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“Let the computer itself be built of 
quantum mechanical elements which obey 

quantum mechanical laws.”

RICHARD FEYNMAN (1982)
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close the variational trial states and energies are to the
exact values. To date, scalability and applicability of
VQS remain key challenges [25–29].

Here we demonstrate how, by using existing AQS se-
tups for VQS and focusing on lattice models, we can
scale VQS up to 20 qubits, the maximum available in our
setup. In addition, we show quantitative self-verification
of the acquired results by measuring algorithmic error
bars of the final energies, i.e. the uncertainty on the ap-
proximate ground state energy resulting from the vari-
ational ansatz state at finite circuit depth. Such algo-
rithmic error bars are evaluated on the quantum de-
vice, by directly measuring the variance of the target
Hamiltonian. The key elements behind this advance are:
(i) the use of a programmable analog quantum simu-
lator as a potentially scalable, although non-universal,
quantum hardware; (ii) our focus on quantum lattice
models of condensed matter and high-energy physics,
and incorporating intrinsic symmetries in trial states of
VQS, which allow us to reduce significantly the number
of variational parameters to be optimised; (iii) an ad-
vanced global optimisation algorithm specifically suited
for noisy, high-dimensional and gradient-free optimisa-
tion problems, and a reuse of measurement data to e�-
ciently find ground states of whole classes of Hamiltoni-
ans. Combining these elements, we demonstrate below
VQS of the lattice Schwinger model [30, 31] with up to
20 qubits on a programmable trapped-ion quantum sim-
ulator [32] that naturally implements a long-range trans-
verse XY spin model [33–35] and single site spin rota-
tions, as quantum resource.

I. VARIATIONAL QUANTUM SIMULATION
OF THE SCHWINGER MODEL WITH

TRAPPED-IONS

In VQS there exists a clear distinction between the tar-
get model Hamiltonian to be studied, and the resources
available in the laboratory that are used to produce trial
states | (✓)i. We now describe in turn the Schwinger
model as our target problem, and list available quantum
resources provided by the trapped-ion analog quantum
simulator.

Target – lattice Schwinger model: The Schwinger
model on a lattice is a paradigmatic formulation of 1D
quantum electrodynamics, and a prototype of an Abelian
lattice gauge theory [36]. It describes the interactions
between a scalar fermion field, representing both mat-
ter and antimatter with electric charges, and an Abelian
U(1) gauge field as a quantised electromagnetic field. We
use a Kogut-Susskind encoding to map fermionic configu-
rations to a spin-1/2 lattice, where a spin down (resp. up)
on an odd (even) lattice site indicates the presence of
a positron (electron) (see Appendix F for details). For
open boundary conditions, and with a Jordan-Wigner
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cost functions
<latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit><latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit><latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit><latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit>

Rn
1

<latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit><latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit><latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit><latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit>

Rn
2

<latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit><latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit><latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit><latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit>

Rn
N

<latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit><latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit><latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit><latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit>
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<latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit><latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit><latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit><latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit>

Analog Quantum Simulator
<latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit><latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit><latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit><latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit>

| 0i
<latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit><latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit><latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit><latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit>

|"i
<latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit><latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit><latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit><latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit>

|#i
<latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit>

|#i
<latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit>

U (N)
R

<latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit>

U (1)
R

<latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit>

U (2)
R

<latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit>

U (0)
R

<latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit>

U (0)
R

<latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit>

U (N)
R

<latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit>

U (1)
R

<latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit>

U (2)
R

<latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit>

U (N)
R

<latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit>

U (1)
R

<latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit>

U (2)
R
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hĤT i✓
<latexit sha1_base64="iosQPJb1o/QNpgyxEIUk/h3xJGQ=">AAACJ3icbVC7TsNAEDyHVwivACWNRQAhishOA2UkmpQgEUCKLWt92SSnnB+6WyNFlv+B3+AHaOEP6BCUNHwHl8QFr5FON5rZ1e5OmEqhyXHercrC4tLySnW1tra+sblV39651kmmOHZ5IhN1G4JGKWLskiCJt6lCiEKJN+H4fOrf3KHSIomvaJKiH8EwFgPBgYwU1E8OvFDBGCn3RkB5pwiuiiD3wkT29SQyX+7RCAmK4iCoN5ymM4P9l7glabASF0H90+snPIswJi5B657rpOTnoEhwiUXNyzSmwMcwxJ6hMUSo/Xx2U2EfGqVvDxJlXkz2TP3ekUOkpxuayghopH97U/E/r5fR4MzPRZxmhDGfDxpk0qbEngZk94VCTnJiCHAlzK42H4ECTibGH1PmwRU1E4z7O4a/5LrVdJ2me9lqtI/KiKpsj+2zY+ayU9ZmHXbBuoyze/bIntiz9WC9WK/W27y0YpU9u+wHrI8vAzynjg==</latexit><latexit sha1_base64="iosQPJb1o/QNpgyxEIUk/h3xJGQ=">AAACJ3icbVC7TsNAEDyHVwivACWNRQAhishOA2UkmpQgEUCKLWt92SSnnB+6WyNFlv+B3+AHaOEP6BCUNHwHl8QFr5FON5rZ1e5OmEqhyXHercrC4tLySnW1tra+sblV39651kmmOHZ5IhN1G4JGKWLskiCJt6lCiEKJN+H4fOrf3KHSIomvaJKiH8EwFgPBgYwU1E8OvFDBGCn3RkB5pwiuiiD3wkT29SQyX+7RCAmK4iCoN5ymM4P9l7glabASF0H90+snPIswJi5B657rpOTnoEhwiUXNyzSmwMcwxJ6hMUSo/Xx2U2EfGqVvDxJlXkz2TP3ekUOkpxuayghopH97U/E/r5fR4MzPRZxmhDGfDxpk0qbEngZk94VCTnJiCHAlzK42H4ECTibGH1PmwRU1E4z7O4a/5LrVdJ2me9lqtI/KiKpsj+2zY+ayU9ZmHXbBuoyze/bIntiz9WC9WK/W27y0YpU9u+wHrI8vAzynjg==</latexit><latexit sha1_base64="iosQPJb1o/QNpgyxEIUk/h3xJGQ=">AAACJ3icbVC7TsNAEDyHVwivACWNRQAhishOA2UkmpQgEUCKLWt92SSnnB+6WyNFlv+B3+AHaOEP6BCUNHwHl8QFr5FON5rZ1e5OmEqhyXHercrC4tLySnW1tra+sblV39651kmmOHZ5IhN1G4JGKWLskiCJt6lCiEKJN+H4fOrf3KHSIomvaJKiH8EwFgPBgYwU1E8OvFDBGCn3RkB5pwiuiiD3wkT29SQyX+7RCAmK4iCoN5ymM4P9l7glabASF0H90+snPIswJi5B657rpOTnoEhwiUXNyzSmwMcwxJ6hMUSo/Xx2U2EfGqVvDxJlXkz2TP3ekUOkpxuayghopH97U/E/r5fR4MzPRZxmhDGfDxpk0qbEngZk94VCTnJiCHAlzK42H4ECTibGH1PmwRU1E4z7O4a/5LrVdJ2me9lqtI/KiKpsj+2zY+ayU9ZmHXbBuoyze/bIntiz9WC9WK/W27y0YpU9u+wHrI8vAzynjg==</latexit><latexit sha1_base64="iosQPJb1o/QNpgyxEIUk/h3xJGQ=">AAACJ3icbVC7TsNAEDyHVwivACWNRQAhishOA2UkmpQgEUCKLWt92SSnnB+6WyNFlv+B3+AHaOEP6BCUNHwHl8QFr5FON5rZ1e5OmEqhyXHercrC4tLySnW1tra+sblV39651kmmOHZ5IhN1G4JGKWLskiCJt6lCiEKJN+H4fOrf3KHSIomvaJKiH8EwFgPBgYwU1E8OvFDBGCn3RkB5pwiuiiD3wkT29SQyX+7RCAmK4iCoN5ymM4P9l7glabASF0H90+snPIswJi5B657rpOTnoEhwiUXNyzSmwMcwxJ6hMUSo/Xx2U2EfGqVvDxJlXkz2TP3ekUOkpxuayghopH97U/E/r5fR4MzPRZxmhDGfDxpk0qbEngZk94VCTnJiCHAlzK42H4ECTibGH1PmwRU1E4z7O4a/5LrVdJ2me9lqtI/KiKpsj+2zY+ayU9ZmHXbBuoyze/bIntiz9WC9WK/W27y0YpU9u+wHrI8vAzynjg==</latexit>

h(E � ĤT )2i✓
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FIG. 1: Classical-Quantum Feedback-Loop of VQS: Op-
timisation of cost functions with function evaluations per-
formed on a programmable 20-qubit trapped-ion analog quan-
tum simulator. Variational control parameters are passed to
the analog quantum simulator, which generates trial states as
quench dynamics from a set of resource Hamiltonians with
symmetry-protecting quantum circuits, consisting of entan-
gling and single qubit operations, corresponding to quantum
resources. Measurement results for correlation functions are
obtained by rotating the qubits to the proper basis (green
boxes) followed by quantum projective measurements in the
standard basis. A central data repository (CDR) stores the
information on the obtained many-body correlation functions
and allows for data re-evaluation for di↵erent Hamiltonian
parameters (see Appendix D).

transformation [37], our target Hamiltonian reads

ĤT = w
N�1X
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⇥
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L̂2
j
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where j labels the lattice site, for a system of length N ,
and �̂a

j
are Pauli operators. Here the first term describes

the creation or annihilation of a particle-antiparticle pair,
mapped to a spin flip-flop term with coupling w. In the
following, we set w = 1 as the energy unit. The second
term is the matter mass term, with bare mass m. The
last term, with coupling ḡ, is the electric field energy.
The 1D character of our model allows the electric field
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Even more importantly, our simulations allow us to track
the entanglement evolution during string breaking: As we
show below, string breaking and the so-called Schwinger
mechanism are intimately connected to entanglement
propagation, which we address by evaluating the so-called
von Neumann entanglement entropy. Finally, we show
that TN methods can be used to study scattering processes
between bound states of LGTs: We develop a scheme to
engineer meson collisions [62], and we show how, very
surprisingly, the scattering not only reveals an enhanced
rate of particle-antiparticle creation, but it also drastically
affects the entanglement properties of the system, which
stay significantly correlated well beyond the scattering
time window.
The paper is structured as follows: In Sec. II, we

present the system Hamiltonian and recall the TN
algorithm we are using throughout this work. In Sec. III,
we present the results on string breaking and mass
production dynamics, including a discussion on how this
phenomenon can be observed using a quantum simulation
platform. In Sec. IV, we show how entanglement follows
the string-breaking dynamics, providing a quantitative
picture that underlines how entanglement entropies are
directly tied to string breaking. Finally, we present our
result on scattering in Sec. V and draw a summary of our
results in Sec. VI.

II. MODEL AND METHODS

A. Model Hamiltonian: QED in ð1þ 1Þd
QED in ð1þ 1Þd, also known as the Schwinger model

[59], represents an ideal testing ground for the benchmark-
ing and development of new computational methods.
Despite its relative simplicity, this model captures funda-
mental aspects of gauge theories such as, e.g., the presence
of a chiral symmetry undergoing spontaneous symmetry
breaking [59–61,63–70]. Even more importantly, this
theory, like QCD, displays confinement: Differently from
ð3þ 1Þd QED, in ð1þ 1Þd electrons and positrons are
confined and interact via a long-range potential that
increases linearly with distance. Because of the large
energy cost associated with the electric flux between
charges at large intercharge distances, the electric flux
string is unstable to particle-antiparticle creation, as in
QCD, and string breaking takes place [71]. While this
phenomenon, directly connected to the Schwinger
mechanism of mass production out of a vacuum, has long
been debated, and notable insights have been provided
using a variety of approximate methods, a full quantum-
mechanical understanding of the complex real-time dynam-
ics taking place during string breaking is lacking because of
the computationally complexity of the many-body problem
[71–74].
In the Hamiltonian formulation, its dynamics is defined

by the following form:

H ¼ −t
X

x

½ψ†
xU†

x;xþ1ψxþ1 þ ψ†
xþ1Ux;xþ1ψx&

þm
X

x

ð−1Þxψ†
xψx þ

g2

2

X

x

E2
x;xþ1; ð2Þ

where ψ†
x, ψx are fermionic creation or annihilation

operators describing Kogut-Susskind (staggered) fermions
(see Fig. 1), Ux;xþ1 are the gauge fields residing on the
ðx; xþ 1Þ link, and we denote the strength of fermion
hopping (the kinetic energy of electrons and positrons) with
t, the staggered mass of the fermions with m, and the
electric coupling strength with g, where Ex;xþ1 is the
electric-field operator. The gauge generator is given by

~Gx ¼ ψ†
xψx þ Ex;xþ1 − Ex−1;x þ

ð−1Þx − 1

2
; ð3Þ

so that ½H;Gx& ¼ 0 and all physical states jΨi satisfy the
Gauss law ~GxjΨi ¼ 0. While in the Wilson formulation
Ux;xþ1 are parallel transporters acting on an infinite-
dimensional Hilbert space, we focus here on a formulation
based on QLMs, where the gauge fields are represented by
spin-1 operators, Ux;xþ1 ¼ Sþx;xþ1, Ex;xþ1 ¼ Szx;xþ1 and, as
such, act on a finite-dimensional link Hilbert space [45]. In
particular, the electric-field operator allows three possible
states for the electric flux, constraining the physical states
per site as described in Fig. 1. A detailed discussion of the
quantum link formulation can be found in Refs. [38–40],
while in Ref. [31], it was shown how such quantum link
formulation reproduces the phase diagram and quantum
criticality of the continuum theory.

B. String breaking and classical cartoon states

String breaking is the process of cutting and shortening
the electric flux string that connects a particle-antiparticle
pair by creating a new charge-anticharge pair [45]. Within
our framework, a string consists of two charges creating
nonzero electric flux between them. The charges are
represented by appropriate boundary conditions (static
charges) or by excitations of the mass field at the site of
the fermion (dynamical charges). This is realized by an
effective jump of a fermion from the site of one charge to
the site of the second charge satisfying the Gauss law. The
string of electric flux then follows from Gauss’s law. The
charges force the links into a nonzero flux state, according
to the configuration of the charges in either one direction or
the other. Before embarking on a full quantum-mechanical
investigation of string breaking, we now discuss the
classical (t ¼ 0) static picture, which provides a simple
yet informative illustration of the different stages of the
string-breaking mechanism. A set of cartoons of the
classical states is provided in Fig. 1.
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Hamiltonian and model space.—Pionless EFT provides
a systematically improvable and model-independent ap-
proach to nuclear interactions in a regime where the mo-
mentum scale Q of the interesting physics is much smaller
than a high-momentum cuto↵ ⇤ [22, 23]. At leading or-
der, this EFT describes the deuteron via a short-ranged
contact interaction in the 3S1 partial wave. We follow
Refs. [24, 25] and use a discrete variable representation
in the harmonic oscillator basis for the Hamiltonian. The
deuteron Hamiltonian is

HN =
N�1X

n,n0=0

hn0
|(T + V )|nia†

n0an. (1)

Here, the operators a†
n and an create and annihilate a

deuteron in the harmonic-oscillator s-wave state |ni. The
matrix elements of the kinetic and potential energy are

hn0
|T |ni =

~!
2


(2n + 3/2)�n

0

n �

p
n(n + 1/2)�n

0+1
n

�

p
(n + 1)(n + 3/2)�n

0�1
n

�
,

hn0
|V |ni = V0�

0
n�n

0

n . (2)

Here, V0 = �5.68658111 MeV, and n, n0 = 0, 1, . . . N �1,
for a basis of dimension N . We set ~! = 7 MeV, and
the potential has an ultraviolet cuto↵ ⇤ ⇡ 152 MeV [26],
which is still well separated from the bound-state mo-
mentum of about Q ⇡ 46 MeV.

Mapping the deuteron onto qubits.—Quantum com-
puters manipulate qubits by operations based on Pauli
matrices (denoted as Xq, Yq, and Zq on qubit q).
The deuteron creation and annihilation operators can
be mapped onto Pauli matrices via the Jordan-Wigner
transformation

a†
n !

1

2

2

4
n�1Y

j=0

�Zj

3

5 (Xn � iYn),

an !
1

2

2

4
n�1Y

j=0

�Zj

3

5 (Xn + iYn). (3)

A spin up |"i (down |#i) on qubit n corresponds to
zero (one) deuteron in the state |ni. As we deal with
single-particle states, the symmetry under permutations
plays no role here. To compute the ground-state en-
ergy of the deuteron we employ the following strategy.
We determine the ground-state energies of the Hamilto-
nian (1) for N = 1, 2, 3 and use those values to extrap-
olate the energy to the infinite-dimensional space. We
have H1 = 0.218291(Z0 � I) MeV, and its ground-state
energy E1 = h#| H1 |#i ⇡ �0.436 MeV requires no com-
putation. Here, I denotes the identity operation. For

E from exact diagonalization
N EN O(e�2kL) O(kLe�4kL) O(e�4kL)
2 �1.749 �2.39 �2.19
3 �2.046 �2.33 �2.20 �2.21

E from quantum computing
N EN O(e�2kL) O(kLe�4kL) O(e�4kL)
2 �1.74(3) �2.38(4) �2.18(3)
3 �2.08(3) �2.35(2) �2.21(3) �2.28(3)

TABLE I. Ground-state energies of the deuteron (in MeV)
from finite-basis calculations (EN ) and extrapolations to in-
finite basis size at a given order of the extrapolation for-
mula (6). The upper part shows results from exact diag-
onalizations in Hilbert spaces with N single-particle states,
and the lower part the results from quantum computing on
N qubits. We have E1 = �0.436 MeV. The fit at O(e�4kL)
requires three parameters and is only possible for N = 3. The
deuteron ground-state energy is �2.22 MeV.

N = 2, 3 we have (all numbers are in units of MeV)

H2 = 5.906709I + 0.218291Z0 � 6.125Z1

� 2.143304 (X0X1 + Y0Y1) , (4)

H3 = H2 + 9.625(I � Z2)

� 3.913119 (X1X2 + Y1Y2) . (5)

For the extrapolation to the infinite space we employ
the harmonic-oscillator variant of Lüscher’s formula [27]
for finite-size corrections to the ground-state energy [28]

EN = �
~2k2

2m
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✓
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�
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4k2
+ 2w2k�4

◆
e�4kL. (6)

Here, the finite-basis result EN equals the infinite-basis
energy E1 = �~2k2/(2m) plus exponentially small cor-
rections. In Eq. (6), L = L(N) is the e↵ective hard-
wall radius for the finite basis of dimension N , k is
the bound-state momentum, � the asymptotic normal-
ization coe�cient, and w2 an e↵ective range parame-
ter. For N = 1, 2 and 3 we have L(N) = 9.14, 11.45,
and 13.38 fm as the e↵ective hard-wall radius in the
oscillator basis with ~! = 7 MeV, respectively, and
L(N) ⇡

p
(4N + 7)~/(m!) for N � 1 [29]. Using the

ground-state energies EN for N = 1, 2 allows one to fit
the leading O(e�2kL) and subleading O(kLe�4kL) cor-
rections by adjusting k and �. Inclusion of the N = 3
ground-state energy also allows one to fit the smaller
O(e�4kL) correction by adjusting w2. The results of this
extrapolation are presented in the upper part of Table I,
together with the energies EN from matrix diagonaliza-
tion. We note that the most precise N = 2 (N = 3)
extrapolated result is about 2% (0.5%) away from the
deuteron’s ground-state energy of �2.22 MeV.
Variational wavefunction.—In quantum computing, a

popular approach to determine the ground-state energy
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FIG. 1. Low-depth circuits that generate unitary rotations in
Eq. (7) (panel a) and Eq. (8) (panel b). Also shown are the
single-qubit gates of the Pauli X matrix, the rotation Y (✓)
with angle ✓ around the Y axis, and the two-qubit cnot gates.

of a Hamiltonian is to use UCC ansatz in tandem with
the VQE algorithm [12, 15, 21]. We adopt this strat-
egy for the Hamiltonians described by Eqs. (4) and (5).
We define unitary operators entangling two and three or-
bitals,

U(✓) ⌘ e✓(a
†
0a1�a†

1a0) = ei
✓
2 (X0Y1�X1Y0), (7)

U(⌘, ✓) ⌘ e⌘(a
†
0a1�a†

1a0)+✓(a†
0a2�a†

2a0) (8)

⇡ ei
⌘
2 (X0Y1�X1Y0)ei

✓
2 (X0Z1Y2�X2Z1Y0).

In the second line of Eq. (8) we expressed the exponential
of the sum as the product of exponentials and note that
the discarded higher order commutators act trivially on
the initial product state |#""i. We seek an implementa-
tion of these unitary operations in a low-depth quantum
circuit. We note that U(⌘) and U(⌘, ✓) can be simplified
further because a single-qubit rotation about the Y axis
implements the same rotation as Eq. (7) within the two-
dimensional subspace {|#"i , |"#i}. Likewise Eq. (8) can
be simplified by the above argument except the first rota-
tion now lies within the {|#""i , |"#"i} subspace. The sec-
ond rotation, acting within the {|#""i , |""#i} subspace,
must be implemented as a Y -rotation controlled by the
state of qubit 0 in order to leave the |"#"i component un-
modified. The resulting gate decomposition for the UCC
operations are illustrated in Fig. 1.

Quantum computation.—We use the VQE [11]
quantum-classical hybrid algorithm to minimize the
Hamiltonian expectation value for our wavefunction
ansatz. In this approach, the Hamiltonian expectation
value is directly evaluated on a quantum processor with
respect to a variational wavefunction, i.e. the expectation
value of each Pauli term appearing in the Hamiltonian is
measured on the quantum chip. We recall that quantum-
mechanical measurements are stochastic even for an iso-
lated system, and that noise enters through undesired
couplings with the environment. To manage noise, we
took the maximum of 8,192 (10,000) measurements that
were allowed in cloud access for each expectation value on
the QX5 (19Q) quantum device. In contrast, the recent
experiment [13] by the IBM group employed up to 105

measurements and estimated that 106 would be neces-
sary to reach chemical accuracy on the six-qubit realiza-
tion of the BeH2 molecule involving more than a hundred
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FIG. 2. (Color online) Experimentally determined energies
for H2 (top) and expectation values of the Pauli terms that
enter the two-qubit Hamiltonian H2 as determined on the
QX5 (center) and 19Q (bottom) chips. Experimental (theo-
retical) results are denoted by symbols (lines).

Pauli terms. In addition to statistical errors, we address
systematic measurement errors by shifting and re-scaling
experimental expectation values as outlined in the sup-
plemental material of Ref. [13]. The expectation values
returned from the quantum device are then used on a
classical computer to find the optimal rotation angle(s)
that minimize the energy, or the parametric dependence
of the energy on the variational parameters is mapped
for the determination of the minimum [12].

Our results are based on cloud access to the QX5 and
the 19Q chips, which consist of 16 and 19 superconduct-
ing qubits, respectively, with a single qubit connected to
up to three neighbors. This layout is well suited for our
task, because the Hamiltonian (5) only requires up to
two connections for each qubit. We collected extensively
more data on the QX5 device than on the 19Q and only
ran the N = 2 problem on the latter.

