scaling study is always required to accurately

quantify the actual magnitude of O(a2) effects. In section 3.4 we provide a first
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Ensemble updates
★ New since last year:

★ Some runs have extended statistics

★ Runs to tune ms and mc

★ Finite size effects checks

★ New, smaller lattice spacing with lighter 
pion masses, currently down to 230 MeV 
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Ensembles at β=1.90

8

Label κ aµl aµσ aµδ L/a T/a mπL
A30.32 0.1632720 0.0030 0.150 0.190 32 64 4.0
A40.32 0.1632700 0.0040 0.150 0.190 32 64 4.5
A40.24 0.1632700 0.0040 0.150 0.190 24 48 3.5
A40.20 0.1632700 0.0040 0.150 0.190 20 48 3.0
A50.32 0.1632670 0.0050 0.150 0.190 32 64 5.1
A50.24 0.1632670 0.0050 0.150 0.190 24 48
A60.24 0.1632650 0.0060 0.150 0.190 24 48 4.2
A80.24 0.1632600 0.0080 0.150 0.190 24 48 4.8
A80.24s 0.1632040 0.0080 0.150 0.197 24 48 4.8
A100.24 0.1632550 0.0100 0.150 0.190 24 48 5.4
A100.24s 0.1631960 0.0100 0.150 0.197 24 48 5.3
A100.24s2 0.0100 0.13 0.17 24 48

/21

Running

Done
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β=1.95, β=2.10

9

Label β κ aµl aµσ aµδ L/a T/a mπL
B25.32 1.95 0.1612410 0.0025 0.135 0.170 32 64 3.4
B35.32 1.95 0.1612400 0.0035 0.135 0.170 32 64 4.0
B55.32 1.95 0.1612360 0.0055 0.135 0.170 32 64 5.0
B75.32 1.95 0.1612320 0.0075 0.135 0.170 32 64 5.8
B85.32 1.95 0.1612312 0.0085 0.135 0.170 24 48 4.7

D115.64 2.10 0.00115 0.120 0.1385 64 128
D15.48 2.10 0.1563610 0.0015 0.120 0.1385 48 96 3.4
D20.48 2.10 0.1563570 0.0020 0.120 0.1385 48 96 3.9
D30.48 2.10 0.1563550 0.0030 0.120 0.1385 48 96 4.7

/21

★ Not including Nf=4 runs 

Running

Done
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Tuning
★ Automatic O(a) improvement at (or near) 

maximal twist:

★ Tune independently to maximal twist at 
every µl,µσ,µδ combination

★ Follow criterium:

★ ZA ~ 0.75 (preliminary)

10

Status of ETMC simulations with Nf = 2+1+1 twisted mass fermions Siebren Reker

being used. For thin links a Polynomial Hybrid Monte Carlo (PHMC) updating algorithm [13, 14],
while for stout links the PHMC setup described in [15] is used.1 All ensembles described in this
paper correspond to lattices with spatial extension L/a = 24 and temporal extension T = 2L. Our
lightest twisted mass quark value (aµl = 0.004) corresponds to a pion mass of around 300 MeV
and a value of mπL around 3.5.

3. Tuning action parameters

3.1 Procedure

Tuning to maximal twist requires to set m0,l and m0,h equal to some proper estimate of the
critical mass mcrit = mcrit(β ) [9]. Here we set m0,l = m0,h ≡ 1/(2κ)− 4 and, at fixed µσ and µδ ,
for each value of µl , we tune κ so as to obtain amPCAC,l = 0 (see also eq. (3.1)). Note that the
untwisted PCAC mass arising from the heavy sector is O(a) and ωh is automatically very close
to π

2 [10]. Our way of implementing maximal twist can be viewed as the extension to the theory
with 2+1+1 dynamical quarks of the optimal critical mass method of Refs. [16]. In this way we
expect [17] the (absolute) magnitude of lattice artifacts to remain roughly constant as µl → 0. The
PCAC mass in the light sector is defined in the following way:

mPCAC,l =
∑x

�
∂0Aa

0,l(x, t)P
a
l (0)

�

2∑x
�
Pa

l (x, t)Pa
l (0)

� , (3.1)

where the axial and pseudoscalar bilinears Aµ,l and Pl are

Aa
µ,l ≡ χ̄lγµγ5

τa

2
χl and Pa

l = χ̄lγ5
τa

2
χl. (3.2)

The numerical precision at which the condition mPCAC,l = 0 is fulfilled in order to avoid residual
O(a2) effects when the pion mass is decreased is, for the present range of lattice spacings, |ε/µl| �
0.1, where ε is the small deviation of mPCAC,l from zero [4, 18]. Note that typically a good statistical
precision on the estimate of mPCAC,l is required to satisfy this condition. This computationally
disadvantageous situation can be remedied through the use of reweighting, as described in section
3.3.