Results.—Figure 2 shows hH2i (top panel) and the ex-
pectation values of the four Pauli terms that enter the
Hamiltonian H2 as a function of the variational param-
eter ✓ for the QX5 (center panel) and the 19Q (bot-
tom panel). We see that the measurements are close
to the exact results, particularly in the vicinity of the
variational minimum of the energy. Cloud access, and
its occasional network interruptions, made the direct
minimization of the energy surface via VQE very chal-
lenging. Instead, we determined the minimum energies
EQX5

2 ⇡ �1.80±0.05 MeV and E19Q
2 ⇡ �1.72±0.03 MeV

from fitting a cubic spline close to the respective mini-
mum.
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FIG. 1. Low-depth circuits that generate unitary rotations in
Eq. (7) (panel a) and Eq. (8) (panel b). Also shown are the
single-qubit gates of the Pauli X matrix, the rotation Y (✓)
with angle ✓ around the Y axis, and the two-qubit cnot gates.

of a Hamiltonian is to use UCC ansatz in tandem with
the VQE algorithm [12, 15, 21]. We adopt this strat-
egy for the Hamiltonians described by Eqs. (4) and (5).
We define unitary operators entangling two and three or-
bitals,

U(✓) ⌘ e✓(a
†
0a1�a†

1a0) = ei
✓
2 (X0Y1�X1Y0), (7)

U(⌘, ✓) ⌘ e⌘(a
†
0a1�a†

1a0)+✓(a†
0a2�a†

2a0) (8)

⇡ ei
⌘
2 (X0Y1�X1Y0)ei

✓
2 (X0Z1Y2�X2Z1Y0).

In the second line of Eq. (8) we expressed the exponential
of the sum as the product of exponentials and note that
the discarded higher order commutators act trivially on
the initial product state |#""i. We seek an implementa-
tion of these unitary operations in a low-depth quantum
circuit. We note that U(⌘) and U(⌘, ✓) can be simplified
further because a single-qubit rotation about the Y axis
implements the same rotation as Eq. (7) within the two-
dimensional subspace {|#"i , |"#i}. Likewise Eq. (8) can
be simplified by the above argument except the first rota-
tion now lies within the {|#""i , |"#"i} subspace. The sec-
ond rotation, acting within the {|#""i , |""#i} subspace,
must be implemented as a Y -rotation controlled by the
state of qubit 0 in order to leave the |"#"i component un-
modified. The resulting gate decomposition for the UCC
operations are illustrated in Fig. 1.

Quantum computation.—We use the VQE [11]
quantum-classical hybrid algorithm to minimize the
Hamiltonian expectation value for our wavefunction
ansatz. In this approach, the Hamiltonian expectation
value is directly evaluated on a quantum processor with
respect to a variational wavefunction, i.e. the expectation
value of each Pauli term appearing in the Hamiltonian is
measured on the quantum chip. We recall that quantum-
mechanical measurements are stochastic even for an iso-
lated system, and that noise enters through undesired
couplings with the environment. To manage noise, we
took the maximum of 8,192 (10,000) measurements that
were allowed in cloud access for each expectation value on
the QX5 (19Q) quantum device. In contrast, the recent
experiment [13] by the IBM group employed up to 105

measurements and estimated that 106 would be neces-
sary to reach chemical accuracy on the six-qubit realiza-
tion of the BeH2 molecule involving more than a hundred
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�Ĥ
2
�

(M
eV

)

Theory

IBM

Rigetti

�� ��/2 0 �/2 �
�

�1

0

1

�Ô
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FIG. 2. (Color online) Experimentally determined energies
for H2 (top) and expectation values of the Pauli terms that
enter the two-qubit Hamiltonian H2 as determined on the
QX5 (center) and 19Q (bottom) chips. Experimental (theo-
retical) results are denoted by symbols (lines).

Pauli terms. In addition to statistical errors, we address
systematic measurement errors by shifting and re-scaling
experimental expectation values as outlined in the sup-
plemental material of Ref. [13]. The expectation values
returned from the quantum device are then used on a
classical computer to find the optimal rotation angle(s)
that minimize the energy, or the parametric dependence
of the energy on the variational parameters is mapped
for the determination of the minimum [12].

Our results are based on cloud access to the QX5 and
the 19Q chips, which consist of 16 and 19 superconduct-
ing qubits, respectively, with a single qubit connected to
up to three neighbors. This layout is well suited for our
task, because the Hamiltonian (5) only requires up to
two connections for each qubit. We collected extensively
more data on the QX5 device than on the 19Q and only
ran the N = 2 problem on the latter.

Results.—Figure 2 shows hH2i (top panel) and the ex-
pectation values of the four Pauli terms that enter the
Hamiltonian H2 as a function of the variational param-
eter ✓ for the QX5 (center panel) and the 19Q (bot-
tom panel). We see that the measurements are close
to the exact results, particularly in the vicinity of the
variational minimum of the energy. Cloud access, and
its occasional network interruptions, made the direct
minimization of the energy surface via VQE very chal-
lenging. Instead, we determined the minimum energies
EQX5

2 ⇡ �1.80±0.05 MeV and E19Q
2 ⇡ �1.72±0.03 MeV

from fitting a cubic spline close to the respective mini-
mum.

2

Hamiltonian and model space.—Pionless EFT provides
a systematically improvable and model-independent ap-
proach to nuclear interactions in a regime where the mo-
mentum scale Q of the interesting physics is much smaller
than a high-momentum cuto↵ ⇤ [22, 23]. At leading or-
der, this EFT describes the deuteron via a short-ranged
contact interaction in the 3S1 partial wave. We follow
Refs. [24, 25] and use a discrete variable representation
in the harmonic oscillator basis for the Hamiltonian. The
deuteron Hamiltonian is

HN =
N�1X

n,n0=0

hn0
|(T + V )|nia†

n0an. (1)

Here, the operators a†
n and an create and annihilate a

deuteron in the harmonic-oscillator s-wave state |ni. The
matrix elements of the kinetic and potential energy are

hn0
|T |ni =

~!
2


(2n + 3/2)�n

0

n �

p
n(n + 1/2)�n

0+1
n

�

p
(n + 1)(n + 3/2)�n

0�1
n

�
,

hn0
|V |ni = V0�

0
n�n

0

n . (2)

Here, V0 = �5.68658111 MeV, and n, n0 = 0, 1, . . . N �1,
for a basis of dimension N . We set ~! = 7 MeV, and
the potential has an ultraviolet cuto↵ ⇤ ⇡ 152 MeV [26],
which is still well separated from the bound-state mo-
mentum of about Q ⇡ 46 MeV.

Mapping the deuteron onto qubits.—Quantum com-
puters manipulate qubits by operations based on Pauli
matrices (denoted as Xq, Yq, and Zq on qubit q).
The deuteron creation and annihilation operators can
be mapped onto Pauli matrices via the Jordan-Wigner
transformation

a†
n !

1

2

2

4
n�1Y

j=0

�Zj

3

5 (Xn � iYn),

an !
1

2

2

4
n�1Y

j=0

�Zj

3

5 (Xn + iYn). (3)

A spin up |"i (down |#i) on qubit n corresponds to
zero (one) deuteron in the state |ni. As we deal with
single-particle states, the symmetry under permutations
plays no role here. To compute the ground-state en-
ergy of the deuteron we employ the following strategy.
We determine the ground-state energies of the Hamilto-
nian (1) for N = 1, 2, 3 and use those values to extrap-
olate the energy to the infinite-dimensional space. We
have H1 = 0.218291(Z0 � I) MeV, and its ground-state
energy E1 = h#| H1 |#i ⇡ �0.436 MeV requires no com-
putation. Here, I denotes the identity operation. For

E from exact diagonalization
N EN O(e�2kL) O(kLe�4kL) O(e�4kL)
2 �1.749 �2.39 �2.19
3 �2.046 �2.33 �2.20 �2.21

E from quantum computing
N EN O(e�2kL) O(kLe�4kL) O(e�4kL)
2 �1.74(3) �2.38(4) �2.18(3)
3 �2.08(3) �2.35(2) �2.21(3) �2.28(3)

TABLE I. Ground-state energies of the deuteron (in MeV)
from finite-basis calculations (EN ) and extrapolations to in-
finite basis size at a given order of the extrapolation for-
mula (6). The upper part shows results from exact diag-
onalizations in Hilbert spaces with N single-particle states,
and the lower part the results from quantum computing on
N qubits. We have E1 = �0.436 MeV. The fit at O(e�4kL)
requires three parameters and is only possible for N = 3. The
deuteron ground-state energy is �2.22 MeV.

N = 2, 3 we have (all numbers are in units of MeV)

H2 = 5.906709I + 0.218291Z0 � 6.125Z1

� 2.143304 (X0X1 + Y0Y1) , (4)

H3 = H2 + 9.625(I � Z2)

� 3.913119 (X1X2 + Y1Y2) . (5)

For the extrapolation to the infinite space we employ
the harmonic-oscillator variant of Lüscher’s formula [27]
for finite-size corrections to the ground-state energy [28]
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~2k2
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k
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m

✓
1 �

�2

k
�

�4

4k2
+ 2w2k�4

◆
e�4kL. (6)

Here, the finite-basis result EN equals the infinite-basis
energy E1 = �~2k2/(2m) plus exponentially small cor-
rections. In Eq. (6), L = L(N) is the e↵ective hard-
wall radius for the finite basis of dimension N , k is
the bound-state momentum, � the asymptotic normal-
ization coe�cient, and w2 an e↵ective range parame-
ter. For N = 1, 2 and 3 we have L(N) = 9.14, 11.45,
and 13.38 fm as the e↵ective hard-wall radius in the
oscillator basis with ~! = 7 MeV, respectively, and
L(N) ⇡

p
(4N + 7)~/(m!) for N � 1 [29]. Using the

ground-state energies EN for N = 1, 2 allows one to fit
the leading O(e�2kL) and subleading O(kLe�4kL) cor-
rections by adjusting k and �. Inclusion of the N = 3
ground-state energy also allows one to fit the smaller
O(e�4kL) correction by adjusting w2. The results of this
extrapolation are presented in the upper part of Table I,
together with the energies EN from matrix diagonaliza-
tion. We note that the most precise N = 2 (N = 3)
extrapolated result is about 2% (0.5%) away from the
deuteron’s ground-state energy of �2.22 MeV.
Variational wavefunction.—In quantum computing, a

popular approach to determine the ground-state energy
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close the variational trial states and energies are to the
exact values. To date, scalability and applicability of
VQS remain key challenges [25–29].

Here we demonstrate how, by using existing AQS se-
tups for VQS and focusing on lattice models, we can
scale VQS up to 20 qubits, the maximum available in our
setup. In addition, we show quantitative self-verification
of the acquired results by measuring algorithmic error
bars of the final energies, i.e. the uncertainty on the ap-
proximate ground state energy resulting from the vari-
ational ansatz state at finite circuit depth. Such algo-
rithmic error bars are evaluated on the quantum de-
vice, by directly measuring the variance of the target
Hamiltonian. The key elements behind this advance are:
(i) the use of a programmable analog quantum simu-
lator as a potentially scalable, although non-universal,
quantum hardware; (ii) our focus on quantum lattice
models of condensed matter and high-energy physics,
and incorporating intrinsic symmetries in trial states of
VQS, which allow us to reduce significantly the number
of variational parameters to be optimised; (iii) an ad-
vanced global optimisation algorithm specifically suited
for noisy, high-dimensional and gradient-free optimisa-
tion problems, and a reuse of measurement data to e�-
ciently find ground states of whole classes of Hamiltoni-
ans. Combining these elements, we demonstrate below
VQS of the lattice Schwinger model [30, 31] with up to
20 qubits on a programmable trapped-ion quantum sim-
ulator [32] that naturally implements a long-range trans-
verse XY spin model [33–35] and single site spin rota-
tions, as quantum resource.

I. VARIATIONAL QUANTUM SIMULATION
OF THE SCHWINGER MODEL WITH

TRAPPED-IONS

In VQS there exists a clear distinction between the tar-
get model Hamiltonian to be studied, and the resources
available in the laboratory that are used to produce trial
states | (✓)i. We now describe in turn the Schwinger
model as our target problem, and list available quantum
resources provided by the trapped-ion analog quantum
simulator.

Target – lattice Schwinger model: The Schwinger
model on a lattice is a paradigmatic formulation of 1D
quantum electrodynamics, and a prototype of an Abelian
lattice gauge theory [36]. It describes the interactions
between a scalar fermion field, representing both mat-
ter and antimatter with electric charges, and an Abelian
U(1) gauge field as a quantised electromagnetic field. We
use a Kogut-Susskind encoding to map fermionic configu-
rations to a spin-1/2 lattice, where a spin down (resp. up)
on an odd (even) lattice site indicates the presence of
a positron (electron) (see Appendix F for details). For
open boundary conditions, and with a Jordan-Wigner

classical CPU
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<latexit sha1_base64="5JWLKmUpLt8n0WGJ/ot813qjD2E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRQViqpIuMFZiYSwSfUhNVTnOTWrVcSLbQYqiDiz8CgsDCLHyEWz8DW6bAVqOZOnonHttn+OnnCntON9WZWNza3unulvb2z84PLKPT3oqySSFLk14Igc+UcCZgK5mmsMglUBin0Pfn97M/f4DSMUSca/zFEYxiQQLGSXaSGO77lEQGiQTEfZUGJKY8RyDABnlY7vhNJ0F8DpxS9JAJTpj+8sLEprF5kbKiVJD10n1qCBSM8phVvMyBSmhUxLB0FBBYlCjYhFihs+NEuAwkeYIjRfq742CxErlsW8mY6InatWbi/95w0yH16OCiTTTIOjyoTDjWCd43ggOmASqTeqAESqZ+SumEyIJNbWominBXY28Tnqtpus03btWo31R1lFFdXSGLpGLrlAb3aIO6iKKHtEzekVv1pP1Yr1bH8vRilXunKI/sD5/AAETmDc=</latexit><latexit sha1_base64="5JWLKmUpLt8n0WGJ/ot813qjD2E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRQViqpIuMFZiYSwSfUhNVTnOTWrVcSLbQYqiDiz8CgsDCLHyEWz8DW6bAVqOZOnonHttn+OnnCntON9WZWNza3unulvb2z84PLKPT3oqySSFLk14Igc+UcCZgK5mmsMglUBin0Pfn97M/f4DSMUSca/zFEYxiQQLGSXaSGO77lEQGiQTEfZUGJKY8RyDABnlY7vhNJ0F8DpxS9JAJTpj+8sLEprF5kbKiVJD10n1qCBSM8phVvMyBSmhUxLB0FBBYlCjYhFihs+NEuAwkeYIjRfq742CxErlsW8mY6InatWbi/95w0yH16OCiTTTIOjyoTDjWCd43ggOmASqTeqAESqZ+SumEyIJNbWominBXY28Tnqtpus03btWo31R1lFFdXSGLpGLrlAb3aIO6iKKHtEzekVv1pP1Yr1bH8vRilXunKI/sD5/AAETmDc=</latexit><latexit sha1_base64="5JWLKmUpLt8n0WGJ/ot813qjD2E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRQViqpIuMFZiYSwSfUhNVTnOTWrVcSLbQYqiDiz8CgsDCLHyEWz8DW6bAVqOZOnonHttn+OnnCntON9WZWNza3unulvb2z84PLKPT3oqySSFLk14Igc+UcCZgK5mmsMglUBin0Pfn97M/f4DSMUSca/zFEYxiQQLGSXaSGO77lEQGiQTEfZUGJKY8RyDABnlY7vhNJ0F8DpxS9JAJTpj+8sLEprF5kbKiVJD10n1qCBSM8phVvMyBSmhUxLB0FBBYlCjYhFihs+NEuAwkeYIjRfq742CxErlsW8mY6InatWbi/95w0yH16OCiTTTIOjyoTDjWCd43ggOmASqTeqAESqZ+SumEyIJNbWominBXY28Tnqtpus03btWo31R1lFFdXSGLpGLrlAb3aIO6iKKHtEzekVv1pP1Yr1bH8vRilXunKI/sD5/AAETmDc=</latexit><latexit sha1_base64="5JWLKmUpLt8n0WGJ/ot813qjD2E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRQViqpIuMFZiYSwSfUhNVTnOTWrVcSLbQYqiDiz8CgsDCLHyEWz8DW6bAVqOZOnonHttn+OnnCntON9WZWNza3unulvb2z84PLKPT3oqySSFLk14Igc+UcCZgK5mmsMglUBin0Pfn97M/f4DSMUSca/zFEYxiQQLGSXaSGO77lEQGiQTEfZUGJKY8RyDABnlY7vhNJ0F8DpxS9JAJTpj+8sLEprF5kbKiVJD10n1qCBSM8phVvMyBSmhUxLB0FBBYlCjYhFihs+NEuAwkeYIjRfq742CxErlsW8mY6InatWbi/95w0yH16OCiTTTIOjyoTDjWCd43ggOmASqTeqAESqZ+SumEyIJNbWominBXY28Tnqtpus03btWo31R1lFFdXSGLpGLrlAb3aIO6iKKHtEzekVv1pP1Yr1bH8vRilXunKI/sD5/AAETmDc=</latexit>

variance
<latexit sha1_base64="cSM/yao7Je+AD2IjEWBeH9JaExw=">AAACBnicbVBNSwMxFMzWr1q/Vj2KECyKp7Lbix4LXjxWsK3QlvI2fduGZrNLki2UpScv/hUvHhTx6m/w5r8xbfegrQOBYea9JDNBIrg2nvftFNbWNza3itulnd29/QP38Kip41QxbLBYxOohAI2CS2wYbgQ+JAohCgS2gtHNzG+NUWkey3szSbAbwUDykDMwVuq5px2G0qDickA7Ogwh4mJCx6A4SIY9t+xVvDnoKvFzUiY56j33q9OPWRrZO5kArdu+l5huBspwJnBa6qQaE2AjGGDbUgkR6m42jzGl51bp0zBW9khD5+rvjQwirSdRYCcjMEO97M3E/7x2asLrbsZlkhqUbPFQmApqYjrrhPa5QmZs7j4Hprj9K2VDUMBsMbpkS/CXI6+SZrXiexX/rlquXeR1FMkJOSOXxCdXpEZuSZ00CCOP5Jm8kjfnyXlx3p2PxWjByXeOyR84nz+Cx5kK</latexit><latexit sha1_base64="cSM/yao7Je+AD2IjEWBeH9JaExw=">AAACBnicbVBNSwMxFMzWr1q/Vj2KECyKp7Lbix4LXjxWsK3QlvI2fduGZrNLki2UpScv/hUvHhTx6m/w5r8xbfegrQOBYea9JDNBIrg2nvftFNbWNza3itulnd29/QP38Kip41QxbLBYxOohAI2CS2wYbgQ+JAohCgS2gtHNzG+NUWkey3szSbAbwUDykDMwVuq5px2G0qDickA7Ogwh4mJCx6A4SIY9t+xVvDnoKvFzUiY56j33q9OPWRrZO5kArdu+l5huBspwJnBa6qQaE2AjGGDbUgkR6m42jzGl51bp0zBW9khD5+rvjQwirSdRYCcjMEO97M3E/7x2asLrbsZlkhqUbPFQmApqYjrrhPa5QmZs7j4Hprj9K2VDUMBsMbpkS/CXI6+SZrXiexX/rlquXeR1FMkJOSOXxCdXpEZuSZ00CCOP5Jm8kjfnyXlx3p2PxWjByXeOyR84nz+Cx5kK</latexit><latexit sha1_base64="cSM/yao7Je+AD2IjEWBeH9JaExw=">AAACBnicbVBNSwMxFMzWr1q/Vj2KECyKp7Lbix4LXjxWsK3QlvI2fduGZrNLki2UpScv/hUvHhTx6m/w5r8xbfegrQOBYea9JDNBIrg2nvftFNbWNza3itulnd29/QP38Kip41QxbLBYxOohAI2CS2wYbgQ+JAohCgS2gtHNzG+NUWkey3szSbAbwUDykDMwVuq5px2G0qDickA7Ogwh4mJCx6A4SIY9t+xVvDnoKvFzUiY56j33q9OPWRrZO5kArdu+l5huBspwJnBa6qQaE2AjGGDbUgkR6m42jzGl51bp0zBW9khD5+rvjQwirSdRYCcjMEO97M3E/7x2asLrbsZlkhqUbPFQmApqYjrrhPa5QmZs7j4Hprj9K2VDUMBsMbpkS/CXI6+SZrXiexX/rlquXeR1FMkJOSOXxCdXpEZuSZ00CCOP5Jm8kjfnyXlx3p2PxWjByXeOyR84nz+Cx5kK</latexit><latexit sha1_base64="cSM/yao7Je+AD2IjEWBeH9JaExw=">AAACBnicbVBNSwMxFMzWr1q/Vj2KECyKp7Lbix4LXjxWsK3QlvI2fduGZrNLki2UpScv/hUvHhTx6m/w5r8xbfegrQOBYea9JDNBIrg2nvftFNbWNza3itulnd29/QP38Kip41QxbLBYxOohAI2CS2wYbgQ+JAohCgS2gtHNzG+NUWkey3szSbAbwUDykDMwVuq5px2G0qDickA7Ogwh4mJCx6A4SIY9t+xVvDnoKvFzUiY56j33q9OPWRrZO5kArdu+l5huBspwJnBa6qQaE2AjGGDbUgkR6m42jzGl51bp0zBW9khD5+rvjQwirSdRYCcjMEO97M3E/7x2asLrbsZlkhqUbPFQmApqYjrrhPa5QmZs7j4Hprj9K2VDUMBsMbpkS/CXI6+SZrXiexX/rlquXeR1FMkJOSOXxCdXpEZuSZ00CCOP5Jm8kjfnyXlx3p2PxWjByXeOyR84nz+Cx5kK</latexit>

Hybrid Quantum-Classical Feedback Loop
CDR

<latexit sha1_base64="cgdVrqBiCfSAEmOpI/nE0EzuHRI=">AAACH3icbZC7TsMwFIYdrqXcAowsVisQU5WwwFipDIwF0YLURJXjnhSrjhPZJ4gq6s5r8AKs8AZsiLUvwHPgXgYoHMnSr/8/x8f+okwKg543dpaWV1bX1ksb5c2t7Z1dd2+/bdJcc2jxVKb6LmIGpFDQQoES7jINLIkk3EaDxiS/fQBtRKpucJhBmLC+ErHgDK3VdSuBiWOWCDmkAQeFoIXq0wDhEaO4oI2L61HXrXo1b1r0r/Dnokrm1ey6X0Ev5Xlir+OSGdPxvQzDgmkUXMKoHOQGMsYHrA8dKxVLwITF9C8jemSdHo1TbY9COnV/ThQsMWaYRLYzYXhvFrOJ+V/WyTE+DwuhshxB8dmiOJcUUzoBQ3tCA0fLoScY18K+lfJ7phm3TH5viTQbAI7KFoy/iOGvaJ/WfK/mX51W68dzRCVySCrkhPjkjNTJJWmSFuHkibyQV/LmPDvvzofzOWtdcuYzB+RXOeNv7RqjNQ==</latexit><latexit sha1_base64="cgdVrqBiCfSAEmOpI/nE0EzuHRI=">AAACH3icbZC7TsMwFIYdrqXcAowsVisQU5WwwFipDIwF0YLURJXjnhSrjhPZJ4gq6s5r8AKs8AZsiLUvwHPgXgYoHMnSr/8/x8f+okwKg543dpaWV1bX1ksb5c2t7Z1dd2+/bdJcc2jxVKb6LmIGpFDQQoES7jINLIkk3EaDxiS/fQBtRKpucJhBmLC+ErHgDK3VdSuBiWOWCDmkAQeFoIXq0wDhEaO4oI2L61HXrXo1b1r0r/Dnokrm1ey6X0Ev5Xlir+OSGdPxvQzDgmkUXMKoHOQGMsYHrA8dKxVLwITF9C8jemSdHo1TbY9COnV/ThQsMWaYRLYzYXhvFrOJ+V/WyTE+DwuhshxB8dmiOJcUUzoBQ3tCA0fLoScY18K+lfJ7phm3TH5viTQbAI7KFoy/iOGvaJ/WfK/mX51W68dzRCVySCrkhPjkjNTJJWmSFuHkibyQV/LmPDvvzofzOWtdcuYzB+RXOeNv7RqjNQ==</latexit><latexit sha1_base64="cgdVrqBiCfSAEmOpI/nE0EzuHRI=">AAACH3icbZC7TsMwFIYdrqXcAowsVisQU5WwwFipDIwF0YLURJXjnhSrjhPZJ4gq6s5r8AKs8AZsiLUvwHPgXgYoHMnSr/8/x8f+okwKg543dpaWV1bX1ksb5c2t7Z1dd2+/bdJcc2jxVKb6LmIGpFDQQoES7jINLIkk3EaDxiS/fQBtRKpucJhBmLC+ErHgDK3VdSuBiWOWCDmkAQeFoIXq0wDhEaO4oI2L61HXrXo1b1r0r/Dnokrm1ey6X0Ev5Xlir+OSGdPxvQzDgmkUXMKoHOQGMsYHrA8dKxVLwITF9C8jemSdHo1TbY9COnV/ThQsMWaYRLYzYXhvFrOJ+V/WyTE+DwuhshxB8dmiOJcUUzoBQ3tCA0fLoScY18K+lfJ7phm3TH5viTQbAI7KFoy/iOGvaJ/WfK/mX51W68dzRCVySCrkhPjkjNTJJWmSFuHkibyQV/LmPDvvzofzOWtdcuYzB+RXOeNv7RqjNQ==</latexit><latexit sha1_base64="cgdVrqBiCfSAEmOpI/nE0EzuHRI=">AAACH3icbZC7TsMwFIYdrqXcAowsVisQU5WwwFipDIwF0YLURJXjnhSrjhPZJ4gq6s5r8AKs8AZsiLUvwHPgXgYoHMnSr/8/x8f+okwKg543dpaWV1bX1ksb5c2t7Z1dd2+/bdJcc2jxVKb6LmIGpFDQQoES7jINLIkk3EaDxiS/fQBtRKpucJhBmLC+ErHgDK3VdSuBiWOWCDmkAQeFoIXq0wDhEaO4oI2L61HXrXo1b1r0r/Dnokrm1ey6X0Ev5Xlir+OSGdPxvQzDgmkUXMKoHOQGMsYHrA8dKxVLwITF9C8jemSdHo1TbY9COnV/ThQsMWaYRLYzYXhvFrOJ+V/WyTE+DwuhshxB8dmiOJcUUzoBQ3tCA0fLoScY18K+lfJ7phm3TH5viTQbAI7KFoy/iOGvaJ/WfK/mX51W68dzRCVySCrkhPjkjNTJJWmSFuHkibyQV/LmPDvvzofzOWtdcuYzB+RXOeNv7RqjNQ==</latexit>
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<latexit sha1_base64="0paHCujhwIfPsDvz42vXBXzrQkE=">AAACDnicbVC7TgMxEPSFVwivACWNRYhEFd2lgTISDWWQyENKomjPt5eY2Hcn2xcpOuULaPgVGgoQoqWm429wHgUkjGRpNLO73h0/EVwb1/12chubW9s7+d3C3v7B4VHx+KSp41QxbLBYxKrtg0bBI2wYbgS2E4UgfYEtf3Qz81tjVJrH0b2ZJNiTMIh4yBkYK/WL5a4OQ5BcTGii4gdkho+RSgSdKpQYGRqAgX6x5FbcOeg68ZakRJao94tf3SBm6WwAE6B1x3MT08tAGc4ETgvdVGMCbAQD7FgagUTdy+bnTGnZKgENY2WfXWCu/u7IQGo9kb6tlGCGetWbif95ndSE172MR0lqMGKLj8JUUBPTWTY04MoGYKMIODDF7a6UDUEBMzbBgg3BWz15nTSrFc+teHfVUu1iGUeenJFzckk8ckVq5JbUSYMw8kieySt5c56cF+fd+ViU5pxlzyn5A+fzB/UOnI8=</latexit><latexit sha1_base64="0paHCujhwIfPsDvz42vXBXzrQkE=">AAACDnicbVC7TgMxEPSFVwivACWNRYhEFd2lgTISDWWQyENKomjPt5eY2Hcn2xcpOuULaPgVGgoQoqWm429wHgUkjGRpNLO73h0/EVwb1/12chubW9s7+d3C3v7B4VHx+KSp41QxbLBYxKrtg0bBI2wYbgS2E4UgfYEtf3Qz81tjVJrH0b2ZJNiTMIh4yBkYK/WL5a4OQ5BcTGii4gdkho+RSgSdKpQYGRqAgX6x5FbcOeg68ZakRJao94tf3SBm6WwAE6B1x3MT08tAGc4ETgvdVGMCbAQD7FgagUTdy+bnTGnZKgENY2WfXWCu/u7IQGo9kb6tlGCGetWbif95ndSE172MR0lqMGKLj8JUUBPTWTY04MoGYKMIODDF7a6UDUEBMzbBgg3BWz15nTSrFc+teHfVUu1iGUeenJFzckk8ckVq5JbUSYMw8kieySt5c56cF+fd+ViU5pxlzyn5A+fzB/UOnI8=</latexit><latexit sha1_base64="0paHCujhwIfPsDvz42vXBXzrQkE=">AAACDnicbVC7TgMxEPSFVwivACWNRYhEFd2lgTISDWWQyENKomjPt5eY2Hcn2xcpOuULaPgVGgoQoqWm429wHgUkjGRpNLO73h0/EVwb1/12chubW9s7+d3C3v7B4VHx+KSp41QxbLBYxKrtg0bBI2wYbgS2E4UgfYEtf3Qz81tjVJrH0b2ZJNiTMIh4yBkYK/WL5a4OQ5BcTGii4gdkho+RSgSdKpQYGRqAgX6x5FbcOeg68ZakRJao94tf3SBm6WwAE6B1x3MT08tAGc4ETgvdVGMCbAQD7FgagUTdy+bnTGnZKgENY2WfXWCu/u7IQGo9kb6tlGCGetWbif95ndSE172MR0lqMGKLj8JUUBPTWTY04MoGYKMIODDF7a6UDUEBMzbBgg3BWz15nTSrFc+teHfVUu1iGUeenJFzckk8ckVq5JbUSYMw8kieySt5c56cF+fd+ViU5pxlzyn5A+fzB/UOnI8=</latexit><latexit sha1_base64="0paHCujhwIfPsDvz42vXBXzrQkE=">AAACDnicbVC7TgMxEPSFVwivACWNRYhEFd2lgTISDWWQyENKomjPt5eY2Hcn2xcpOuULaPgVGgoQoqWm429wHgUkjGRpNLO73h0/EVwb1/12chubW9s7+d3C3v7B4VHx+KSp41QxbLBYxKrtg0bBI2wYbgS2E4UgfYEtf3Qz81tjVJrH0b2ZJNiTMIh4yBkYK/WL5a4OQ5BcTGii4gdkho+RSgSdKpQYGRqAgX6x5FbcOeg68ZakRJao94tf3SBm6WwAE6B1x3MT08tAGc4ETgvdVGMCbAQD7FgagUTdy+bnTGnZKgENY2WfXWCu/u7IQGo9kb6tlGCGetWbif95ndSE172MR0lqMGKLj8JUUBPTWTY04MoGYKMIODDF7a6UDUEBMzbBgg3BWz15nTSrFc+teHfVUu1iGUeenJFzckk8ckVq5JbUSYMw8kieySt5c56cF+fd+ViU5pxlzyn5A+fzB/UOnI8=</latexit>Symmetry-Protecting Quantum Circuit

<latexit sha1_base64="odkEN1HDCepg4c5Ml+69veiT2HU=">AAACFnicbVDLTgIxFO3gC/GFunTTiCZuIDNsdEnCxiVEeSRASKd0oKHtTNpbkwnhK9z4K25caIxb486/sTwWCp6kyck59+b2nDAR3IDvf3uZjc2t7Z3sbm5v/+DwKH980jSx1ZQ1aCxi3Q6JYYIr1gAOgrUTzYgMBWuF4+rMbz0wbXis7iFNWE+SoeIRpwSc1M8XuyaKiOQixXeplAx0WqzpGBgFroa4bokCK3GVa2o59PMFv+TPgddJsCQFtEStn//qDmJqJVNABTGmE/gJ9CZEA6eCTXNda1hC6JgMWcdRRSQzvck81hRfOmWAo1i7pwDP1d8bEyKNSWXoJiWBkVn1ZuJ/XsdCdNObcJVYYIouDkVWYIjxrCM84Nrld5UMOKGau79iOiKaUHBN5lwJwWrkddIslwK/FNTLhcrFso4sOkPn6AoF6BpV0C2qoQai6BE9o1f05j15L96797EYzXjLnVP0B97nDxyjn9g=</latexit><latexit sha1_base64="odkEN1HDCepg4c5Ml+69veiT2HU=">AAACFnicbVDLTgIxFO3gC/GFunTTiCZuIDNsdEnCxiVEeSRASKd0oKHtTNpbkwnhK9z4K25caIxb486/sTwWCp6kyck59+b2nDAR3IDvf3uZjc2t7Z3sbm5v/+DwKH980jSx1ZQ1aCxi3Q6JYYIr1gAOgrUTzYgMBWuF4+rMbz0wbXis7iFNWE+SoeIRpwSc1M8XuyaKiOQixXeplAx0WqzpGBgFroa4bokCK3GVa2o59PMFv+TPgddJsCQFtEStn//qDmJqJVNABTGmE/gJ9CZEA6eCTXNda1hC6JgMWcdRRSQzvck81hRfOmWAo1i7pwDP1d8bEyKNSWXoJiWBkVn1ZuJ/XsdCdNObcJVYYIouDkVWYIjxrCM84Nrld5UMOKGau79iOiKaUHBN5lwJwWrkddIslwK/FNTLhcrFso4sOkPn6AoF6BpV0C2qoQai6BE9o1f05j15L96797EYzXjLnVP0B97nDxyjn9g=</latexit><latexit sha1_base64="odkEN1HDCepg4c5Ml+69veiT2HU=">AAACFnicbVDLTgIxFO3gC/GFunTTiCZuIDNsdEnCxiVEeSRASKd0oKHtTNpbkwnhK9z4K25caIxb486/sTwWCp6kyck59+b2nDAR3IDvf3uZjc2t7Z3sbm5v/+DwKH980jSx1ZQ1aCxi3Q6JYYIr1gAOgrUTzYgMBWuF4+rMbz0wbXis7iFNWE+SoeIRpwSc1M8XuyaKiOQixXeplAx0WqzpGBgFroa4bokCK3GVa2o59PMFv+TPgddJsCQFtEStn//qDmJqJVNABTGmE/gJ9CZEA6eCTXNda1hC6JgMWcdRRSQzvck81hRfOmWAo1i7pwDP1d8bEyKNSWXoJiWBkVn1ZuJ/XsdCdNObcJVYYIouDkVWYIjxrCM84Nrld5UMOKGau79iOiKaUHBN5lwJwWrkddIslwK/FNTLhcrFso4sOkPn6AoF6BpV0C2qoQai6BE9o1f05j15L96797EYzXjLnVP0B97nDxyjn9g=</latexit><latexit sha1_base64="odkEN1HDCepg4c5Ml+69veiT2HU=">AAACFnicbVDLTgIxFO3gC/GFunTTiCZuIDNsdEnCxiVEeSRASKd0oKHtTNpbkwnhK9z4K25caIxb486/sTwWCp6kyck59+b2nDAR3IDvf3uZjc2t7Z3sbm5v/+DwKH980jSx1ZQ1aCxi3Q6JYYIr1gAOgrUTzYgMBWuF4+rMbz0wbXis7iFNWE+SoeIRpwSc1M8XuyaKiOQixXeplAx0WqzpGBgFroa4bokCK3GVa2o59PMFv+TPgddJsCQFtEStn//qDmJqJVNABTGmE/gJ9CZEA6eCTXNda1hC6JgMWcdRRSQzvck81hRfOmWAo1i7pwDP1d8bEyKNSWXoJiWBkVn1ZuJ/XsdCdNObcJVYYIouDkVWYIjxrCM84Nrld5UMOKGau79iOiKaUHBN5lwJwWrkddIslwK/FNTLhcrFso4sOkPn6AoF6BpV0C2qoQai6BE9o1f05j15L96797EYzXjLnVP0B97nDxyjn9g=</latexit>

cost functions
<latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit><latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit><latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit><latexit sha1_base64="/BqmPZRs/47QOSKQrEZD9Lf8mUk=">AAACCnicbVC7TsMwFHV4lvIKMLIYKhBTlXSBsRILY5HoQ2qiynGc1qrjRPYNooo6s/ArLAwgxMoXsPE3OG0GaDmSpaNzztX1PUEquAbH+bZWVtfWNzYrW9Xtnd29ffvgsKOTTFHWpolIVC8gmgkuWRs4CNZLFSNxIFg3GF8XfveeKc0TeQeTlPkxGUoecUrASAP7xNNRRGIuJtgD9gBBlNNEA44ySYuEng7smlN3ZsDLxC1JDZVoDewvL0xoFjMJVBCt+66Tgp8TBZwKNq16mWYpoWMyZH1DJYmZ9vPZKVN8ZpQQR4kyTwKeqb8nchJrPYkDk4wJjPSiV4j/ef0Mois/5zLNgEk6XxRlAkOCi15wyBWjYGoIOaGKm79iOiKKUDDtVU0J7uLJy6TTqLtO3b1t1JrnZR0VdIxO0QVy0SVqohvUQm1E0SN6Rq/ozXqyXqx362MeXbHKmSP0B9bnD2pwm0E=</latexit>

Rn
1

<latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit><latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit><latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit><latexit sha1_base64="U3rai9fxOCYehdaLRrn+2tLh5gw=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqQmRI7jtFZtJ7IdpCrqysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hOmjCrtON9WZW19Y3Orul3b2d3bP7APj3oqySQmXZywRA5CpAijgnQ11YwMUkkQDxnph5Orwu8/EKloIu70NCU+RyNBY4qRNlJgQ0/FMeKUTWHj9j73woRFasrNl4vZLHAbgV13ms4ccJW4JamDEp3A/vKiBGecCI0ZUmroOqn2cyQ1xYzMal6mSIrwBI3I0FCBOFF+Pr9kBs+MEsE4keYJDefq744ccVWsZyo50mO17BXif94w0/Gln1ORZpoIvBgUZwzqBBaxwIhKgrVJIaIIS2p2hXiMJMLahFczIbjLJ6+SXqvpOk33plVvwzKOKjgBp+AcuOACtME16IAuwOARPINX8GY9WS/Wu/WxKK1YZc8x+APr8weEmJoX</latexit>

Rn
2

<latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit><latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit><latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit><latexit sha1_base64="OP2JkcTCATAqinEv/O5FVEfZoq8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIuMFZiYSyIPqSmRI7jtFZtJ7IdpCrKysKvsDCAECt/wMbf4LQZoOVIlo/OuVf33hMkjCrtON9WZW19Y3Orul3b2d3bP7APj3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9Orwu8/EKloLO70LCEjjsaCRhQjbSTfhp6KIsQpm8HG7X3mBTEL1YybLxN57rcavl13ms4ccJW4JamDEh3f/vLCGKecCI0ZUmroOokeZUhqihnJa16qSILwFI3J0FCBOFGjbH5JDs+MEsIoluYJDefq744McVWsZyo50hO17BXif94w1dHlKKMiSTUReDEoShnUMSxigSGVBGuTQkgRltTsCvEESYS1Ca9mQnCXT14lvVbTdZruTavehmUcVXACTsE5cMEFaINr0AFdgMEjeAav4M16sl6sd+tjUVqxyp5j8AfW5w+GHZoY</latexit>

Rn
N

<latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit><latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit><latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit><latexit sha1_base64="6i4H17S+2k9Q9X8+k0dAwEtf4Ck=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY8DL55kivuArZY0TbewNClJKsxS/Fe8eFDEq/+HN/8b060H3XwQ8njv9yMvL0gYVdpxvq3K0vLK6lp1vbaxubW9Y+/udZRIJSZtLJiQvQApwignbU01I71EEhQHjHSD8WXhdx+IVFTwOz1JiBejIacRxUgbybcPbv3r+2wQCBaqSWyujOe5b9edhjMFXCRuSeqgRMu3vwahwGlMuMYMKdV3nUR7GZKaYkby2iBVJEF4jIakbyhHMVFeNk2fw2OjhDAS0hyu4VT9vZGhWBXZzGSM9EjNe4X4n9dPdXThZZQnqSYczx6KUga1gEUVMKSSYM0mhiAsqckK8QhJhLUprGZKcOe/vEg6pw3Xabg3Z/UmLOuogkNwBE6AC85BE1yBFmgDDB7BM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwA+YZWf</latexit>
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<latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit><latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit><latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit><latexit sha1_base64="DxpWR0mO+oUjItikvb8qiZUxiHY=">AAACH3icbVDLSgNBEJyNrxhfUY9eBhPBU9jNQT0GvHiMYB6QDaF3djYZMvtgpjcQlvyJF3/FiwdFxFv+xtkkB01sGKao6qK7y0uk0Gjbc6uwtb2zu1fcLx0cHh2flE/P2jpOFeMtFstYdT3QXIqIt1Cg5N1EcQg9yTve+D7XOxOutIijJ5wmvB/CMBKBYICGGpRvXB0EEAo5pRNQYsGCpAkoCDkaI626Xix9PQ3Nl7k44giz6qBcsWv2ougmcFagQlbVHJS/XT9macgjZBK07jl2gv0MFAom+azkpponwMYw5D0DIzNd97PFfTN6ZRifBrEyL0K6YH87Mgh1vqDpDAFHel3Lyf+0XorBXT8TUZIij9hyUJBKijHNw6K+UJyhycYXwJQwu1I2MtGwPJmSCcFZP3kTtOs1x645j/VKo7qKo0guyCW5Jg65JQ3yQJqkRRh5Jq/knXxYL9ab9Wl9LVsL1spzTv6UNf8BmMqj0Q==</latexit>

Analog Quantum Simulator
<latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit><latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit><latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit><latexit sha1_base64="3B1HpPVcU9Q+VLusuA/0GeANA8c=">AAACFHicbVC7SkNBEN3r2/iKWtosBkUQwr02Wio2lgZNFJIQ5m72xsV9XHZnxXDJR9j4KzYWitha2Pk3bmIKXwcGDufMMDMnzaVwGMcf0cTk1PTM7Nx8aWFxaXmlvLrWcMZbxuvMSGMvU3BcCs3rKFDyy9xyUKnkF+n18dC/uOHWCaPPsZ/ztoKeFplggEHqlHdbLstACdmnLeS3mGbFkQZperTmQaNX9EwoLwGNHXTKlbgaj0D/kmRMKmSM0075vdU1zCuukUlwrpnEObYLsCiY5INSyzueA7uGHm8GqkFx1y5GTw3oVlC6NDM2lEY6Ur9PFKCc66s0dCrAK/fbG4r/eU2P2UG7EDr3yDX7WpR5SdHQYUK0KyxnGALpCmBWhFspuwILDEOOpRBC8vvlv6SxV03ialLbqxxuj+OYIxtkk+yQhOyTQ3JCTkmdMHJHHsgTeY7uo8foJXr9ap2IxjPr5Aeit0/MsJ8w</latexit>

| 0i
<latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit><latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit><latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit><latexit sha1_base64="Zj7yhpARyNRamCwI4iAL1Pv2K1A=">AAACCXicbZBLTgJBEIZ78IX4Ql266QgaV2SGjS5J3LjERB4JjKSnqYEOPY9015iQyZzAC7jVG7gzbj2FF/AcNjALAf+kkj9/VaUqnxdLodG2v63CxubW9k5xt7S3f3B4VD4+aesoURxaPJKR6npMgxQhtFCghG6sgAWehI43uZ31O0+gtIjCB5zG4AZsFApfcIYmeqz2J4Bpv6nFwM6qg3LFrtlz0XXj5KZCcjUH5Z/+MOJJACFyybTuOXaMbsoUCi4hK/UTDTHjEzaCnrEhC0C76fzrjF6YZEj9SJkKkc7TvxspC7SeBp6ZDBiO9WpvFv7X6yXo37ipCOMEIeSLQ34iKUZ0hoAOhQKOcmoM40qYXykfM8U4GlBLVzzFDJ+sZMA4qxjWTbtec+yac1+vNC5zREVyRs7JFXHINWmQO9IkLcKJIi/klbxZz9a79WF9LkYLVr5zSpZkff0CIQiaRw==</latexit>

|"i
<latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit><latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit><latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit><latexit sha1_base64="usRTBWYGKmEOV3LUkVb1yEsdQN4=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEKrsKMCLoMuHEZwTwgGUJPpydp0tM9dPdEwjBn8AJu9QbuxK1n8AKew04yC5P4Q8HPX1VU8YUJZ9p43reztr6xubVd2inv7u0fHLpHx00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ37bfGVGkmxaOZJDSI8UCwiBFsbNRz3e6Imgx10wQrJZ9Q3nMrXtWbCa0avzAVKFTvuT/dviRpTIUhHGvd8b3EBBlWhhFO83I31TTBZIQHtGOtwDHVQTb7PEcXNumjSCpbwqBZ+ncjw7HWkzi0kzE2Q73cm4b/9TqpiW6DjIkkNVSQ+aEo5chINMWA+kxRYvjEGkwUs78iMsQKE2NhLVwJFbaI8rIF4y9jWDXNq6rvVf2H60rtvEBUglM4g0vw4QZqcA91aACBMbzAK7w5z8678+F8zkfXnGLnBBbkfP0CBmyb2Q==</latexit>

|#i
<latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit>

|#i
<latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit><latexit sha1_base64="FjtV2qjDwM1jYxZz3ftmfPA+oUU=">AAACD3icbVBLSgNBFHzjN8bfGJduGqPgKsyIoMuAG5cRzAeSIfR0epImPd1Dd48xDDmEF3CrN3Anbj2CF/AcdpJZmMSCB0XVK96jwoQzbTzv21lb39jc2i7sFHf39g8O3aNSQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3k795iNVmknxYMYJDWLcFyxiBBsrdd1SZ0hNhjo9ORJYKTlCk65b9ireDGiV+DkpQ45a1/2xcZLGVBjCsdZt30tMkGFlGOF0UuykmiaYDHGfti0VOKY6yGa/T9C5VXooksqOMGim/k1kONZ6HId2M8ZmoJe9qfif105NdBNkTCSpoYLMD0UpR0aiaRGoxxQlho8twUQx+ysiA6wwMbauhSuhwrakSdEW4y/XsEoalxXfq/j3V+XqWV5RAU7gFC7Ah2uowh3UoA4EnuAFXuHNeXbenQ/nc7665uSZY1iA8/ULri6cwA==</latexit>

U (N)
R

<latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit>

U (1)
R

<latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit>

U (2)
R

<latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit>

U (0)
R

<latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit>

U (0)
R

<latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit><latexit sha1_base64="GmlZnp77N51RKzgN+pryaUaWOfI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa87F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZJWUVQ==</latexit>