The heavy doublet mass parameters µσ and µδ should be adjusted in order to reproduce the
phenomenological values of the renormalized s and c quark masses. The latter are related to µσ
and µδ via [9]:

(ms,c)R =
1

ZP
(µσ ∓

ZP

ZS
µδ ) (3.3)

where the − sign corresponds to the strange and the + sign to the charm. In practice we fix the
values µσ and µδ by requiring the kaon mass to take its physical value and (mc)R � 10(ms)R

(through an estimate of ZP/ZS).

1Note that in the Monte Carlo simulation we monitor that the minimal eigenvalue of the Dirac operator of the heavy
doublet always remains positive.
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Tuning status

11

Fig. 2. The ratiomPCAC/µl for the ensembles at β = 1.90 and 1.95 at the largest sim-
ulated volumes and as a function of 2B0µl. For both ensembles the ratio mPCAC/µl

satisfies the 10% level criterion, except for the lightest point at β = 1.90 and
β = 1.95 (open symbols), also affected by larger statistical errors. We assume
ZA = 1, while the actual value ZA � 1 can only improve all tuning conditions.

local (L), fuzzed (F) and Gaussian smeared (S) sources and sinks. The use of
smeared or fuzzed sources has stronger impact on the extraction of the kaon
and D meson masses; results for the latter are reported in section 3.3, while
a companion paper [66] discusses the adopted strategy for the less straight-
forward determination of these masses in the unitary Nf = 2 + 1 + 1 Wilson
twisted mass formalism.

3.2 Tuning to Maximal Twist

To guarantee O(a) improvement of all physical observables while also avoiding
residual O(a2) effects with decreasing pion mass, the numerical precision of
the tuning to maximal twist – quantified by the deviation from zero of mPCAC

– has to satisfy |ZAmPCAC/µl|µl, µσ , µδ
� aΛQCD [5, 8, 17]. The left-hand side

contains the renormalised ratio of the untwisted mass over the twisted light-
quark mass. A similar condition should be fulfilled by the error on this ratio.
For the current lattice spacings, aΛQCD ≈ 0.1, while the values of the axial
current renormalisation factor ZA have not yet been determined. Nevertheless,
since ZA enters as an O(1) multiplicative prefactor, and it is expected to be
ZA � 1 for our ensembles 2 , we adopt the conservative choice ZA = 1 in
verifying the tuning condition.

2 Preliminary determinations of ZA from ongoing dedicated runs with four degen-
erate light flavours, indicate that ZA ∼ 0.7 − 0.8 for the ensembles considered in
this work.
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Tuning status
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Heavy doublet tuning
★ Measure kaon mass and D-meson mass

★ We now have several reliable ways to 
extract the D-meson mass

★ Also measure e.g. mK*, mD*, fK, (decuplet)

★ Mixed action approach (Urbach, next talk)
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Kaon & D-meson mass
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Chiral fits
★ Pion NLO, some tests of NNLO, O(a2)

★ Other decay constants covered by Urbach 
(next), baryons covered by Drach (P22) 

★ Consistency checks: combine spacings, 
separate check of r0/a, estimate scaling

★ Preliminary renormalization factors 
available at β=1.95
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Chiral fits
★ Finite size effects using Colangelo, Dürr, 

Haefeli (CDH) resummed expression

★ Use only largest volumes at each mass

★ Do not use new strange/charm sets (yet)

★ Fit a ratio of ZP for other lattice spacings

★ Set lattice spacing by finding where fπ/mπ 
obtains its physical value
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Fits (check)

17

Set A A,D B B,D A,B A,B,D D
f0 121.0 121.0 121.1 121.2 121.0 121.0 121.7
l3 3.44 3.43 3.70 3.70 3.54 3.53 3.45
l4 4.77 4.76 4.67 4.66 4.74 4.73 4.43

fπ/f0 1.078 1.078 1.076 1.076 1.077 1.077 1.072
aA (fm) 0.086 0.086 0.086 0.086
aB (fm) 0.078 0.078 0.078 0.078
aD (fm) 0.061 0.061 0.061 0.062

★ A: β=1.90, B: β=1.95, D: β=2.10

★ β=2.10 data does not constrain combined fits yet
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Combined fit
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Combined fit
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r0/a & scaling

20

β

a (fm)

r0/a

r0 (fm)

1.90 1.95 2.10

0.0859(5) 0.0782(6) 0.061(1)

5.23(4) 5.71(4) 7.46(6)

0.449(4) 0.447(5) 0.45(1)

★ Separate fits

★ β=2.10 few points
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Conclusions
★ Substantial increase in number of ensembles 

(new lattice spacing, heavy sector, FSE)

★ Results in light sector so far appear 
consistent and indicate good scaling

★ Several interesting results and checks 
coming soon: e.g. lighter mass, Z’s at all β

★ Other observables: other talks
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Topological charge D20.48

22
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Finite size effects

23
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