U (N)
R

<latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit>

U (1)
R

<latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit>

U (2)
R

<latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit>

U (N)
R

<latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit><latexit sha1_base64="/sALLS8q+YLuy7Lks1gEuGEAzpw=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJL3osePEkVUxbaGPYbDbt0t1N2N0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YMqq043xbK6tr6xubpa3y9s7u3r59cNhWSSYx8XDCEtkNkSKMCuJpqhnpppIgHjLSCUdXU7/zSKSiibjX45T4HA0EjSlG2kiBfdxXcYw4ZWNY9YK7h7x2cz6pBnbFqTszwGXiFqQCCrQC+6sfJTjjRGjMkFI910m1nyOpKWZkUu5niqQIj9CA9AwViBPl57PzJ/DMKBGME2lKaDhTf0/kiCs15qHp5EgP1aI3Ff/zepmOL/2cijTTROD5ojhjUCdwmgWMqCRYm9cjirCk5laIh0girE1iZROCu/jyMmk36q5Td28blSYs4iiBE3AKasAFF6AJrkELeACDHDyDV/BmPVkv1rv1MW9dsYqZI/AH1ucPkmeUcw==</latexit>

U (1)
R

<latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit><latexit sha1_base64="RpltUt5An+UGzaGs0HXG3F80wNk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa+7F9NaYFedhjMHXCVuQaqgQDuwvwZRgjNOhMYMKdV3nVT7OZKaYkamlUGmSIrwGA1J31CBOFF+Pj9/Cs+NEsE4kaaEhnP190SOuFITHppOjvRILXsz8T+vn+n4ys+pSDNNBF4sijMGdQJnWcCISoK1eT2iCEtqboV4hCTC2iRWMSG4yy+vkk6z4ToN97ZZbcEijjI4BWegDlxwCVrgBrSBBzDIwTN4BW/Wk/VivVsfi9aSVcwcgz+wPn8AZhyUVg==</latexit>

U (2)
R

<latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit><latexit sha1_base64="//EKsMTq5iMM1t+LPBEfAmbcZc0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2Ir1EtJetFjwYvHKqYttDFsNpt26e4m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9MGVXacb6t0tr6xuZWebuys7u3f2AfHnVUkklMPJywRPZCpAijgniaakZ6qSSIh4x0w/H1zO8+EqloIu71JCU+R0NBY4qRNlJgnwxUHCNO2QTWvODuIa83L6a1wK46DWcOuErcglRBgXZgfw2iBGecCI0ZUqrvOqn2cyQ1xYxMK4NMkRThMRqSvqECcaL8fH7+FJ4bJYJxIk0JDefq74kccaUmPDSdHOmRWvZm4n9eP9PxlZ9TkWaaCLxYFGcM6gTOsoARlQRr83pEEZbU3ArxCEmEtUmsYkJwl19eJZ1mw3Ua7m2z2oJFHGVwCs5AHbjgErTADWgDD2CQg2fwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AZ6OUVw==</latexit>

hĤT i✓
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FIG. 1: Classical-Quantum Feedback-Loop of VQS: Op-
timisation of cost functions with function evaluations per-
formed on a programmable 20-qubit trapped-ion analog quan-
tum simulator. Variational control parameters are passed to
the analog quantum simulator, which generates trial states as
quench dynamics from a set of resource Hamiltonians with
symmetry-protecting quantum circuits, consisting of entan-
gling and single qubit operations, corresponding to quantum
resources. Measurement results for correlation functions are
obtained by rotating the qubits to the proper basis (green
boxes) followed by quantum projective measurements in the
standard basis. A central data repository (CDR) stores the
information on the obtained many-body correlation functions
and allows for data re-evaluation for di↵erent Hamiltonian
parameters (see Appendix D).

transformation [37], our target Hamiltonian reads
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+ḡ

NX

j=1

L̂2
j
,

(1)

where j labels the lattice site, for a system of length N ,
and �̂a

j
are Pauli operators. Here the first term describes

the creation or annihilation of a particle-antiparticle pair,
mapped to a spin flip-flop term with coupling w. In the
following, we set w = 1 as the energy unit. The second
term is the matter mass term, with bare mass m. The
last term, with coupling ḡ, is the electric field energy.
The 1D character of our model allows the electric field
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Real-time dynamics of lattice gauge theories with a 
few-qubit quantum computer
Esteban A. Martinez1*, Christine A. Muschik2,3*, Philipp Schindler1, Daniel Nigg1, Alexander Erhard1, Markus Heyl2,4, 
Philipp Hauke2,3, Marcello Dalmonte2,3, Thomas Monz1, Peter Zoller2,3 & Rainer Blatt1,2

Gauge theories are fundamental to our understanding of 
interactions between the elementary constituents of matter as 
mediated by gauge bosons1,2. However, computing the real-time 
dynamics in gauge theories is a notorious challenge for classical 
computational methods. This has recently stimulated theoretical 
effort, using Feynman’s idea of a quantum simulator3,4, to devise 
schemes for simulating such theories on engineered quantum-
mechanical devices, with the difficulty that gauge invariance and 
the associated local conservation laws (Gauss laws) need to be 
implemented5–7. Here we report the experimental demonstration 
of a digital quantum simulation of a lattice gauge theory, by 
realizing (1 + 1)-dimensional quantum electrodynamics (the 
Schwinger model8,9) on a few-qubit trapped-ion quantum computer. 
We are interested in the real-time evolution of the Schwinger 
mechanism10,11, describing the instability of the bare vacuum due 
to quantum fluctuations, which manifests itself in the spontaneous 
creation of electron–positron pairs. To make efficient use of our 
quantum resources, we map the original problem to a spin model 
by eliminating the gauge fields12 in favour of exotic long-range 
interactions, which can be directly and efficiently implemented on 
an ion trap architecture13. We explore the Schwinger mechanism of 
particle–antiparticle generation by monitoring the mass production 
and the vacuum persistence amplitude. Moreover, we track the real-
time evolution of entanglement in the system, which illustrates how 
particle creation and entanglement generation are directly related. 
Our work represents a first step towards quantum simulation of 
high-energy theories using atomic physics experiments—the long-
term intention is to extend this approach to real-time quantum 
simulations of non-Abelian lattice gauge theories.

Small-scale quantum computers exist today in the laboratory as 
programmable quantum devices14. In particular, trapped-ion quan-
tum computers13 provide a platform allowing a few hundred coherent 
quantum gates to act on a few qubits, with a clear roadmap towards 
scaling up these devices4,15. This provides the tools for universal digital 
quantum simulation16, where the time evolution of a quantum system 
is approximated as a stroboscopic sequence of quantum gates17. Here 
we show how this technology can be used to simulate the real-time 
dynamics of a minimal model of a lattice gauge theory, realizing the 
Schwinger model8,9 as a one-dimensional quantum field theory with a 
chain of trapped ions (Fig. 1).

Our few-qubit demonstration is a first step towards simulating 
real-time dynamics in gauge theories: such simulations are funda-
mental for the understanding of many physical phenomena, including 
thermalization after heavy-ion collisions and pair creation studied at 
high- intensity laser facilities6,18. Although existing classical numerical 
methods such as quantum Monte Carlo have been remarkably success-
ful for describing equilibrium phenomena, no systematic techniques 
exist to tackle the dynamical long-time behaviour of all but very small 

systems. In contrast, quantum simulations aim at the long-term goal 
of solving the specific yet fundamental class of problems that currently 
cannot be tackled by these classical techniques. The digital approach 
we employ here is based on the Hamiltonian formulation of gauge  
theories9, and enables direct access to the system wavefunction. As 
we show below, this allows us to investigate entanglement generation  
during particle–antiparticle production, emphasizing a novel perspec-
tive on the dynamics of the Schwinger mechanism2.

Digital quantum simulations described in the present work are con-
ceptually different from, and fundamentally more challenging than, 
previously reported condensed-matter-motivated simulations of spin 
and Hubbard-type models4,19,20. In gauge theories, local symmetries 
lead to the introduction of dynamical gauge fields obeying a Gauss law6. 
Formally, this crucial feature is described by local symmetry generators 
Ĝ{ }i  that commute with the Hamiltonian of the system ˆ ˆ =H G[ , ] 0i  and 

restrict the dynamics to a subspace of physical states | Ψphysical〉  which 
satisfy ˆ Ψ Ψ| 〉= | 〉G qi iphysical physical , where qi are background charges. We 
will be interested in the case qi =  0 for all i (see Methods). Realizing 
such a constrained dynamics on a quantum simulator is demanding 
and has been the focus of theoretical research6,7,11,21–24. Instead, to opti-
mally use the finite resources represented by a few qubits of existing 
quantum hardware, we encode the gauge degrees of freedom in a long-
range interaction between the fermions (electrons and positrons), 
which can be implemented efficiently on our experimental platform. 
This allows us to explore quantum simulation of coherent real-time 

1Institute for Experimental Physics, University of Innsbruck, 6020 Innsbruck, Austria. 2Institute for Quantum Optics and Quantum Information of the Austrian Academy of Sciences, 6020 
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* These authors contributed equally to this work.

a

+

e–
Global
beam

A
ddressing

beam

t

x

b

Vacuum

e+

–

e+

e–

e+

e–

+

+ +

–

–

Figure 1 | Quantum simulation of the Schwinger mechanism. a, The 
instability of the vacuum due to quantum fluctuations is one of the most 
fundamental effects in gauge theories. We simulate the coherent real-time 
dynamics of particle–antiparticle creation by realizing the Schwinger 
model (one-dimensional quantum electrodynamics) on a lattice, as 
described in the main text. b, The experimental setup for the simulation 
consists of a linear Paul trap, where a string of 40Ca+ ions is confined.  
The electronic states of each ion, depicted as horizontal lines, encode  
a spin | ↑ 〉  or | ↓ 〉 . These states can be manipulated using laser beams  
(see Methods for details).
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dynamics with four qubits, exemplified here by the creation of  
electron–positron pairs (Fig. 1).

To this end, we experimentally study the Schwinger model, which 
describes quantum electrodynamics in one dimension. This model is 
extensively used as a testbed for lattice gauge theories as it shares many 
important features with quantum chromodynamics, including con-
finement, chiral symmetry breaking, and a topological theta vacuum6. 
In the Kogut–Susskind Hamiltonian formulation of the Schwinger 
model8,9,
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describes the interaction of fermionic field operators Φ̂n at sites 
n =  1…N with gauge fields that are represented by the canonically com-
muting operators ˆ ˆθ δ=L i[ , ]n m n m, . L̂n and θ̂n correspond to the electro-
magnetic field and vector potential on the connection between sites  
n and n +  1. The latter can be eliminated by a gauge transformation (see 
Methods). The fields Φ̂n represent Kogut–Susskind fermions (Fig. 2), 
where the presence of an electron (positron) is mapped to an unoccu-
pied odd (occupied even) lattice site, allowing for a convenient incor-
poration of particles and antiparticles in a single fermion field. 
Accordingly, the third term in equation (1), representing the rest mass 
m, obtains a staggered sign. The first term corresponds to the creation 
and annihilation of particle–antiparticle pairs, and the second term 
reflects the energy stored in the electric field. Their energy scales  
w =  1/(2a) and J =  g2a/2 depend on the lattice spacing a and the  
fermion light coupling constant g. We use natural units ħ =  c =  1;  

therefore, a and t have the dimension of length, while w, J, m and g have 
the dimension of inverse length.

To realize the model using trapped ions, we map the fermionic oper-
ators Φ̂n to spin operators (Fig. 2a) by a Jordan–Wigner transforma-
tion12, which converts the short-range hopping in equation (1) into 
nearest-neighbour spin flip terms. In this formulation, the Gauss  
law takes the form ˆ ˆ σ̂− = +(− )−L L [ 1 ],n n n

z n
1

1
2

 where σn are the Pauli 
matrices. This law is the lattice version of the continuum law ∇ E =  ρ, 
where ρ is the charge density. As illustrated in Fig. 2c, the Gauss law 
completely determines the electric fields for a given spin configuration 
and choice of background field. Following ref. 12, we use this constraint 
to eliminate the operators L̂n from the dynamics, adapting a scheme 
that has previously proven advantageous for numerical calculations25 
to a quantum simulation experiment, where the Gauss law is fulfilled 
by construction.

The elimination of the gauge fields maps the original problem to 
a spin model with long-range interactions that reflect the Coulomb 
interactions between the simulated particles. This allows an efficient 
use of resources, since N spins can be used to simulate N particles and 
their accompanying N −  1 gauge fields. However, as shown in Fig. 2d, 
the required couplings and local terms have a very unusual distance 
and position dependence. The challenge has thus been moved from 
engineering a constrained dynamics of 2N −  1 quantum systems on 
a gauge-invariant Hilbert space to the realization of an exotic and  
asymmetric interaction of N spins.

Our platform is ideally suited for this task, since long-range interac-
tions and precise single qubit operations are available in trapped-ion 
systems. These capabilities allow us to realize the required interactions 
by means of a digital quantum simulation scheme17. To this end, the 
desired Hamiltonian, =∑ =H H ,k

K
k1  is split into K parts that can be 

directly implemented and are applied separately in subsequent time 
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Figure 2 | Encoding Wilson’s lattice gauge theories in digital quantum 
simulators. Matter fields, represented by one-component fermion fields  
Φ̂n at sites n, interact via equation (1) with gauge variables defined on the 
links connecting the sites. a, Unoccupied odd (occupied even) sites, 
represented by filled (empty) circles, indicate the presence of an electron 
(positron). b, Gauge variables (shown as horizontal blue thick lines) are 
represented by operators L̂n with integer eigenvalues Ln =  0, ± 1,…, ± ∞ .  
c, By mapping the fields Φ̂n to Pauli operators σ̂n, we obtain a spin model 
(the spins are represented by filled/empty arrows). In this language, the 
Gauss law governing the interaction of fermions and gauge variables reads 
ˆ ˆ σ̂− = + (− )−L L [ 1 ]n n z

n n1
1
2

, where σ̂z is the diagonal Pauli matrix. The 
realization of the Schwinger model on a small-scale device requires an 
optimized use of resources. We achieve this by eliminating the gauge fields 
at the cost of obtaining a model with long-range couplings (and additional 

local terms). More specifically, the Gauss law determines the gauge fields 
for a given matter configuration and background field ε0. The elimination 
of the operators L̂n transforms the original model with nearest-neighbour 
terms into a pure spin model with long-range couplings that corresponds 
to the Coulomb interaction between the charged particles. d, Coupling 
matrix of the resulting interactions for N =  10, along with the total spin 
Hamiltonian ĤS. For illustration, e shows the couplings involving the  
fifth spin. The colours (and thicknesses) of lines represent the different 
interaction strengths cij according to the matrix shown in d. For 
implementing ĤS in a scalable and efficient way, we introduce time steps  
of length T (f), each subdivided into three sections (g). In each of these 
(length not to scale), one of the three parts of ĤS is realized as explained in 
Methods. h, The protocol for realizing Ĥzz for N =  10. The ions interact 
according to the Mølmer–Sørensen (MS) Hamiltonian ĤMSz. During each 
short time window of length ∆ tI, a different set of ions is coupled by ĤMSz.

© 2016 Macmillan Publishers Limited. All rights reserved
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windows. By repeating the sequence multiple times, the resulting time 
evolution of the system U(t) closely resembles an evolution where the 
individual parts of the Hamiltonian act simultaneously, as can be shown 
using the Suzuki–Lie–Trotter expansion:

ˆ ˆ( )= =


 ⊗





−
→∞ =

− /U t e lim eiHt
n k

K
iH t n

n

1
k

Our scheme is depicted in Fig. 2f–h. It allows for an efficient realization 
of the required dynamics and implements the coupling matrix shown 
in Fig. 2d, e with a minimal number of time steps, scaling only linearly 
in the number of sites N. The scheme is therefore scalable to larger 
systems. A discussion of finite size effects can be found in Methods.

We realize the simulation in a quantum information processor based 
on a string of 40Ca+ ions confined in a macroscopic linear Paul trap 
(Fig. 1b). There, each qubit is encoded in the electronic states | ↓ 〉  =  4S1/2 
(with magnetic quantum number m =  − 1/2), | ↑ 〉  =  3D5/2 (m =  − 1/2) 
of a single ion. The energy difference between these states is in the 
optical domain, so the state of the qubit can be manipulated using laser 
light pulses. More specifically, a universal set of high-fidelity quantum 
operations is available, consisting of collective rotations around the 
equator of the Bloch sphere, addressed rotations around the z axis and 

entangling Mølmer–Sørensen (MS) gates26. With a sequence of these 
gates, arbitrary unitary operations can be implemented27. Thus, we 
are able to simulate any Hamiltonian evolution, and in particular the 
interactions required here, by means of digital quantum simulation 
techniques, as shown in Fig. 2. Each of the implemented time evolu-
tions consists of a sequence of over 200 quantum gates (see Extended 
Data Fig. 3). In order to realize the non-local interactions Hzz and H± 
with their specific long-range interactions, we use global MS entan-
gling gates together with a spectroscopic decoupling method to tailor 
the range of the interaction. For the decoupling, the population of the 
ions that are not involved in the specific operations are shelved into 
additional electronic states that are not affected by the light for the 
entangling operations (see Methods). The local terms in Hz correspond 
to z rotations that are directly available in our set of operations. The 
strength of all terms can be tuned by changing the duration of the laser 
pulses corresponding to the physical operations.

Within our scheme, a wide range of fundamental properties in 
one-dimensional lattice gauge theories can be studied. To demonstrate 
our approach, we concentrate on simulating the coherent quantum 
real-time dynamics of the Schwinger mechanism, that is, the creation 
of particle–antiparticle pairs out of the bare vacuum | vacuum〉 ,  
where matter is entirely absent (see Methods). After initializing the 
system in this state, which corres ponds to the ground state for m →  ∞  
(Fig. 3a), we apply ĤS (Fig. 2d) for different masses and coupling 
strengths. As a first step, we measure the particle number density 
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Figure 3 | Time evolution of the particle number density, ν. a, We show 
the ideal evolution under the Schwinger Hamiltonian ĤS shown in Fig. 2d, 
the ideal evolution considering time discretization errors (see Fig. 2),  
the expected evolution including an experimental (exp.) error model  
(see Methods) and the experimental data for electric field energy J =  w  
and particle mass m =  0.5w (see equation (1)). After postselection of the 
experimental data (see Methods), the remaining populations are {86 ±  2, 
79 ±  1, 73 ±  1, 69 ±  1}% after {1, 2, 3, 4} time steps (averaged over all  
data sets). Error bars correspond to standard deviations estimated from a 
Monte Carlo bootstrapping procedure. The insets show the initial state  
of the simulation (left inset), corresponding to the bare vacuum with 
particle number density ν =  0, as well as one example of a state containing 
one pair (right inset), that is, a state with ν =  0.5, represented as  
filled/empty arrows as in Fig. 2. b, Experimental data and c, theoretical 
prediction for the evolution of the particle number density ν as a function 
of the dimensionless time wt and the dimensionless particle mass m/w, 
with J =  w.
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Figure 4 | Time evolution of the vacuum persistence amplitude and 
entanglement. We show the square of the vacuum persistence amplitude 
| G(t)| 2 (the Loschmidt echo), which quantifies the decay of the unstable 
vacuum, and the logarithmic negativity En, a measure of the entanglement 
between the left and the right halves of the system. a, b, The time evolution 
of | G(t)| 2 (a) and En (b) for different values of the particle mass m and 
fixed electric field energy J =  w, where w is the rate of particle–antiparticle 
creation and annihilation (compare equation (1)), as a function of the 
dimensionless time wt. c, d, The time evolution of | G(t)| 2 (c) and En (d) 
changes for different values of J and fixed particle mass m =  0. Circles 
correspond to the experimental data and squares connected by solid lines 
to the expected evolution assuming an experimental error model explained 
in Methods. Error bars correspond to standard deviations estimated from 
a Monte Carlo bootstrapping procedure. e, Illustration of the creation of a 
particle–antiparticle pair starting from the bare vacuum state.
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<latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit>

(b)
<latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit>

(c)
<latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit>

|�✓|
<latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit>

-960
<latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit>

-14
<latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit>

-13
<latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit>

-12
<latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit>

0
<latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit>

1
<latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit>

2
<latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit>

3
<latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit>

4
<latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit>
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(d)
<latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit>

E (0)
<latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit>

Cell
Size

<latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit>

�✓
<latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit>

� �� �
<latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit>

� �� �
<latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit>

� �� �
<latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit>

i
<latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit>

ii
<latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit> iii

<latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit>

i
<latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit>

iii
<latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit>ii

<latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit>
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FIG. 2: Schwinger ground state (20 ions). (a) Optimisation trajectory: Convergence of experimental energies E(✓i) ⌘

h (✓i)| ĤT | (✓i)i (dots) vs. iteration number i of the DIRECT optimisation algorithm (see text), for m=0.9, w= ḡ=1. To
ensure global convergence, the search algorithm not only attempts to refine the current minimum, but also keeps exploring
new parts of the parameter space, leading (often) to high energy values, even in the later stages of the run. Energy values
E(✓i) are colour-coded to indicate the Euclidian distance of ✓i to the final optimised parameter vector ✓opt, as selected by
theoretical fidelity (see panel (c)). The solid red line indicates the algorithm’s current estimate of the groundstate energy and
its 2� uncertainty (shaded area), from modelling the thus far observed energies as jointly gaussian distributed random variables
(see Appendix A). Inset: Close-up of a late stage of the optimisation, where statistical errorbars (as defined in Appendix G) are
displayed, and theoretically simulated values are plotted as crosses. (b) Visualisation of sampled energy landscape: Sampled
energies E(✓i) relative to the ground state energy, plotted versus the parameter distance �✓ and the size of the domain in
parameter space (cell) that each point represents internally in the optimisation algorithm (see Appendix A). Distinct local
minima are visible as ’fingers’, marked (i), (ii) and (iii), extending towards smaller cell sizes, indicative of an increasingly
fine sampling of the parameter space near a local minimum. (c) Fidelity of many-body wavefunction: Theoretical fidelities F

computed for ✓i, with a rough indication of the iterations during which each of the minima (i), (ii), (iii) of panel (b) provided the
current best solution. (d) Correlation experiment-theory: Experimentally measured energy (Eexp) versus numerically simulated
(Eth) energies, showing agreement within 2� (blue shaded area).

into account cost function values and cell sizes (see Ap-
pendix A). To each optimisation run, we assign a total
budget of (up to) 105 calls to the quantum simulator,
where a single call involves variational state preparation
and projective measurement of the qubits in a given ba-
sis. To determine the energy expectation value for given
parameters, initially 30 projective measurements per ba-
sis are performed. Additional samples are taken when
refinement is needed, e.g. when two similarly sized cells
are competing candidates for a subdivision step, but it is
unclear which function value is lower due to the statistical
uncertainty resulting from a finite number of projective
measurements.

Variational Schwinger ground state for 20 ions – An

optimisation trajectory consisting of energy evaluations
E(✓i) ⌘ h (✓i)| ĤT | (✓i)i for 20 ions is shown in Fig. 2
(a), as a function of the iteration number i of the op-
timisation algorithm. Energies and wavefunctions were
found to converge with a circuit of depth 6. We ap-
proximate translational invariance in a bulk region of
14 central sites, resulting in a variational scheme with
15 parameters. For reference, we plot the exact ground
state energy E(0) and first excited state E(1) in the zero-
magnetisation sector (corresponding to an intra-sector
energy gap � = E(1)

�E(0)), obtained from exact di-
agonalisation (ED) of the lattice Schwinger model. Our
global search algorithm continuously explores new parts
of the parameter space, leading to a large spread in the
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1. INTRODUCTION
1.1. QUANTUM ADIABATIC OPTIMIZATION
Recently, there has been much interest in the possibility of using
adiabatic quantum optimization (AQO) to solve NP-complete
and NP-hard problems [1, 2] 1. This is due to the following
trick: suppose we have a quantum Hamiltonian HP whose ground
state encodes the solution to a problem of interest, and another
Hamiltonian H0, whose ground state is “easy” (both to find and
to prepare in an experimental setup). Then, if we prepare a quan-
tum system to be in the ground state of H0, and then adiabatically
change the Hamiltonian for a time T according to

H(t) =
(

1 − t

T

)
H0 + t

T
HP, (1)

then if T is large enough, and H0 and HP do not commute,
the quantum system will remain in the ground state for all
times, by the adiabatic theorem of quantum mechanics. At time
T, measuring the quantum state will return a solution of our
problem.

There has been debate about whether or not these algorithms
would actually be useful: i.e., whether an adiabatic quantum opti-
mizer would run any faster than classical algorithms [3–9], due to
the fact that if the problem has size N, one typically finds

T = O
[

exp
(
αNβ

)]
, (2)

in order for the system to remain in the ground state, for pos-
itive coefficients α and β, as N → ∞. This is a consequence of
the requirement that exponentially small energy gaps between
the ground state of H(t) and the first excited state, at some
intermediate time, not lead to Landau–Zener transitions into

1In this paper, when a generic statement is true for both NP-complete and
NP-hard problems, we will refer to these problems as NP problems. Formally
this can be misleading as P is contained in NP, but for ease of notation we will
simply write NP.

excited states [5] 2. While it is unlikely that NP-complete prob-
lems can be solved in polynomial time by AQO, the coeffi-
cients α, β may be smaller than known classical algorithms,
so there is still a possibility that an AQO algorithm may be
more efficient than classical algorithms, on some classes of
problems.

There has been substantial experimental progress toward
building a device capable of running such algorithms [11–13],
when the Hamiltonian HP may be written as the quantum ver-
sion of an Ising spin glass. A classical Ising model can be written
as a quadratic function of a set of N spins si = ±1:

H (s1, . . . , sN) = −
∑

i < j

Jijsisj −
N∑

i = 1

hisi. (3)

The quantum version of this Hamiltonian is simply

HP = H
(
σz

1, . . . , σ
z
N

)
(4)

where σz
i is a Pauli matrix (a 2 × 2 matrix, whose cousin (1 +

σz
i )/2 has eigenvectors |0, 1〉 with eigenvalues 0, 1) acting on the

ith qubit in a Hilbert space of N qubits {|+〉, |−〉}⊗N , and Jij and
hi are real numbers. We then choose H0 to consist of transverse
magnetic fields [11]:

H0 = −h0

N∑

i = 1

σx
i , (5)

so that the ground state of H0 is an equal superposition of all pos-
sible states in the eigenbasis of HP [equivalent to the eigenbasis
of the set of operators σz

i (i = 1, . . . , N)]. This means that one

2If one is only interested in approximate solutions (for example, finding a
state whose energy per site is optimal, in the thermodynamic (N → ∞) limit,
as opposed to finding the exact ground state), one expects T = O(Nγ) [5, 10].
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FIG. 1: Experimental platform. a, Individual 87Rb atoms
are trapped using optical tweezers and arranged into defect-
free arrays. Coherent interactions Vij between the atoms are
enabled by exciting them to a Rydberg state, with strength ⌦
and detuning�. b, A two photon process is used to couple the
ground state |gi =

��5S1/2, F = 2,mF = �2
↵
to the Rydberg

state |ri =
��71S1/2, J = 1/2,mJ = �1/2

↵
via an intermediate

state |ei =
��6P3/2, F = 3,mF = �3

↵
using circularly polarized

420 nm and 1013 nm lasers (typically � ⇠ 2⇡ ⇥ 560MHz �

⌦B ,⌦R ⇠ 2⇡ ⇥ 60, 36MHz). c, The experimental protocol
consists of loading the atoms into a tweezer array (1) and
rearranging them into a preprogrammed configuration (2).
After this, the system evolves under U(t) with tunable pa-
rameters �(t),⌦(t), Vij . This can be implemented in parallel
on several non-interacting sub-systems (3). We then detect
the final state by fluorescence imaging (4). d, For resonant
driving (� = 0), isolated atoms (blue points) display Rabi
oscillations between |gi and |ri. Arranging the atoms into
fully blockaded clusters of N = 2 (green) and N = 3 (red)
atoms results in only one excitation being shared between the
atoms in the cluster, while the Rabi frequency is enhanced
by

p
N . The probability to detect more than one excitation

in the cluster is  5%. Error bars indicate 68% confidence
intervals (CI) and are smaller than the marker size.

associated with the probabilistic trap loading and results
in the rapid production of defect-free arrays with over 50
laser cooled atoms as described previously [S1]. These
atoms are prepared in a preprogrammed spatial configu-
ration in a well-defined internal ground state |gi (Supple-
mentary Information). We then turn o↵ the traps and
let the system evolve under the unitary time evolution

U(⌦,�, t), which is realized by coupling the atoms to
the Rydberg state |ri =

��71S1/2

↵
with laser light along

the array axis (Fig. 1a). The final states of individual
atoms are detected by turning the traps back on, and
imaging the recaptured ground state atoms via atomic
fluorescence, while the anti-trapped Rydberg atoms are
ejected (Supplementary Information).
The strong, coherent interactions between Rydberg

atoms provide an e↵ective coherent constraint that pre-
vents simultaneous excitation of nearby atoms into Ryd-
berg states. This is the essence of the so-called Rydberg
blockade [19], demonstrated in Fig. 1d. When two atoms
are su�ciently close so that their Rydberg-Rydberg inter-
actions Vij exceed the e↵ective Rabi frequency ⌦, then
multiple Rydberg excitations are suppressed. This de-
fines the Rydberg blockade radius, Rb, for which Vij = ⌦
(Rb = 9µm for |ri =

��71S1/2

↵
and ⌦ = 2⇡ ⇥ 2MHz as

used here). In the case of resonant driving of atoms sep-
arated by a = 24µm, we observe Rabi oscillations associ-
ated with non-interacting atoms (blue curve on Fig. 1d).
However, the dynamics change significantly as we bring
multiple atoms close to each other (a = 2.95µm < Rb).
In this case, we observe Rabi oscillations between the
ground state and a collective W-state with exactly one
excitation ⇠

P
i ⌦i|g1...ri...gN i with the characteristic

p
N -scaling of the collective Rabi frequency [25, 27, 28].

These observations allow us to quantify the coherence
properties of our system (see Supplementary Information
for details). In particular, the contrast of Rabi oscilla-
tions in Fig. 1d is mostly limited by the state detection
fidelity (93% for |ri and ⇠ 98% for |gi, Supplementary
Information). The individual Rabi frequencies are con-
trolled to better than 3% across the array, while the co-
herence time is ultimately limited by the small probabil-
ity of spontaneous emission from the intermediate state
|ei during the laser pulse (scattering rate 0.022/µs, Sup-
plementary Information).

PROGRAMMABLE QUANTUM SIMULATOR

In the case of homogeneous coherent coupling consid-
ered here, Hamiltonian (1) closely resembles the paradig-
matic Ising model for e↵ective spin-1/2 particles with
variable interaction range. Its ground state exhibits a
rich variety of many-body phases that break distinct spa-
tial symmetries (Fig. 2a). Specifically, at large, negative
values of �/⌦, its ground state corresponds to all atoms
in the state |gi, corresponding to paramagnetic or disor-
dered phase. As �/⌦ is increased towards large positive
values, the number of atoms in |ri rises and interactions
between them become significant. This gives rise to spa-
tially ordered phases where Rydberg atoms are regularly
arranged across the array, resulting in ‘Rydberg crys-
tals’ with di↵erent spatial symmetries [29–31], as illus-
trated in Fig. 2a. The origin of these correlated states
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FIG. 2: Phase diagram and buildup of crystalline phases. a, The schematic ground-state phase diagram of Hamilto-
nian (1) displays phases with various broken symmetries depending on the interaction range Rb/a (Rb blockade radius, a trap
spacing) and detuning � (see main text). Shaded areas indicate potential incommensurate phases (diagram adapted from [29]).
b, The buildup of Rydberg crystals on a 13 atom array is observed by slowly changing the laser parameters as indicated by
the red arrows in a (see also Fig. 3a). The bottom panel shows a configuration where the atoms are a = 5.9µm apart which
results in a nearest neighbor interaction of Vi,i+1 = 2⇡ ⇥ 24MHz and leads to a Z2 order where every other atom is excited
to the Rydberg state |ri. The right bar plot displays the final, position-dependent Rydberg probability (error bars denote
68% CI). The configuration in the middle panel (a = 3.67µm, Vi,i+1 = 2⇡ ⇥ 414.3MHz) results in Z3 order and the top panel
(a = 2.95µm, Vi,i+1 = 2⇡⇥ 1536MHz) in a Z4 ordered phase. For each configuration, we show a single-shot fluorescence image
before (left) and after (right) the pulse. Red circles highlight missing atoms, which are attributed to Rydberg excitations.

can be understood intuitively by first considering the sit-
uation when Vi,i+1 � � � ⌦ � Vi,i+2, i.e. blockade
for neighboring atoms but negligible interaction between
next-nearest neighbors. In this case, the ground state
corresponds to a Rydberg crystal breaking Z2 transla-
tional symmetry that is analogous to antiferromagnetic
order in magnetic systems. Moreover, by tuning the pa-
rameters such that Vi,i+1, Vi,i+2 � � � ⌦ � Vi,i+3 and
Vi,i+1, Vi,i+2, Vi,i+3 � � � ⌦ � Vi,i+4, we obtain arrays
with broken Z3 and Z4 symmetries, respectively (Fig. 2).

To prepare the system in these phases, we dynamically
control the detuning �(t) of the driving lasers to adia-
batically transform the ground state of the Hamiltonian
from a product state of all atoms in |gi into crystalline
states [31, 32]. In the experiment, we first prepare
all atoms in state |gi =

��5S1/2, F = 2,mF = �2
↵

by
optical pumping. We then switch on the laser fields
and sweep the two-photon detuning from negative
to positive values using a functional form shown in
Fig. 3a. Fig. 2b displays the resulting single atom
trajectories in a group of 13 atoms for three di↵erent
interaction strengths as we vary the detuning �. In
each of these instances, we observe a clear transition
from the initial state |g1, ..., g13i to an ordered state of
di↵erent broken symmetry. The distance between the
atoms determines the interaction strength which leads
to di↵erent crystalline orders for a given final detuning.
To achieve a Z2 order, we arrange the atoms with a
spacing of 5.9µm, which results in a nearest neighbor
interaction of Vi,i+1 = 2⇡ ⇥ 24MHz � ⌦ = 2⇡ ⇥ 2MHz,

while the next-nearest neighbor interaction is small
(2⇡ ⇥ 0.38MHz). This results in a buildup of antiferro-
magnetic order where every other trap site is occupied
by a Rydberg atom (Z2 order). By reducing the spacing
between the atoms to 3.67µm and 2.95µm, Z3- and Z4-
orders are respectively observed (Fig. 2b).

We benchmark the performance of the quantum simu-
lator by comparing the measured Z2 order buildup with
theoretical predictions for a N = 7 atom system, ob-
tained via exact numerical simulations. As shown in
Fig. 3, this fully coherent simulation without free pa-
rameters yields excellent agreement with the observed
data when the finite detection fidelity is accounted for.
The evolution of the many-body states in Fig. 3c shows
that we measure the perfect antiferromagnetic state with
54(4)% probability. When corrected for the known detec-
tion infidelity, we find that the desired many-body state
is reached with a probability of p = 77(6)%.

To investigate how the preparation fidelity depends on
system size, we perform detuning sweeps on arrays of
various sizes (Fig. 4a). We find that the probability of
observing the system in the many-body ground state at
the end of the sweep decreases as the the system size
is increased. However, even at system sizes as large as
51 atoms, the perfectly ordered crystalline many-body
state is obtained with p = 0.11(2)% (p = 0.9(2)% when
corrected for detection fidelity), which is remarkable in
view of the exponentially large 251-dimensional Hilbert
space of the system. Furthermore, we find that this state
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Controllable, coherent many-body systems provide unique insights into fundamental properties
of quantum matter, allow for the realization of novel quantum phases, and may ultimately lead
to computational systems that are exponentially superior to existing classical approaches. Here,
we demonstrate a novel platform for the creation of controlled many-body quantum matter. Our
approach makes use of deterministically prepared, reconfigurable arrays of individually controlled,
cold atoms. Strong, coherent interactions are enabled by coupling to atomic Rydberg states. We
realize a programmable Ising-type quantum spin model with tunable interactions and system sizes of
up to 51 qubits. Within this model we observe transitions into ordered states (Rydberg crystals) that
break various discrete symmetries, verify high-fidelity preparation of ordered states, and investigate
dynamics across the phase transition in large arrays of atoms. In particular, we observe a novel type
of robust many-body dynamics corresponding to persistent oscillations of crystalline order after
a sudden quantum quench. These observations enable new approaches for exploring many-body
phenomena and open the door for realizations of novel quantum algorithms.

The realization of fully controlled, coherent many-body
quantum systems is an outstanding challenge in modern
science and engineering. As quantum simulators, they
can provide unique insights into strongly correlated quan-
tum systems and the role of quantum entanglement [1],
and enable realizations and studies of new states of mat-
ter, even away from equilibrium. These systems also form
the basis for the realization of quantum information pro-
cessors [2]. While basic building blocks of such proces-
sors have been demonstrated in systems of a few coupled
qubits [3–5], the current challenge is to increase the num-
ber of coherently coupled qubits to potentially perform
tasks that are beyond the reach of modern classical ma-
chines.

A number of physical platforms are currently being
explored to reach these challenging goals. Systems com-
posed of about 10-20 individually controlled atomic ions
have been used to create entangled states and explore
quantum simulations of Ising spin models [6, 7]. Sim-
ilarly sized systems of programmable superconducting
qubits have been recently implemented [8, 9]. Quan-
tum simulations have been carried out in larger sys-
tems of over 100 trapped ions without individual ad-
dressing and control [10]. Strongly interacting quantum
dynamics has been explored using optical lattice simula-
tors [11]. These systems are already addressing computa-
tionally di�cult problems in quantum dynamics [12] and
the fermionic Hubbard model [13]. Larger-scale Ising-
like machines have been realized in superconducting [14]
and optical [15] systems but these realizations lack either
coherence or quantum nonlinearity that are essential for
achieving full quantum speedup.

STRONGLY INTERACTING ATOM ARRAYS

Our approach makes use of atom-by-atom assembly to
deterministically prepare arrays of individually trapped
cold neutral 87Rb atoms in optical tweezers [16, 18, S1].
Controlled, coherent interactions between these atoms
are introduced by coupling them to Rydberg states
(Fig. 1a). This results in repulsive van der Waals in-
teractions (Vij = C/R6

ij, C > 0) between Rydberg atom
pairs at a distance Rij [19]. Such interactions have al-
ready been used for realizing quantum gates [20–22], im-
plementing strong photon-photon interactions [23] and
studying many-body physics [24–26]. The quantum dy-
namics of this system is governed by the Hamiltonian

H

~ =
X

i

⌦i

2
�
i
x �

X

i

�ini +
X

i<j

Vijninj , (1)

where �i are the detunings of the driving lasers from
the Rydberg state (Fig. 1b), �i

x = |giihri| + |riihgi| de-
scribes the coupling between the ground state |gi and
the Rydberg state |ri of an atom at position i, driven
at Rabi frequency ⌦i, and ni = |riihri|. In general,
within this platform, one can program the control param-
eters ⌦i,�i by changing laser intensities and detunings
in time. Here, we focus on homogeneous coherent cou-
pling (|⌦i|= ⌦,�i = �). The interaction strength Vij is
tuned by either varying the distance between the atoms
or coupling them to a di↵erent Rydberg state.
The experimental protocol that we implement is de-

picted in Fig. 1c. First, atoms are loaded from a
magneto-optical trap into a tweezer array created by an
acousto-optic deflector (AOD). We then use a measure-
ment and feedback procedure that eliminates the entropy
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FIG. 2: Phase diagram and buildup of crystalline phases. a, The schematic ground-state phase diagram of Hamilto-
nian (1) displays phases with various broken symmetries depending on the interaction range Rb/a (Rb blockade radius, a trap
spacing) and detuning � (see main text). Shaded areas indicate potential incommensurate phases (diagram adapted from [29]).
b, The buildup of Rydberg crystals on a 13 atom array is observed by slowly changing the laser parameters as indicated by
the red arrows in a (see also Fig. 3a). The bottom panel shows a configuration where the atoms are a = 5.9µm apart which
results in a nearest neighbor interaction of Vi,i+1 = 2⇡ ⇥ 24MHz and leads to a Z2 order where every other atom is excited
to the Rydberg state |ri. The right bar plot displays the final, position-dependent Rydberg probability (error bars denote
68% CI). The configuration in the middle panel (a = 3.67µm, Vi,i+1 = 2⇡ ⇥ 414.3MHz) results in Z3 order and the top panel
(a = 2.95µm, Vi,i+1 = 2⇡⇥ 1536MHz) in a Z4 ordered phase. For each configuration, we show a single-shot fluorescence image
before (left) and after (right) the pulse. Red circles highlight missing atoms, which are attributed to Rydberg excitations.

can be understood intuitively by first considering the sit-
uation when Vi,i+1 � � � ⌦ � Vi,i+2, i.e. blockade
for neighboring atoms but negligible interaction between
next-nearest neighbors. In this case, the ground state
corresponds to a Rydberg crystal breaking Z2 transla-
tional symmetry that is analogous to antiferromagnetic
order in magnetic systems. Moreover, by tuning the pa-
rameters such that Vi,i+1, Vi,i+2 � � � ⌦ � Vi,i+3 and
Vi,i+1, Vi,i+2, Vi,i+3 � � � ⌦ � Vi,i+4, we obtain arrays
with broken Z3 and Z4 symmetries, respectively (Fig. 2).

To prepare the system in these phases, we dynamically
control the detuning �(t) of the driving lasers to adia-
batically transform the ground state of the Hamiltonian
from a product state of all atoms in |gi into crystalline
states [31, 32]. In the experiment, we first prepare
all atoms in state |gi =

��5S1/2, F = 2,mF = �2
↵

by
optical pumping. We then switch on the laser fields
and sweep the two-photon detuning from negative
to positive values using a functional form shown in
Fig. 3a. Fig. 2b displays the resulting single atom
trajectories in a group of 13 atoms for three di↵erent
interaction strengths as we vary the detuning �. In
each of these instances, we observe a clear transition
from the initial state |g1, ..., g13i to an ordered state of
di↵erent broken symmetry. The distance between the
atoms determines the interaction strength which leads
to di↵erent crystalline orders for a given final detuning.
To achieve a Z2 order, we arrange the atoms with a
spacing of 5.9µm, which results in a nearest neighbor
interaction of Vi,i+1 = 2⇡ ⇥ 24MHz � ⌦ = 2⇡ ⇥ 2MHz,

while the next-nearest neighbor interaction is small
(2⇡ ⇥ 0.38MHz). This results in a buildup of antiferro-
magnetic order where every other trap site is occupied
by a Rydberg atom (Z2 order). By reducing the spacing
between the atoms to 3.67µm and 2.95µm, Z3- and Z4-
orders are respectively observed (Fig. 2b).

We benchmark the performance of the quantum simu-
lator by comparing the measured Z2 order buildup with
theoretical predictions for a N = 7 atom system, ob-
tained via exact numerical simulations. As shown in
Fig. 3, this fully coherent simulation without free pa-
rameters yields excellent agreement with the observed
data when the finite detection fidelity is accounted for.
The evolution of the many-body states in Fig. 3c shows
that we measure the perfect antiferromagnetic state with
54(4)% probability. When corrected for the known detec-
tion infidelity, we find that the desired many-body state
is reached with a probability of p = 77(6)%.

To investigate how the preparation fidelity depends on
system size, we perform detuning sweeps on arrays of
various sizes (Fig. 4a). We find that the probability of
observing the system in the many-body ground state at
the end of the sweep decreases as the the system size
is increased. However, even at system sizes as large as
51 atoms, the perfectly ordered crystalline many-body
state is obtained with p = 0.11(2)% (p = 0.9(2)% when
corrected for detection fidelity), which is remarkable in
view of the exponentially large 251-dimensional Hilbert
space of the system. Furthermore, we find that this state
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FIG. 5: Quantifying Z2 order in a N = 51 atom array. a, Single-shot fluorescence images of a 51 atom array before
applying the adiabatic pulse (top row) and after the pulse (bottom three rows correspond to three separate instances). Red
circles mark missing atoms, which are attributed to Rydberg excitations. Domain walls are identified as either two neighboring
atoms in the same state or a ground state atom at the edge of the array (Supplementary Information), and are indicated with
ellipses. Long Z2 ordered chains between domain walls can be observed. b, Blue points show the mean of the domain wall
density as a function of detuning during the sweep. Error bars show the standard error of the mean, and are smaller than
the marker size. The red points are the corresponding variances, where the error bars represent one standard deviation. The
onset of the phase transition is witnessed by a decrease in the domain wall density and a peak in the variance (see main text
for details). Each point is obtained from ⇠ 1000 realizations. The solid blue curve is a fully coherent MPS simulation without
free parameters (bond dimension D = 256), taking measurement fidelities into account. c, Domain wall number distribution
for � = 2⇡⇥ 14MHz, obtained from 18439 experimental realizations (blue bars, top plot). Error bars indicate 68% CI. Owing
to the boundary conditions, only even numbers of domain walls can appear (Supplementary Information). Green bars in
the bottom plot show the distribution obtained by correcting for finite detection fidelity using a maximum likelihood method
(Supplementary Information), which results in an average number of 5.4 domain walls. Red bars show the distribution of a
thermal state with the same mean domain wall density (Supplementary Information). d, Measured correlation function (2) in
the Z2 phase.

Finally, Fig. 6 demonstrates that our approach also en-
ables the study of coherent dynamics of many-body sys-
tems far from equilibrium. Specifically, we focus on the
quench dynamics of Rydberg crystals initially prepared
deep in the Z2 ordered phase, as we suddenly change
the detuning �(t) to the single-atom resonance � = 0
(Fig. 6a). After such a quench, we observe oscillations
of many-body states between the initial crystal and a
complementary crystal where each internal atomic state
is inverted (Fig. 6a). We find that these oscillations are
remarkably robust, persisting over several periods with
a frequency that is largely independent of the system
size. This is confirmed by measuring the dynamics of the
domain wall density, signaling the appearance and dis-
appearance of the crystalline states, shown in Fig. 6b for
arrays of 9 and 51 atoms. We find that the initial crys-
tal repeatedly revives with a period that is slower by a
factor ⇠ 1.4 compared to the Rabi oscillation period for
independent, non-interacting atoms.

DISCUSSION

Several important features of these experimental ob-
servations should be noted. First of all, our Z2 ordered

state cannot be characterized by a simple thermal en-
semble. More specifically, if an e↵ective temperature is
estimated based on the measured domain wall density,
the corresponding thermal ensemble predicts a correla-
tion length ⇠th = 4.48(3), which is significantly longer
than the measured value ⇠ = 3.03(6). Such a discrep-
ancy is also reflected in distinct probability distributions
for the number of domain walls (Fig. 5c). These observa-
tions suggest that the system does not thermalize within
the timescale of the Z2 state preparation.

Even more striking is the coherent and persistent oscil-
lation of the crystalline order after the quantum quench.
With respect to the quenched Hamiltonian (� = 0), the
energy density of our Z2 ordered state corresponds to
that of an infinite-temperature ensemble within the man-
ifold constrained by Rydberg blockade. Also, our Hamil-
tonian does not have any explicit conserved quantities
other than total energy. Nevertheless, the oscillations
persist well beyond the natural timescale of local relax-
ation ⇠ 1/⌦ as well as the fastest timescale, 1/Vi,i+1.

To understand these observations, we consider a sim-
plified model where the e↵ect of long-range interactions is
neglected, and nearest-neighbor interactions are replaced
by hard constraints on neighboring excitations of Ry-
dberg states [29]. In this limit, the qualitative behav-

51 qubits!
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other words, an optimal set of coe�cients ci has to be
found. This can be done by standard tools: usually by
the Nelder-Mead simplex algorithm [17] that does not
rely on gradients. A standard choice for the basis func-
tions are trigonometric functions, often multiplied by a
shape function 1/�(t) that fixes the pulse to 0 at the
edges.

A possible disadvantage of CRAB is the limited band-
width of the pulse or more in general the limited dimen-
sion Df of the search space or function space which ba-
sically scales with the number of coe�cients N (N < Df

since the randomization of the basis e↵ectively allows
to engineer a di↵erent N -dimensional function space for
each instance of N random frequencies). However, recent
e↵orts [18] show that the number of frequencies N needed
to accomplish a control task in a system space of dimen-
sion Ds up to an error " scales polynomially with the di-
mension of the set of time-polynomially reachable states
Dr < Ds. Since only certain time dynamics (given by
the control path) can be e�ciently simulated (e.g. simu-
lating many-body systems by matrix product states) the
real set of reachable states is still smaller then dimen-
sion Dr. It follows that for a many-body system with
L sites that can be e�ciently simulated by matrix prod-
uct states, all time-polynomially reachable states can be
reached with a number NL of CRAB coe�cients that
scales polynomially with the lattice size L.

A. dCRAB

Due to the restriction of the search basis to NC dimen-
sions given by the CRAB expansion, equation (1) the al-
gorithm might converge to a non-optimal fix point. To
overcome this problem we start a new CRAB optimiza-
tion from this fix point with a new random basis and new
coe�cients. We do this in an iterative way so that in the
j-th super-iteration we optimize the coe�cients cj

i
of

f
j(t) = f

j�1(t) +
NCX

i=1

c
j

i
f
j

i
(t) , (2)

where f
j

i
(t) are randomly chosen to be sine or cosine

functions with random frequencies out of some inter-
vall [0,!max]. So in each super-iteration the old pulse is
dressed with new search directions and we call this pro-
cedure dressed Chopped Random Basis (dCRAB) [16]
algorithm.

In the following section we give a theoretical explana-
tion why this is a substantial improvement of the algo-
rithm by analyzing how it influences the control land-
scape.

III. CONTROL LANDSCAPES AND CRAB

In this section we review the theory on control land-
scapes [1, 2] and how they can explain convergence or

1

|⇣i

F (| (T )i)

| (T )i

1

f1 f2

J(f)

f

Uf1(T )|⇠i = Uf2(T )|⇠i = |⇣i

FIG. 1. Schematic view on the control landscape J(f) =
F (| (T )i). While F has a clear maximum at |⇣i (left), this
state can be reached by di↵erent control functions f1 and f2
corresponding to multiple maxima in the landscape J (right).

trapping of the algorithm. Especially we want to focus
on why CRAB can be trapped in cases where gradient
methods as well as dCRAB cannot be trapped. For a con-
trol problem with control f the control landscape [1, 2]
is the function J(f) with

J(f) = F (| (T )i) (3)

where | (T )i is the final state resulting from time evolu-
tion with the given control f and F is the fidelity of the
process. In other words, the control landscape is the de-
pendency of the fidelity on the control field. In our case
the fidelity will be the state overlap of the final state with
a given target state

F (| (T )i) = |h⇣| (T )i|2 , (4)

and the time evolution is given by the Schrödinger equa-
tion

i
@

@t
| (t)i = (H0 + f(t)H1) | (t)i

| (0)i = |⇠i . (5)

The two di↵erent ways to look at the control landscape
are depicted in figure 1. As mentioned, for convenience
we limit the analysis to a state to state transfer, but the
same arguments apply also for other scenarios like gate
optimization and expectation value optimization. Opti-
mization usually leads to so-called critical points of the
landscape, that is the ones fulfilling the condition

�J = hrF ( (T ))|� (T )i = 0 8 �f , (6)

i.e. a vanishing variation of the functional J for a vari-
ation of the control f . By the chain rule this variation
consists of two parts: the gradient of the fidelity as a
function of the final state, and the variation of the fi-
nal state as a result of the variation of the control. The
first part is well understood and for all common choices
of the fidelity a vanishing gradient rF ( (T )) = 0 cor-
responds to the global maximum, global minimum or a
saddle point [1, 2, 6], more specifically in our case there

min
f(t)

J(| (T )i)

RedCRAB  

Optimal control 
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states in Rydberg atom arrays
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Definition
The Greenberger-Horne-Zeilinger (GHZ)
state is a genuinely entangled
multipartite Schrödinger-cat state,
where each subsystem is in a
superposition of orthogonal states.

Description
It can be characterised easily through
two diagonal and 2 off-diagonal terms.
(see Figure of Merit)

Trapping
The system is composed of a one dimensional array of
N atoms (87Rb) which are trapped via optical tweezers.
The tweezers are switched off during state preparation
creating the following Hamiltonian:

The Simulation
Description of the time evolution by
numerically integrating Schrödinger’s equation.
Two methods were used and agreed:
1. Krylov subspace method keeping 100 lowest

energy eigenstates (used for optimisation)
2. Matrix product states algorithm (power law

decay approximated through exponentials)
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• Remote dressed Chopped RAndom
Basis algorithm [3]

• Non gradient based optimisation
method using Nelder Mead

• Pulse optimisation through random
Fourier basis elements

• Client programme can be connected to
experiment or simulation to start a
remote optimisation via the RedCRAB
server
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Entanglement of distant atoms
By disentangling the centre atoms and
addressing only the two outermost atoms a
bell state can be achieved with 0.605(13)
fidelity.

Future Applications
Quantum Metrology, 
Quantum Error Correction, 
Quantum Computation, …

Rydberg Laser
Two-Photon-Transition Ω
Homogeneous coupling to the Rydberg state
Detuning Δ
Maximum number of Rydberg atoms in the
multi-atom ground state

Rydberg Blockade V
Strong van der Waals coupling between
neighbouring atoms, hence, no adjacent atoms
in the Rydberg state simultaneously

Edge Laser δe
Lowers true ground state to avoid almost
degenerate faux ground states with two edge
excitations

Preparation: Laser phase                   
noise

Holding: Finite temperature i.e. 
Doppler shift, position fluctuations

Measurement: Imperfect state 
rotations due to long- and short-
range interaction

Principle
Quantum Optimal Control explores the dependency of a certain goal
(GHZ state fidelity) on a set of dynamical controls (Rydberg laser
amplitude Ω(t) and detuning Δ(t)).

Figure of Merit

Optimisation Algorithm
The dressed Chopped RAndom
Basis Algorithm (dCRAB) randomly
chooses an optimisation basis from
a limited (or chopped) set. [2] It
avoids traps by changing the
optimisation basis whenever the
figure of merit converges.

max. N=16

New Pulse: 
𝑢 𝑡 = 𝑢 𝑡 + 𝜆(𝑡) 𝐴 sin 𝜔 𝑡 + 𝐵 sin(𝜔 𝑡)

Off-diagonal 
matrix elements

Fidelity of states, 
which make up the GHZ i.e. 
AN= | ⟩1010⋯ , ĀN= | ⟩0101⋯

𝐻
ℏ
=
훀 𝑡
2

𝜎 − (횫 𝑡 + 휹𝒊) +
𝑽

𝑖 − 𝑗
𝑛 𝑛

··· 𝑐 + 𝑐∗ )

| ⟩Φ = | ⟩00 + | ⟩11 / 2

| ⟩GHZ =
1
2
| ⟩0101⋯ + | ⟩1010⋯

ℱ = GHZ 𝜌 GHZ =
1
2
(𝑝 + 𝑝 + 𝑐 + 𝑐∗ )

Simulated under ideal conditions:

Result
Non-trivial, diabatic function for
laser detuning and amplitude to
experimentally prepare a GHZ state
in the experiment:

Rydberg State Ground State

[1] A. Omran et al, Science 365, 6453 (2019)
[2] N. Rach et, Phys. Rev. A 92, 062343 (2015)
[3] R. Heck et al, PNAS 115, 48 (2018)

Principle
Adjust the changing rate of the
detuning to the width of the
energy gap to avoid crossing.
Always keep the system in the
ground state.
Problem
Very small gaps lead to very
slow ramping, exceeding the
decoherence time scale.
Solution
Purposefully occupy excited
states to repopulate the
ground state again later.
However, this calculation can,
to date, not be done
analytically.

Population of 
composite states
ℱ = 1/2 (𝑝 + 𝑝 +⋯

(adiabatic initial guess)

Energy Spectrum
To stay in the ground state the narrow
crossing between faux and true ground states
can now be avoided more easily

two edge excitations 

Adiabatic preparation of 
N=4 GHZ state

max. N=20 
with ℱ=0.542(18)

For comparison: 
Experiment with 
N=4 GHZ state 
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Control Pulse
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excitations
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• Remote dressed Chopped RAndom
Basis algorithm [3]

• Non gradient based optimisation
method using Nelder Mead

• Pulse optimisation through random
Fourier basis elements

• Client programme can be connected to
experiment or simulation to start a
remote optimisation via the RedCRAB
server

RedCRAB 
Server

RedCRAB Client 
Programme

System: 
Experiment 

or Simulation

Optimal Control
Adiabatic
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The 
Limitations

Entanglement of distant atoms
By disentangling the centre atoms and
addressing only the two outermost atoms a
bell state can be achieved with 0.605(13)
fidelity.

Future Applications
Quantum Metrology, 
Quantum Error Correction, 
Quantum Computation, …

Rydberg Laser
Two-Photon-Transition Ω
Homogeneous coupling to the Rydberg state
Detuning Δ
Maximum number of Rydberg atoms in the
multi-atom ground state

Rydberg Blockade V
Strong van der Waals coupling between
neighbouring atoms, hence, no adjacent atoms
in the Rydberg state simultaneously

Edge Laser δe
Lowers true ground state to avoid almost
degenerate faux ground states with two edge
excitations

Preparation: Laser phase                   
noise

Holding: Finite temperature i.e. 
Doppler shift, position fluctuations

Measurement: Imperfect state 
rotations due to long- and short-
range interaction

Principle
Quantum Optimal Control explores the dependency of a certain goal
(GHZ state fidelity) on a set of dynamical controls (Rydberg laser
amplitude Ω(t) and detuning Δ(t)).

Figure of Merit

Optimisation Algorithm
The dressed Chopped RAndom
Basis Algorithm (dCRAB) randomly
chooses an optimisation basis from
a limited (or chopped) set. [2] It
avoids traps by changing the
optimisation basis whenever the
figure of merit converges.

max. N=16

New Pulse: 
𝑢 𝑡 = 𝑢 𝑡 + 𝜆(𝑡) 𝐴 sin 𝜔 𝑡 + 𝐵 sin(𝜔 𝑡)

Off-diagonal 
matrix elements

Fidelity of states, 
which make up the GHZ i.e. 
AN= | ⟩1010⋯ , ĀN= | ⟩0101⋯

𝐻
ℏ
=
훀 𝑡
2

𝜎 − (횫 𝑡 + 휹𝒊) +
𝑽

𝑖 − 𝑗
𝑛 𝑛

··· 𝑐 + 𝑐∗ )

| ⟩Φ = | ⟩00 + | ⟩11 / 2

| ⟩GHZ =
1
2
| ⟩0101⋯ + | ⟩1010⋯

ℱ = GHZ 𝜌 GHZ =
1
2
(𝑝 + 𝑝 + 𝑐 + 𝑐∗ )

Simulated under ideal conditions:

Result
Non-trivial, diabatic function for
laser detuning and amplitude to
experimentally prepare a GHZ state
in the experiment:

Rydberg State Ground State

[1] A. Omran et al, Science 365, 6453 (2019)
[2] N. Rach et, Phys. Rev. A 92, 062343 (2015)
[3] R. Heck et al, PNAS 115, 48 (2018)

Principle
Adjust the changing rate of the
detuning to the width of the
energy gap to avoid crossing.
Always keep the system in the
ground state.
Problem
Very small gaps lead to very
slow ramping, exceeding the
decoherence time scale.
Solution
Purposefully occupy excited
states to repopulate the
ground state again later.
However, this calculation can,
to date, not be done
analytically.

Population of 
composite states
ℱ = 1/2 (𝑝 + 𝑝 +⋯

(adiabatic initial guess)

Energy Spectrum
To stay in the ground state the narrow
crossing between faux and true ground states
can now be avoided more easily

two edge excitations 

Adiabatic preparation of 
N=4 GHZ state

max. N=20 
with ℱ=0.542(18)

For comparison: 
Experiment with 
N=4 GHZ state 
using an Optimal 
Control Pulse

Almost no edge 
excitations

Raw experimental 
data Sim

ulated
data

DOI: 
10.1126/science.aax9743

Experimental value 
through maximum-
likelihood estimation

by an interacting Hamiltonian, which compli-
cates this step (19). The resulting evolution can
be understood in terms of quantum many-body
scars (21, 32), which gives rise to coherent qubit
rotations, even in the presence of strong in-
teractions. The deviations from an ideal parity
measurement arise from the Rydberg block-
ade constraint and long-range interactions (19).
These grow with the system size, resulting in
finite fidelities even for a perfect initial GHZ

state (Fig. 3B, gray shaded area). Our quoted
fidelity values do not include the correction
for this imperfection and represent the lower
bound on the actual GHZ state fidelities.
Entanglement generation, manipulation, and

lifetime are further limited by several sources
of decoherence. The finite temperature of the
atoms leads to random Doppler shifts on every
site as well as position fluctuations that influ-
ence interaction energies. These thermal de-

phasing mechanisms lead to a Gaussian decay
of the GHZ state coherence, whose time scale
decreases with the system size as 1=

ffiffiffiffi
N

p
, which

is in good agreement with our observations
(Fig. 3C). Additionally, off-resonant laser scat-
tering introduces a small rate of decoherence on
each site in the array. We found that numerical
simulations of the state preparation account-
ing for these imperfections predict higher GHZ
fidelities than those obtained experimentally
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Fig. 2. Characterization of a
20-atom GHZ state. (A) Probability
of observing different patterns,
showing a large population of the two
target patterns out of 220 = 1,048,576
possible states. Shown here are the
raw measured values (blue bars) and
the populations inferred by using
maximum likelihood estimation
(orange bars) for the two target
states. (Insets) Fluorescence images
of the two target patterns, where red
circles mark empty sites corresponding
to atoms in state j1i. (B) Optimal
control pulse used for state prepara-
tion. (C) Parity oscillations produced
by acquiring a relative phase between
the GHZ components. We apply a
staggered field with a shift of dp/(2p) =
±3.8 MHz on all sites, followed by
an operation Ux so that subsequent
parity measurements are sensitive
to f (19). From the population measurement and the oscillation amplitude, we infer a lower bound on the 20-atom GHZ fidelity of F ≥ 0:542ð18Þ.
Error bars denote 68% confidence intervals.

Fig. 3. Quantifying entanglement
for different system sizes. (A) Parity
oscillations measured on different
system sizes. We apply a staggered
field with a shift of dp/(2p) = ±3.8 MHz
on all sites and observe a scaling of
the phase accumulation rate propor-
tional to the system size N. (B) In-
ferred GHZ fidelity for different system
sizes (orange circles) (19). Blue
diamonds show the result of simula-
tions that account for dephasing
during state preparation, decay from
off-resonant photon scattering, and
imperfect detection of coherence
through parity oscillations (19). Pale
blue triangles show identical simula-
tions for the initial guess pulses for the
RedCRAB optimization, consisting of a
T = 1.1 ms linear detuning sweep and
W(t) = Wmax[1 – cos12(pt/T)]. The gray
shaded area marks a region not mea-
surable with our parity observable
(19). (C) Lifetime of the GHZ state
coherence. For all system sizes N, we
measure the state parity after a varia-
ble delay following the GHZ state
preparation, which (inset) decays to
zero. We fit the individual parity data to the tail of a Gaussian decay curve because we assume that the dephasing started during state preparation—
before t = 0. The gray line shows a theoretical prediction with no free parameters, accounting for known dephasing mechanisms in our system.
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QUANTUM GATES ON RYDBERG ATOMS

 

Parallel Implementation of High-Fidelity Multiqubit Gates with Neutral Atoms
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We report the implementation of universal two- and three-qubit entangling gates on neutral-atom qubits
encoded in long-lived hyperfine ground states. The gates are mediated by excitation to strongly interacting
Rydberg states and are implemented in parallel on several clusters of atoms in a one-dimensional array of
optical tweezers. Specifically, we realize the controlled-phase gate, enacted by a novel, fast protocol
involving only global coupling of two qubits to Rydberg states. We benchmark this operation by preparing
Bell states with fidelityF ≥ 95.0ð2Þ%, and extract gate fidelity≥97.4ð3Þ%, averaged across five atom pairs.
In addition, we report a proof-of-principle implementation of the three-qubit Toffoli gate, in which two
control atoms simultaneously constrain the behavior of one target atom. These experiments demonstrate
key ingredients for high-fidelity quantum information processing in a scalable neutral-atom platform.

DOI: 10.1103/PhysRevLett.123.170503

Trapped neutral atoms are attractive building blocks for
large scale quantum information systems. They can be
readily manipulated in large numbers while maintaining
excellent quantum coherence, as has been demonstrated in
remarkable quantum simulation and precision measure-
ment experiments [1,2]. Single atom initialization, address-
ing, and readout have been demonstrated in a variety of
optical trapping platforms, and single-qubit gates have been
implemented with exquisite fidelity [3–5]. Multiqubit
entangling gates with neutral atoms can be implemented
by driving atoms to highly excited Rydberg states, which
exhibit strong and long-range interactions [6]. Protocols for
entangling atoms using Rydberg interactions have been
explored theoretically and experimentally over the last
decade [7–13], but despite major advances, progress in
this field has been limited by relatively low fidelities
associated with ground-state–Rydberg-state coherent con-
trol [14]. Recent advances in Rydberg atom control [15–17]
offer new opportunities for realization of entangling gates,
combining high-fidelity performance and parallelization.
In this Letter, we introduce a new method for realizing

multiqubit entangling gates between individual neutral
atoms trapped in optical tweezers. In our approach, qubits
are encoded in long-lived hyperfine states j0i and j1iwhich
can be coherently manipulated individually or globally to
perform single-qubit gates. Our two-qubit gate, the con-
trolled-phase gate, is implemented with a novel protocol
consisting of just two global laser pulses which drive
nearby atoms within the Rydberg blockade regime [7].

We benchmark this gate by preparing Bell states of two
atoms with a fidelity F ≥ 95.0ð2Þ%, averaged across five
pairs of atoms. After accounting for state preparation and
measurement (SPAM) errors, we extract the entanglement
operation fidelity to be F c ≥ 97.4ð3Þ%, competitive with
other leading platforms capable of simultaneous manipu-
lation of ten or more qubits [18–21]. Additionally, we
demonstrate a proof-of-principle implementation of the
three-qubit Toffoli gate, wherein two atoms simultaneously
constrain a third atom through the Rydberg blockade,
highlighting the potential use of Rydberg interactions for
efficient multiqubit operations [14,22].
In our experiments, individual 87Rb atoms are trapped in

optical tweezers and sorted by a real-time feedback
procedure into groups of two or three, organized in a
one-dimensional array [23–25]. We encode qubits in
the hyperfine ground states of these atoms, with j0i ¼
j5S1=2; F ¼ 1; mF ¼ 0i and j1i ¼ j5S1=2; F ¼ 2; mF ¼ 0i.
In each experiment, we initialize all qubits in j0i through a
Raman-assisted optical pumping procedure [26]. Single-
qubit coherent control is achieved through a combination of
a global laser field which homogeneously drives all qubits,
as well as local addressing lasers which apply ac Stark
shifts on individual qubits [Figs. 1(a) and 1(b)]. The global
drive field is generated by a 795 nm laser, tuned near the
5S1=2 to 5P1=2 transition. This laser is intensity modulated
to produce sidebands which drive the qubits through a two-
photon Raman transition with an effective Rabi fre-
quency Ω01 ≈ 2π × 250 kHz [Fig. 1(e)] [26,27]. The local
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first of which is the Bell state populations, given by
the probability of observing j00i or j11i [Fig. 3(b)]. The
second term is the coherence between j00i and j11i,
measured by applying a global ZðθÞ rotation followed
by a global Xðπ=2Þ rotation and observing parity oscil-
lations [Figs. 3(a) and 3(c)] [28]. When evaluating the
contributions to the fidelity, we account for atom popula-
tion left in the Rydberg state after the operation and for
background losses. Both of these correspond to leakage out
of the qubit subspace and can lead to overestimation of the
j1i populations and Bell state fidelities in the raw mea-
surements. Using separate measurements of atoms in both
hyperfine qubit states [26], we determine a conservative
upper bound on these leakage errors and subtract this
contribution (shown in light shaded regions of bar plots in
Figs. 3 and 4, see [26]). The resulting lower bound on the
Bell state fidelity is F ≥ 95.0ð2Þ%.
The measured Bell state fidelity includes errors in state

preparation and measurement, as well as errors in the two-
qubit entangling gate. To characterize the entangling gate
specifically, we evaluate the error contributions from
SPAM (1.2(1)% per atom) and compute a SPAM-corrected
fidelityF c ≥ 97.4ð3Þ% [26]. The majority of the remaining
error is due to finite atomic temperature and laser scattering
during Rydberg dynamics [26]. We separately characterize
our native CZ gate by converting it to a controlled-NOT
(CNOT) gate via local rotations [Fig. 3(d)]. We measure the
action of the CNOT gate on each computational basis state to
obtain its truth table fidelity F c

CNOT ≥ 96.5ð3Þ%, corrected
for SPAM errors (Figs. 3(e) and 3(f)] [26].
Finally, we extend our control of multiple atomic qubits

to implement the three-qubit controlled-controlled-phase
(CCZ) gate. This logic operation can be decomposed into
five two-qubit gates [29–31]. Instead, we realize this
multiple-control gate directly by preparing three atoms
in the nearest-neighbor blockade regime such that both
outer atoms constrain the behavior of the middle atom. The
complicated three-atom dynamics makes it challenging to
analytically construct global laser pulses that realize a CCZ

gate in this configuration. Therefore, we use numerical
optimization to construct a global amplitude and frequency
modulated laser pulse which approximately implements the
CCZ gate [26]. The laser pulse is optimized through the
remote dressed chopped random basis (RedCRAB) optimal
control algorithm [32,33].
We implement the CCZ gate in parallel on four triplets of

atomic qubits [Fig. 4(a)]. The three atoms in each triplet are
arranged such that nearest neighbors are blockaded by the
strong 2π × 24 MHz interaction, as in the two-qubit experi-
ments. The edge atoms interact with each other weakly
(2π × 0.4 MHz). As with the two-qubit gate, we embed the
CCZ gate in an echo sequence to cancel light shifts, such
that our gate implements CCZ along with a global XðπÞ
rotation. To characterize the performance of this three-qubit
gate, we convert it into a Toffoli gate by applying a local

Hadamard on the middle atom before and after the CCZ gate
[along with edge XðπÞ pulses, to simplify implementation
[26] ] [Fig. 4(b)]. We apply the Toffoli gate to each
computational basis state to measure the truth table fidelity
F c

Toff ≥ 87.0ð4Þ%, corrected for SPAM errors [Figs. 4(c)
and 4(d)] [26]. Additionally, we perform “limited tomog-
raphy,” consisting of truth table measurements in a rotated
basis, to verify the phases of the Toffoli unitary in a more
experimentally accessible manner than full process tomog-
raphy [31]. The limited tomography (LT) fidelity is
F c

LT ≥ 86.2ð6Þ% [26].
These results can be directly improved and extended

along several directions. The fidelity of Rydberg coupling
is primarily limited by finite atomic temperature and
off-resonant laser scattering, which can be addressed by
sideband cooling of atoms within optical tweezers [34,35]
and by higher power lasers. The background atomic loss
and state preparation can be improved using higher quality
vacuum systems [36] and more sophisticated state prepa-
ration techniques [5]. Finally, atomic qubit readout can be
improved using recently demonstrated nondestructive

(a)

(b)

(c) (d)

FIG. 4. Realization of three-qubit Toffoli gate. (a) The Toffoli
gate is implemented in parallel on four triplets of atomic qubits
using the same lasers as for two-qubit gates. (b) Quantum circuit
for constructing the Toffoli gate from local rotations and a
globally implemented CCZ gate. (c) Eight computational basis
states are prepared with average fidelity 95.3(3)%. (d) Measured
truth table, with fidelity F Toff ≥ 83.7ð3Þ%. Corrected for SPAM
errors, the fidelity is F c

Toff ≥ 87.0ð4Þ%. Wire frames on purple
bars show ideal outcomes; solid bars show the raw measurement;
the light-shaded top portions of the bars bound the contribution
from qubit leakage. Only the darker lower region is counted
towards fidelities.
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atomic qubits in j0i, then apply a global Xðπ=2Þ Raman
pulse to prepare each atom in j−iy ¼ ð1=

ffiffiffi
2

p
Þðj0i − ij1iÞ.

The CZ gate protocol, consisting of the two Rydberg laser
pulses, is then applied over a total time of 0.4 μs, during
which the optical tweezers are turned off to avoid antitrap-
ping of the Rydberg state. The pulse sequence realizes
map (1), along with an additional phase rotation on each
qubit due to the light shift of the Rydberg lasers on the
hyperfine qubit states.We embed the CZ gate implementation
in an echo sequence to cancel the effect of the light shift, and
we add an additional short light shift to eliminate the single-
particle phase ϕ [26]. Altogether, this realizes a unitary that

combines the canonical CZ gate with a global XðπÞ gate
[enclosed region in Figs. 3(a) and 3(d)]. A final Xðπ=4Þ
rotation produces the Bell state jΦþi [Fig. 3(a)] [26].
We characterize the experimentally produced state ρ by

evaluating its fidelity with respect to the target Bell state
F ¼ hΦþjρjΦþi. The fidelity is the sum of two terms, the

(a) (b)

(d)(c)

FIG. 2. Controlled-phase (CZ) gate protocol. (a) Two global
Rydberg pulses of length τ and detuning Δ drive Bloch sphere
rotations around two different axes due to a laser phase change ξ
between pulses. (b) As a result of the evolution, each basis state
returns to itself with an accumulated dynamical phase. j00i is
uncoupled and, therefore, accumulates no phase. j01i and j10i
are equivalent by symmetry (ϕ01 ¼ ϕ10), while j11i accumulates
phase ϕ11. The CZ gate is realized for ϕ11 ¼ 2ϕ01 − π. (c) The
dynamics of the j01i and j11i states can be understood in terms of
two-level systems with the same detuning Δ but different
effective Rabi frequencies. The pulse length τ is chosen such
that the j11i system undergoes a complete detuned Rabi cycle
during the first pulse, while the j01i system undergoes an
incomplete oscillation. The laser phase ξ is chosen such that
the second pulse drives around a different axis to close the
trajectory for the j01i system, while driving a second complete
cycle for the j11i system. (d) The dynamical phases ϕ01 and ϕ11

are determined by the shaded area enclosed by the Bloch sphere
trajectory and vary from 2π to 0 as a function ofΔ, corresponding
to increasingly shallow trajectories. Insets show family of
trajectories for different detunings. Choosing Δ ≈ 0.377 Ω
realizes the CZ gate.

(a)

(b)

(d)

(e) (f)

(c)

FIG. 3. Bell state preparation and controlled-NOT (CNOT) gate.
(a) Quantum circuit used to prepare and probe the jΦþi state.
(b) Measured populations of the Bell states. Raw measurements
associating j0i with atom presence and j1i with atom absence
yields 97.6(2)% in the target states. Separate measurements of
leakage out of the qubit subspace indicate a small contribution
(light shaded region) to these probabilities; subtracting this
contribution, the measured population is ≥ 95.8ð3Þ%. (c) The
parity oscillation with respect to accumulated phase θ has a
measured amplitude of 94.2(4)%. The resulting lower bound on
Bell state fidelity is F ≥ 95.0ð2Þ% [raw measurements yield
F raw ¼ 95.9ð2Þ%]. Correction for SPAM errors results in
F c ≥ 97.4ð3Þ%. (d) The CNOT gate is constructed from our native
CZ gatewith the addition of local hyperfine qubit rotations. (e) The
four computational basis states are prepared with average fidelity
96.8(2)%. (f) We apply the CNOT sequence to the four computa-
tional basis states and measure the truth table fidelity to be
FCNOT ≥ 94.1ð2Þ%. Corrected for SPAM errors, the fidelity is
F c

CNOT ≥ 96.5ð3Þ%. Wire frames on purple bars show ideal
outcomes; solid bars show the raw measurement; the light-shaded
top portions of the bars bound the contribution from qubit leakage.
Only the darker lower region is counted towards fidelities.
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TENSOR NETWORK ALGORITHMS

2

Figure 1. Markov dynamics of a quantum spin chain on the level of local tensors. a) shows the relationship between a density matrix ⇢ in
MPO representation (top) and the locally purified tensor network (bottom) with tensors Al, physical dimension d, bond dimension D0 and
Kraus dimension K. b) The action of a local channel T that exclusively acts on lattice site 2 on the level of the MPO and on the level of the
locally purified form. In the latter, the Kraus rank k2 of the quantum channel T is joined together with K. c) Compression schemes for the
bond and Kraus dimension of a local tensor via singular value decompositions (SVD). d) Locally purified evolution of a time step e⌧L for a
2-local Hamiltonian and on-site Lindbladians. Here we show only the 3 rightmost of the 5 Suzuki-Trotter layers from Eq. (4).

neighbouring lattice sites. We describe the variational mixed
state of the system as a tensor network representing the den-
sity matrix ⇢. But instead of expressing ⇢ directly as a MPO
[20, 38] we keep it expressed at every stage of our algorithm
in its locally purified form ⇢ = XX†, where the purification
operator X is a variational MPO:

[X]s1,...,sN
r1,...,rN

=
X

m1,...,mN�1

A[1]s1,r1
m1

A[2]s2,r2
m1,m2

. . . A[N ]sN ,rN
mN�1

. (2)

That is, we represent ⇢ as a locally purified tensor net-
work made of rank four tensors A[l] with physical dimen-
sion d, bond dimension D and Kraus dimension K (shown
in Fig. 1a). Our algorithm is now an extension of the Time
Evolving Block Decimation (TEBD) scheme [39], acting on
the level of the local tensor A[l] that also allows for dissipa-
tive channels, and never requires to contract, even partially,
the two tensor network layers (X and X†) together. Simi-
larly to TEBD, it involves splitting the propagator e⌧L for a
small time-step ⌧ into several Suzuki-Trotter layers of mutu-
ally commuting operations. To this end we consider the evo-
lution from time t to t+ ⌧ in Liouville-space

|⇢t+⌧ ii = e⌧L |⇢tii = e⌧(�iH⌦1+i1⌦H̄+D)
|⇢tii , (3)

where |Mii denotes the Liouville vector representation of a
matrix M and the operator D =

P
j
(Lj ⌦ L̄j � (L†

j
Lj ⌦ 1+

1 ⌦ LT

j
L̄j)/2) contains the dissipative part of the Lindblad

operator L. As usual, we define the operators He and Ho

by splitting the Hamiltonian H =
P

i
hi into two sums, one

containing the even interactions h2l,2l+1 and one containing
the odd interactions h2l+1,2(l+1), respectively. So both He

and Ho are each built on mutually commuting terms. If the
Lindblad generators Lj are now on-site (the case of two-site
Lindbladians is treated later on), we can approximate e⌧L via
a symmetric Suzuki-Trotter decomposition up to second order
in time as

e⌧L = e⌧Ho/2e⌧He/2e⌧De⌧He/2e⌧Ho/2 +O(⌧3) , (4)

partially shown in Fig. 1d, where H⌫ = �iH⌫ ⌦1+ i1⌦ H̄⌫

with ⌫ = o, e. Generalisations to higher orders can be con-
structed from the Baker-Campbell-Hausdorff formula. Note

that the layers He and Ho implement the coherent part of the
evolution and are identical to the usual TEBD layers. In fact,
by having ⇢t expressed as ⇢t = XtX

†

t
we see that by acting

as X 0 = e�i⌧Ho/2Xt we recover exactly |⇢0ii = e⌧Ho/2 |⇢tii
(and likewise for the even coherent layer He). Hence, on
the level of the local tensors A[l] we can just adapt the usual
TEBD algorithm for nearest neighbour Hamiltonians, to effi-
ciently perform the coherent part of the dynamics.

The dissipative layer, however, requires a more careful
treatment and we exploit the fact that since the generators Lj

act only on a single site, we find e⌧D =
N

l
e⌧Dl , with

Dl =
X

jl

✓
Ljl ⌦ L̄jl �

1

2
(L†

jl
Ljl ⌦ 1 + 1 ⌦ LT

jl
L̄jl)

◆
,(5)

where the sum runs over all generators Ljl which act on lattice
site l. Since e⌧Dl is completely positive, Choi’s theorem [40]
guarantees that we can find via diagonalisation a set of Kraus-
operators {Bl,q} satisfying e⌧Dl =

P
k

q=1 Bl,q ⌦ B̄l,q . The
action of e⌧Dl on the level of the local tensors is now given
by a contraction of Bl,q into A[l]

t
, while joining the variational

Kraus dimension K with the Kraus rank k of the quantum
channel, as shown in Fig. 1b (by construction k  d2). The
application of each Suzuki-Trotter layer increases only the di-
mension of a single leg of the local tensors A[l]: The bond
dimension D is increased by the coherent layers, the Kraus
dimension K by the dissipative layers. This allows for im-
mediate compression of the enlarged dimension via standard
tensor network tools (singular value decomposition and trun-
cation of the smallest values, see Fig. 1c), which keeps errors
under control, as discussed in the supplemental material (SM).

The algorithm yields an overall computational costs scal-
ing as O(d5D3K)+O(d5D2K2), by executing a clever con-
traction of the coherent terms. Moreover, the locally purified
tensor network makes good advantage of the tensor network
gauge transformations, e.g. by reducing costs for local mea-
surements. Finally, we were also able to provide an error es-
timator for the approximations included in the algorithm, cal-
culated from the truncated singular values arising from com-
pression (see the SM).

U. Schollwock, RMP (2005) 
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FIG. 1: Left panel: Hilbert space and Gauge invariant states of the QLM. (i) In the quantum link formulation, the gauge
fields defined on the links are described by spins (in our case, S=1). (ii) Staggered fermions represent matter and antimatter
fields on a lattice bipartition: on the even (odd) bipartition, a full (empty) site represents a particle (antiparticle). (iii) Hilbert
space and Gauge invariant states of the QLM. The Gauss law, Eq. (3), constraints the number of possible states at each lattice
site. Notice that the Gauss law depends on the lattice site due to the staggered fermions. Middle panel: cartoon states for
the di↵erent stages of the string breaking dynamics (see text). Right panel: sample simulation for the electric field dynamics
quenching an initial string state (B region) connecting two charges, and surrounded by the vacuum (A regions) for m = 0 = g.
Primary string breaking takes place in four stages (C-F), until an anti-string is created in place of the original string. The latter
decays as well during the secondary string breaking. The shaded areas represent the wave-fronts estimated from entanglement
entropies (see Sec. IV), which are directly tied up with the electric field evolution.

system: The tensor structure is chosen to best accommo-
date some general system properties, e.g., dimensional-
ity, boundary conditions or symmetry, while a controlled
approximation is introduced in such a way that one can
interpolate between a mean field and an exact representa-
tion of the system. Being a wave function based method,
one has direct access to all of the relevant information
on the system itself, including quantum correlations, i.e.,
entanglement. In one-dimensional systems, an e�cient
tensor structure is given by the Matrix Product State
(MPS) ansatz [9, 11], defined as,

| MPSi =
X

~↵

A
�1
↵1
A

�1,�2
↵2

. . . A
�N�1
↵N

|~↵i, (1)

where tensor A contains the variational parameters to
be accomodate to describe the system wavefunction,
↵i = 1, . . . , d characterizes the local Hilbert space and
�i = 1, . . . ,m accounts for quantum correlations or en-
tanglement (Schmidt rank) between di↵erent bipartitions
of the lattice. Indeed, setting m = 1 results in a mean
field description, while any m > 1 allows to describe cor-
related many-body states. Given the tensor structure,
the tensor dimensions and coe�cients are then optimized
to e�ciently and accurately describe the system proper-
ties by means of algorithms polynomial in the system
size and m. Usually, these algorithms exploit the sys-
tem Hamiltonian tensor structure, naturally arising from
the few-body and local nature of the interactions, to ef-
ficiently describe the system ground or low-lying eigen-
states, or to follow the system real or imaginary time
evolution. Indeed, in the TN approach, real and imag-
inary time evolution have no fundamental di↵erences at
the computational level, as there is no sign problem, and
limitations arise only from the amount of quantum cor-

relations present in the system wave function.

Here, we show how TN algorithms allow to study the
real time dynamics of LGT, focusing on the string break-
ing in a paradigmatic confining theory, the Schwinger
model [49–51] in a quantum link formulation. We char-
acterize the real-time dynamics of the primary and sec-
ondary string breaking and we show that string breaking
is intimately related to entanglement production in the
system. A qualitative picture for the string breaking in
our models, together with a typical result for our time-
dependent simulations on a system of L = 100 lattice
sites, is illustrated in Fig. 1.Even more importantly, our
simulations allow us to track the entanglement evolutions
along string breaking: as we will show below, the string
breaking and the so-called Schwinger mechanism are in-
timately connected to entanglement propagation, which
we address evaluating the so called von Neumann entan-
glement entropies. Finally, we show that TN methods
can be used to study scattering processes between bound
states of LGTs: we develop a scheme to engineer me-
son collisions, and we show how, very surprisingly, the
scattering does not only reflects into an enhanced rate
of particle-antiparticle creation, but it a↵ects drastically
the entanglement properties of the system, which stays
significantly correlated well beyond the scattering time-
window.

The paper is structured as follows: in Sec. II we present
the system Hamiltonian and recall the TN algorithm we
are using throughout this work. In Sec. III we present the
results on string breaking and mass production dynamics,
including a discussion on how this phenomenon can be
observed in quantum simulation platform. In Sec. IV we
show how entanglement follows the string breaking dy-
namics, providing a quantitative picture which underlines
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how entanglement entropies are directly tied to string-
breaking. Finally, we present our result on scattering in
Sec. V, and draw a summary of our results in Sec. VI.

II. MODEL AND METHODS

A. Model Hamiltonian: QED in (1+1)d

QED in (1+1)d, also known as the Schwinger model,
represents an ideal test-ground for the benchmark and
development of new computational methods. Despite
its relative simplicity, it captures fundamental aspects of
gauge theories such as, e.g., the presence of a chiral sym-
metry undergoing spontaneous symmetry breaking [49–
59]. Even more importantly, this theory, like QCD,
displays confinement: di↵erently from (3+1)d QED, in
(1+1)d electrons and positrons are confined, and interact
via a long-range potential which increases linearly with
distance. Due to the large energy cost associated with
the electric flux between charges at large inter-charge
distances, the electric flux string is unstable to particle-
antiparticle creation as in QCD and string breaking
takes place. While this phenomenon, directly connected
to the Schwinger mechanism of mass production out of
a vacuum, has been long debated, and notable insights
have been provided using a variety of approximate meth-
ods, a full quantum mechanical understanding of the
complex real-time dynamics taking place during string
breaking is lacking due to the computationally complex-
ity of the many-body problem [60–63].

In the Hamiltonian formulation, its dynamics is defined
by the following form:

H = �t

X

x

h
 
†
xU

†
x,x+1 x+1 +  

†
x+1Ux,x+1 x

i

+m

X

x

(�1)x †
x x +

g
2

2

X

x

E
2
x,x+1. (2)

where  †
x, x are fermionic creation/annihilation opera-

tors describing Kogut-Susskind (staggered) fermions (see
Fig. 1), Ux,x+1 are the gauge fields residing on the
(x, x + 1) link, and we denote the strength of fermion-
hopping (the kinetic energy of electrons or positrons)
with t, the staggered mass of the fermions with m, and
the electric coupling strength with g, where Ex,x+1 is the
electric-field operator. The gauge generator is given by

G̃x =  
†
x x + Ex,x+1 � Ex�1,x +

(�1)x � 1

2
, (3)

satisfying the Gauss law if all physical states | i sat-
isfy G̃x| i = 0. While in the Wilson formulation Ux,x+1

are parallel transporters acting on an infinite dimensional
Hilbert space, we focus here on a formulation based on
QLM, where the gauge fields are represented by spin-
1 operators, Ux,x+1 = S

+
x,x+1, Ex,x+1 = S

z
x,x+1 and, as

such, act on a finite-dimensional link Hilbert space. In

particular, the electric field operator allows three possible
states for the electric flux, which constraint the physical
states per site as described in Fig. 1. A detailed dis-
cussion of the quantum link formulation can be found in
Ref. [29–31], while in Ref. [23] it was shown how such
quantum link formulation reproduces the phase diagram
and quantum criticality of the continuum theory.

B. String breaking and classical cartoon states

String breaking is the process of cutting and shorten-
ing the electric flux string that connects a pair particle-
antiparticle by creating a new charge-anticharge pair [36].
In our framework a string consists of two charges creat-
ing non-zero electric flux between them. The charges
are represented by appropriate boundary conditions or
as dynamical charges as excitations of the mass field at
the site of the fermion. This is realized by an e↵ective
jump of a fermion from the site of one charge to the
site of the second charge satisfying the Gauss law. The
string of electric flux then follows from Gauss’ law. The
charges force the links in a non-zero flux state, according
to the configuration of the charges either in one direction
or the other. Before embarking in a full quantum me-
chanical investigation of string breaking, we now discuss
its classical (t = 0) static picture, which provides a sim-
ple, yet informative illustration of the di↵erent stages of
the string breaking mechanism. A set of cartoons of the
classical states is provided in Fig. 1:
Vacuum. In the vacuum (A), neither mass nor electric

field excitations are present. Its energy is thus E0 =
�

L
2m.
String. In the string state (B), two mass excitations

are present at the boundaries, and all electric fields con-
necting the two are also in the |+1i state. The resulting
string energy then takes the form

Estring � E0 =
g
2

2
(L� 1) + 2m. (4)

Pairs. In the pairs state (C) all the masses are excited
forming charge-anticharge pairs with an energy Epairs =
g2L
4 +mL.
Mesons. In a confined phase, particle-antiparticle

pair production can favor the establishment of a vacuum
state between two static charges, which then form mesons
at the boundary of the string (see (D)). The resulting
energy is:

Emesons � E0 = g
2 + 4m. (5)

At the static level, string breaking takes place at a critical
distance Lc, above which the mesons state is energetically
favored over the string state (Estring(Lc) = Emesons):

Lc =
4m

g2
+ 3 (6)
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(dashed lines), we see that the entanglement entropy for
the vacuum stays close to zero as the large mass and
electric coupling strongly suppress the particle-pair cre-
ation which triggered the strong growth of the entropy
in the previous case. Also in the middle of the string
the entanglement entropy is drastically a↵ected: the blue
dashed line initially behaves as the full one in the mass-
less case, reflecting the same mass excitation by pair cre-
ation. However, the violet dashed line always remains
close to zero as further evolution into the string broken
state is energetically forbidden: the state evolves back
into the string and the correlations between the even-odd
sites cannot be created. The system is then oscillating
between two almost degenerate states, the initial string
state and the state made out of pairs, resulting in the os-
cillating behavior of the entanglement entropy between
zero and one. Finally, the third case with m = 0.25 and
g = 1.25 (dot-dashed lines) lies between the two previous
limiting cases: here the string breaks, but does not evolve
into an anti-string. In the vacuum, the entanglement evo-
lution is very similar to the first case as the entropy grows
almost linearly after a transient, however the slope is re-
duced by the nonzero mass. The correlation in center of
the string initially evolves as for the massless case, but
after the first two hopping processes the oscillation turns
into a vacuum-like growth. This is a strong indication
for non periodic string breaking, represented by the two
hopping processes followed by the evolution of a lattice
without an electric field: the dynamics although being
unitary, resemble a dissipative process where the electric
field energy irreversibly disperses into the vacuum. This
behavior directly resembles what we observe in the elec-
tric field dynamics, where no string-breaking is observed
in this parameter regime, and the electric field does not
display any clear periodic signature.When we have an
evolution without an electric field, then we defi-
nitely have string breaking or do I misunderstand
the last sentence?

B. Entanglement propagation and wavefront

Even more remarkably, the real-space particle cre-
ations and the entanglement dynamics are quantitatively
tied. We concentrate on the signatures of the wavefront
of the string imprinted on the evolution of the entangle-
ment entropy. We consider the case m = g = 0 as it is
characterized by the most pronounced wavefront, where
the string with its slow entanglement growth is embed-
ded in the fast growing vacuum (see Fig. 3, panel C1).
To characterize the entanglement spreading due to the
wavefront, we exploit the fact that the entanglement en-
tropy in the vacuum is constant in space even though it
evolves in time. Therefore, far enough from both sides
of the string there is a plateau of constant entropy much
higher than the entropy in the middle of the string. Thus,
to define the wavefront of entanglement spreading due
to the string, one can look for the lattice site at which
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FIG. 12: Scattering of two dynamical mesons using the system
parameters m = 0, g = 8. The plot illustrate the time evolu-
tion of the electric field E(x) as a function of the position x.
After the scattering has taken place, two clear wave-fronts are
clearly visible. Lower panel: number of charges N� =

P
x nx

in the system during the evolution (blue: � = 1 . . . 32), num-
ber of particles present in the center (purple: � = 16), number
of charges on either side of the center (coinciding lines red:
� = 1 . . . 15 and orange: � = 17 . . . 32).

the entropy plateau starts to decrease. We identify this
point computing the di↵erence of entropy between near-
est neighbor bipartitions: tracking when this quantity
become bigger than a given threshold allows to charac-
terize the entanglement wavefront spreading.
In Fig. 11 we show the estimated spreading velocity for

di↵erent values of the threshold: the limit for the thresh-
old value going to zero gives an estimate of the spreading
velocity. A power law fit results in a spreading velocity of
vS = 2.0± 0.2 in very good agreement with the analytic
estimate of vT ' 2 and the result from the electric field of
vE = 1.96± 0.02 demonstrating the intimate connection
between entanglement and electric field spreading.

V. SCATTERING

Finally, in this last Section we explore a completely dif-
ferent process that we think might be highly interesting
to study using either our numerical methods and possi-
bly in quantum simulations, that is real-time scattering
processes. We then define composite particles as a pair of
charge and anti-charge divided only by one link, namely
a meson, and give them some momentum such that they
collide. The new exciting feature that we enable with
our approach, is that during the scattering process, we

12

FIG. 13: Scattering of two dynamical mesons. Main panel:
Entanglement entropy S(x) using a bipartition between sites
x and x+1 as a function to time. After the scattering, the en-
tropy significantly increases in the system: this is a direct sig-
nature of enhanced quantum correlations. Right panel: S(x)
at di↵erent times (see color bar), showing a clear plateau af-
ter the collision, which enlarges as a function of time. The
empty circles show the current position of the maxima of the
electric-field which follow approximately the mesons center of
mass. The dashed line represents S(x) generated by a single
meson, while the green bar highlights the di↵erence �S to
the entropy of the colliding mesons (di↵erence between full
and dashed line at ⌧ = 120, xi = 17).

the electric field dynamics after the collision. Then, we
present results for the entanglement dynamics during and
after the collisions showing that the meson collision is ac-
companied by the creation of entanglement between the
two mesons. Indeed, as we will show, the entanglement is
bounded by the propagation wavefronts of the particles
after collision, and is characterized by a constant plateau
of the entanglement entropy within the region.

A. Electric field patterns during meson collisions

In order to produce the scattering process, we shall
start with two particles, each of them composed by a
pair of charge and anti-charge divided only by one link,
namely a meson, with opposite momentum such that
they collide. For the two-meson problem, there is a sim-
ple picture from the Schwinger model in the strong cou-
pling limit: the massless theory is a free massive boson
(meson) theory that is expected to become weakly inter-
acting once a small mass term is included. Hence, in the
strong coupling region, a possible two-meson bound state
is loosely bound, while in the weak coupling region it is
tightly bound.

We start the numerical simulation with the state repre-
sented in the cartoon (D) in Fig. 1: two mesons separated
by a vacuum state of ten sites, which can be straightfor-
wardly be written in a simple, separable matrix product

state with t = 0. We provide momentum to the mesons
by adiabatically moving them from the boundaries to-
ward the center of the system: this is done by introducing
a deep box-shaped potential which decouples the mesons
from the rest of the system leaving it only the possibility
to oscillate between its position and a neighboring site.
The box-potential is removed at time ⌧i = 17.4 when
the meson is exactly at half oscillation: from that point
on the mesons evolve freely with an e↵ective momentum
mostly in one direction, one towards the other and even-
tually colliding [85]. In order to avoid vacuum fluctua-
tions during the process, we choose a large value of g = 8.
Fig. 12 shows an example of such a scattering process.
In particular, it shows the absolute value of the electric
field of two mesons approaching each other, colliding in
the center and the parting again. While before the col-
lision the meson are tightly bound, after the scattering
process the electric field di↵uses, and the corresponding
wavefront has a significantly attenuated signal. In the
lower panel of Fig. 12, we monitor the time-evolution of
the total particle number (blue), clearly indicating that
this quantity is approximately conserved over the entire
time-evolution, due to the large electric field strength,
which suppresses particle-antiparticle creation.

B. Post-collision entanglement generation

A classical-like picture of the scattering process pre-
sented above, reads that two particles move against each
other and then bounce back as there is not enough energy
available to generate a more complex inelastic scattering.
However, this picture is oversimplified, as this is a fully
quantum process and indeed one can, once more, monitor
the quantum correlations generated during the scattering
process. This is done in Fig. 13, where we show the evo-
lution of the bipartite entanglement entropy: one sees
that entanglement is created and that it is mostly car-
ried by the two mesons - in this parameter regime, the
vacuum does not generate entanglement due to the very
large value of g2. Studying the bipartite entanglement
entropy for di↵erent bipartitions and times, one clearly
sees that there are two regimes: before the scattering
occurs, the entanglement is present only in the biparti-
tion that cuts the mesons wave packets, indicating two
electron-positron wave packets internally correlated, but
not sharing any quantum correlations among them. On
the contrary, after the scattering, the two wave packets
become highly correlated even when their two centers of
mass are clearly separated (see Fig. 12 for times ⌧ > 100).
The values of the entanglement entropy indicate that

one ebit of quantum information has been created dur-
ing the scattering process. In the right panel of Fig.
13, we present various cuts of the entanglement entropy
profile taken at di↵erent times, together with a compar-
ison with the entanglement generated by a single meson
moving through the lattice (dashed line). The di↵er-
ence of �S ⇡ 1 between the two cases (highlighted in
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nian, including a magnetic plaquette term, reads

Ĥ = �t

X

x,µ

⇣
 ̂
†
x Ûx,µ  ̂x+µ + h.c.

⌘

+ m

X

x

(�1)x ̂†
x ̂x +

g
2
e

2

X

x,µ

Ê
2
x,µ (1)

�
g
2
m

2

X

x

⇣
Ûx,µxÛx+µx,µy Û

†
x+µy,µx

Û
†
x,µy

+ h.c.

⌘

where the coordinate µ runs in {µx, µy}. The first term
in Eq. (1) provides the minimal coupling between gauge
and matter fields associated with the coupling strength
t. It describes a process of fermion-antifermion pair cre-
ation/annihilation, where the parallel transporter oper-
ator guarantees that the local gauge symmetries are not
violated. The second term in the Hamiltonian repre-
sents the energy associated to the fermionic bare mass,
and it appears as a staggered chemical potential accord-
ing to the Kogut-Susskind prescription. For numerical
purpose, it has been redefined by adding an overall con-
stant mL

2
/2, thus replacing (�1)x ̂†

x ̂x ! �x,e ̂
†
x ̂x +

�x,o ̂x ̂
†
x (see Appendix A). This way, a filled local state

in the even sub-lattice cost positive energy m and car-
ries charge q; otherwise, when an odd site is empty, the
energy cost is still m, but it corresponds to having an
antiparticle (a hole) with charge �q. The last two terms
contribute to the gauge field dynamics: the electric part
with coupling ge, is completely local. The magnetic part,
with coupling gm instead, is constructed by considering
the smallest Wilson loop – product of parallel transporter
Ûx,µ in a closed loop – the size of a plaquette. Its name
is related to the fact that it generates the magnetic con-
tribution to the energy density in the continuum limit.

The LGT Hamiltonian Ĥ commutes with the local
Gauss’s law generators (in unit of q)

Ĝx =  ̂
†
x ̂x �

1� px

2
�

X

µ

Êx,µ, (2)

where the unit lattice vector µ in the sum runs in
{±µx,±µy}, while px = (�1)x is, again, the lattice
site parity. In addition, the model exhibits an U(1)
global symmetry, namely the conservation of the total
charge Q̂ =

P
x[ ̂

†
x ̂x �

1�px

2 ] = �
L2

2 + N̂ , equiva-
lent, apart from a constant, to the number conservation
N̂ =

P
x  ̂

†
x ̂x of Kogut-Susskind matter fermions. As a

consequence of the convention, using Êx,�µ = �Êx�µ,µ,
the sum of all 4 terms of the gauge field around the
lattice site x corresponds to the outgoing electric flux,
i.e.

P
µ Êx,µ = Ex,µx + Ex,µy � Ex�µx,µx � Ex�µy,µy .

The gauge invariant Hilbert space is thus given by all
states |�i satisfying Ĝx|�i = 0 at every site x. As each
electric field degree of freedom is shared by two Gauss’
generators Gx, the generators themselves overlap, and
projecting onto the gauge-invariant subspace becomes a
nonlocal operation. Only for 1D lattice QED, or lattice
Schwinger model [19], it is possible to integrate out the

gauge variables and work with the matter field only (al-
beit with long-range interactions) [61]. However, in two
dimensions, a given (integer occupation) realisation of
the matter fermions does not fix a unique gauge field con-
figuration, thus requiring explicit treatment of the gauge
fields as quantum variables. A numerically-relevant com-
plication, related to the standard Wilson formulation of
lattice gauge theories, arises from the gauge field algebra,
[Ê, Û ] = Û with Ê = Ê

† and Û Û
† = Û

†
Û = 1, whose

representations are always infinite dimensional. Simply
put, if a representation contains the gauge field state
|↵i, such that Ê|↵i = ↵|↵i with ↵ 2 R, then the states
|↵±1i = Û

±1
|↵i belong to the representation as well. By

induction, the representation must contain all the states
|↵+Ni, which are mutually orthogonal as distinct eigen-
states of Ê, thus the representation space dimension is
at least countable infinite.

In order to make the Hamiltonian numerically
tractable via Tensor Network methods, we need to trun-
cate the local gauge field space to a finite dimension.
For bosonic models, this is typically done by introduc-
ing an energy cutoff and eliminating states with single-
body energy density beyond it, while a posteriori check-
ing the introduced approximation. Similarly, for U(1)
lattice gauge theories, we truncate the electric field ac-
cording to the quantum link model formulation. Specif-
ically, the gauge fields are substituted by Spin opera-
tors, namely Êx,µ = (Ŝz

x,µ + ↵) and Ûx,µ = Ŝ
+
x,µ/s, such

that Ê is still hermitian and the commutation relation
[Êx,µ, Ûy,⌫ ] = �x,y�µ,⌫Ûx,µ is preserved [2], however Û

is no longer unitary for any finite spin-s representation
|Ŝ|2 = s(s + 1)1. The original algebra is then restored
in the large spin limit s ! 1, for any background field
↵ 2 R. Similar truncation strategies, based on group rep-
resentations, can be applied to non-Abelian gauge the-
ories as well [35, 62]. In the following, we make use
of the Spin-1 representation (s = 1), under zero back-
ground field ↵ = 0, which captures reasonably well the
low-energy physics of the theory, especially in the param-
eter regions wherein the ground-state is characterised by
small fluctuations above the bare vacuum. s = 1 is the
smallest spin representation exhibiting a nontrivial elec-
tric energy contribution. In fact, for s = 1/2, we have
that Ê

2
x,µ / (�z

x,µ)
2 = 1 is simply a constant in the

Hamiltonian, thus g
2
e plays no role. Finally, in 1D it was

observed that truncated gauge representations converge
rapidly to the continuum theory, e.g. in the Schwinger
model [37, 63, 64], reinforcing quantitative validity of the
results obtained in the simplified model.

Let us mention that, to highlight the connection to
the Wilson approach in the Hamiltonian formulation of
QED in 2D, the electric and magnetic couplings should
be related between each other such that g

2
e ⇠ g

2
a
�2 and

g
2
m ⇠ g

�2
a
�2, where g is the electrodynamic coupling

and a the lattice spacing. Similarly, mass and kinetic cou-
pling should behave respectively as m ⇠ 1 and t ⇠ a

�1.
To recover the continuum theory, matter and gauge fields
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Figure 3. Phase diagram for m < 0 obtained from the
evaluation of the density of matter in the TTN ground state
for a 8⇥ 8 lattice system with periodic boundary conditions.
The insets are schematic representations of the ground state
deep in the two phases: the bare vacuum for g

2
e/2 � 2|m|,

a typical dimer configuration for g
2
e/2 ⌧ �2m. The dashed

line is located at the classical (t = 0) transition g
2
e/2 = �2m.

Hamiltonian (1) within this subspace. Unless otherwise
stated, we consider periodic boundary conditions. We
characterise the ground state of the Hamiltonian by look-
ing at the energy density hĤi/L

2, and the particle den-
sity hn̂i = 1

L2

P
xhn̂xi where n̂x = (�x,e ̂†

x ̂x+ �x,o ̂x ̂
†
x)

counts how many charges are in the system, both posi-
tive and negative, i.e. fermions in even sites plus holes
in odd sites. We start our analysis by first focusing on
the case in which the magnetic coupling has been set to
zero, gm = 0. Before detailing the numerical results,
some analytically-solvable limit cases should be consid-
ered. For large positive values of the bare mass m � t,
the fluctuations above the bare vacuum are highly sup-
pressed; the system exhibits a unique phase since there
is no competition between the matter term and the elec-
tric field term in the Hamiltonian. Indeed, to construct
pairs of particle/antiparticle, the matter energy and the
electric field energy both contribute to an overall increas-
ing of the ground-state energy. In order to explore more
interesting phenomena, we allow the mass coupling to
reach negative values. Doing so, we can identify two dif-
ferent regions depending on the competition between the
electric coupling g

2
e/2 and the values of the mass m < 0:

(i) for g2e/2 � 2|m|, we still have a vacuum-like phase,
where we expect a unique non-degenerate ground-state
with small particle-density fluctuations. This phase ex-
ists, no matter the value of the mass, as far as the energy
cost to turn on a non-vanishing electric field on a single
link overcomes the gain in creating the associated pairs
of particle/antiparticle. Indeed, for any value of the mass

and g
2
e/2 ! 1, or for g

2
e/2 6= 0 and m ! 1, the pres-

ence of a finite electric field, or finite particle density, is
strictly forbidden and the ground-state flows toward the
only admissible configuration, namely the bare vacuum.

(ii) for �2m � g
2
e/2 > 0 the phase of matter is charac-

terised by slightly deformed particle-antiparticle dimers;
this phase of course only exists for negative value of the
mass and represents the region wherein the energy gain
for creating a couple of particle/antiparticle largely over-
comes the associated electric field energy cost. Here the
ground-state remains highly degenerate as far as the ki-
netic energy coupling |t| is much smaller than all the
others energy scales (degeneracy being lifted only at the
fourth order in t). In particular, for g

2
e/2 6= 0 and

m ! �1 the ground state reduces to a completely filled
state. In order to minimise the electric field energy, par-
ticles and antiparticles are arranged in L

2
/2 pairs (where

we are assuming L even) sharing a single electric flux in
between. All these configurations are energetically equiv-
alent and their degeneracy corresponds to the number
of ways in which a finite quadratic lattice (with open
or periodic boundary conditions) can be fully covered
with given numbers of “horizontal” and “vertical” dimers.
This number scales exponentially with the system size as
exp(L2

C/⇡) for L ! 1, with C ' 0.915966 the Cata-
lan’s constant [77]. For sake of clarity, we stress that such
‘dimers’ are not entangled clusters of matter and gauge
fields; they are roughly product states.

Let us mention that the case ge = 0 with m ! 1

(m ! �1) is more pathological since any gauge-field
configuration compatible with the vacuum (dimerised)
state is admissible, provided the Gauss’s law is fulfilled.
In practice, we may draw a generic closed loop with finite
electric flux on top of the vacuum state without modify-
ing its energy; similar gauge loops may be realised on top
of the dimerised state, provided it is compatible with the
occupied links, without changing its energy as well. All
these configurations are gauge-invariant by construction,
and increase the degeneracy of the ground-state energy
sector.

Our numerical results confirm and extend this picture,
as it can easily be seen in the phase diagram displayed in
Fig. 3, obtained from TTN simulations in a 8⇥8 system.
The matter density is roughly zero in the vacuum phase;
otherwise, it takes on a finite value whenever the system
exhibits “dimerisation”, i.e. in the charge-crystal phase.
We checked that the numerical data, both the ground-
state energy density and the particle density, show an
asymptotic tendency toward the perturbative estimates.
Interestingly, the particle density experiences an abrupt
change mainly in a narrowed region around m ' �g

2
e/4,

where the local slope is becoming steeper as the elec-
tric coupling (and the mass) is approaching zero (see left
panel in Fig. 4), as roughly predicted by perturbation
theory and supported by the exact results in the 2 ⇥ 2
case (see Appendices C and D).

As a confirmation of this scenario, we expect particle
fluctuations to be enhanced around such region, mainly

Q=0 Q= - 8

10

� �H� = m + 3g2
e /4 � �H� = m + g2

e /4

� �H� = (L2 /2 � 1/2)(2m + g2
e /2)
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Figure 7. Field plots in the finite-charge density sectors: top row refers to the vacuum phase, bottom row to the charge-crystal
phase. On the left of the figure, the four panels represent a sketch of the classical configurations (i.e. t = 0) for a 4⇥ 4 system
with open boundary conditions in the Q = 1 charge sector. The gauge field is now allowed to get out of the system by paying
half-link price. The panels on the right of the figure are the field plots obtained by numerical TTN simulations in 8⇥8 systems
for the two different phases, namely g

2
e/2 = 2 and m = 4 (top) or m = �2 (bottom), and charge sector Q = �8. In the

vacuum phase, the excess of charge prefers to be localised at the boundaries, since such configurations are more energetically
favourable. In the dimerised phase, the holes may occupy any position since the system can reconfigure the pairs of dimers in
a way to pay always the same amount of energy. However, due to the very high degeneracy of the low-energy sector, the TTN
simulations may get stuck into a slightly asymmetric configuration.

which can support electric field to allow the existence of
a non-vanishing total outgoing flux.

When a finite density of charge ⇢ ⌘ hQ̂i/L
2

2

{�1/2, 1/2} is injected into the system, we expect a dif-
ferent behaviour depending on the part of the phase dia-
gram the ground state is belonging within. Indeed, when
the ground state is very close to the bare vacuum, any
charge created on top of it is forced to reach the bound-
aries so as to minimise the total energy; this is easily
understood already with the classical (t = 0) Hamilto-
nian, and there are no fluctuations of the gauge fields.
In this case, a classical configuration with a single charge
located at distance ` from the boundary costs at least
`g

2
/2 more than the optimal configuration where the

same charge is located at the surface (see Fig. 7). In
this phase the diagonal energy term gets modified as
Ev/L

2 = (g2e/4 + m)⇢, as far as hQ̂i  2(L � 1), i.e.
whenever the total excess of charge is lower than the
number of allowed free sites at the boundaries. When
the total charge gets larger, deeper sites start to be filled,
e.g. for 2(L � 1) < hQ̂i  4(L � 2) one starts filling

the next-neighbouring sites to the surface (e.g. Fig. 8).
In general thus, we have a phase separation between a
boundary region attached to the surface, or strip, where
all charges are localised, and the bulk region where there
is neither charge nor electric field. In practice, defining
⇢` ⌘ 2`(L�`)/L2 being the maximum amount of charge-
density the system can store within a strip of extension
` from the surface, we have a sharp discontinuity in local
charge densities, at the smallest `

⇤ such that ⇢  ⇢`⇤ ,
between a finite-charge region (for j < `

⇤) and a zero-
charge region (for j > `

⇤). In particular, in the thermo-
dynamic limit we obtain `

⇤
/L = (1 �

p
1� 2|⇢|)/2. We

stress that both `
⇤ and L � `

⇤ are extensive quantities,
thus the phase separation argument remains valid in the
thermodynamic limit: in practice, as far as the average
charge density is such that |⇢| < 1/2, we always have an
extensive region in the bulk of the system, whose linear
dimension scales as L� `

⇤, which exhibits no charges.

We expect this picture to be slightly modified at finite
hopping coupling |t|, but to remain valid as far as the
system belongs to the vacuum phase. In practice, a fi-
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entanglement of short-range RBM follows an area law.
The main advantage of short-range RBM over EPS is that,
because of the exponential scaling of EPS with the size of
the plaquettes, larger plaquettes can be used in short-range
RBM than in EPS. Since, in practice, for finite systems
it is possible to work directly with fully connected RBM,
we argue that EPS or fully connected RBM should be
preferred to short-range RBM for numerical purposes.

C. Fully connected RBM are SBS

Fully connected RBM, on the other hand, do not always
satisfy an area law [72] and hence cannot always be
approximated by local tensor networks. Nevertheless,
one can express the RBM wave function as (here, we also
omit the bias aj)

ψwðsÞ ¼
Y

i

cosh
!
bi þ

X

j

wijsj

"
ð21Þ

∝
Y

i

ðebiþ
P

j
wijsj þ e−bi−

P
j
wijsjÞ ð22Þ

∝
Y

i

Tr

 
ebiþ

P
j
wijsj 0

0 e−bi−
P

j
wijsj

!

ð23Þ

∝
Y

i

Tr
!Y

j∈i
Asj
i;j

"
; ð24Þ

where

Asj
i;j ¼

!
ebi=Nþwijsj 0

0 e−bi=N−wijsj

"
ð25Þ

are diagonal matrices of bond dimension 2. This shows that
RBM are string-bond states, as the wave function can be
written as a product of MPS over strings, where each
hidden unit corresponds to one string. The only difference
between the SBS as depicted in Fig. 1(d) and the RBM is
the geometry of the strings. In a fully connected RBM, each
string goes over the full lattice, while SBS have tradition-
ally been used with smaller strings and with, at most, a few
strings overlapping at each lattice site.

D. Generalizing RBM to nonlocal SBS

In the SBS language, RBM consists of many strings
overlapping on the full lattice. The matrices in each string
in the RBM are diagonal and hence commute, so they can
be moved in the string up to a reordering of the spins.
This means that each string does not have a fixed geometry
and can adapt to stronger correlations in different parts
of the lattice, even over long distances. This motivates us
to generalize RBM to SBS with diagonal matrices in which
each string covers the full lattice [Fig. 3(b)]. In the
following, we denote these states as nonlocal dSBS.

This amounts to relaxing the constraints on the RBM
parameters to the most general diagonal matrix and
enlarging the bond dimension of the matrices. For example,
taking the matrices

Asj
i;j ¼

0

BB@

asji;j 0 0

0 bsji;j 0

0 0 csji;j

1

CCA; ð26Þ

with different parameters asji;j for each string, lattice site, and
spin direction, leads to the wave function (here, D ¼ 3)

ψwðsÞ ¼
Y

i

!Y

j

asji;j þ
Y

j

bsji;j þ
Y

j

csji;j

"
: ð27Þ

Note that even for 2 × 2 matrices, the nonlocal dSBS is
more general than a RBM since the coefficients in each of
the twomatrices corresponding to one spin are independent
from each other, which is not the case in the RBM.
Generalizing such a wave function to larger spins than

spin-1=2 is straightforward since the spin si is just indexing
the parameters. This provides a way of defining a natural
generalization of RBM that can handle systems with larger
physical dimension. For instance, this can be applied to
spin-1 systems, while a naive construction for a RBM with
spin-1 visible and hidden units leads to additional con-
straints, as well as to approximate bosonic systems by
truncating the local Hilbert space of the bosons.
A further way to extend this class of states is to include

noncommuting matrices. This fixes the geometry of each
string by defining an order and also enables us to represent
more complicated interactions. In the following, we refer to
SBS in such a geometry as nonlocal SBS. The advantage
of this approach is that it can capture more complex
correlations within each string while introducing additional
geometric information about the problem at hand.
However, it comes at a greater numerical cost than nonlocal
dSBS or RBM because of the additional number of
parameters. In practice, one can use an already-optimized
RBM or dSBS as a way of initializing a nonlocal SBS.
In some cases, the SBS representation is more compact

than the RBM/dSBS representation. Let us consider again
the ground state of the Majumdar-Gosh Hamiltonian,
which we previously wrote as a RBM with M ¼ N=2
hidden units. The ground state of the Majumdar-Gosh
Hamiltonian can also be written as a simple MPS with
bond dimension 3 and periodic boundary conditions, with
matrices [24]

Asn¼−1
n ¼

0

BB@

0 1 0

0 0 − 1ffiffi
2

p

0 0 0

1

CCA; Asn¼1
n ¼

0

BB@

0 0 0
1ffiffi
2

p 0 0

0 1 0

1

CCA;

ð28Þ
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machines are types of generative stochastic artificial neural
networks that can learn a distribution over the set of their
inputs. In quantum many-body physics, the inputs are spin
configurations, and the wave function is interpreted as a
(complex) probability distribution that the networks try
to approximate. Boltzmann machines consist of two sets
of binary units (classical spins): the visible units vi,
i ∈ f1;…; Ng, corresponding to the configurations of
the original spins in a chosen basis, and hidden units hj,
j ∈ f1;…;Mg, which introduce correlations between the
visible units. The whole system interacts through an Ising
interaction, which defines a joint probability distribution
over the visible and hidden units as the Boltzmann weight
of this Hamiltonian:

Pðv;hÞ ¼ 1

Z
eHðv;hÞ; ð10Þ

where the Hamiltonian H is defined as

H ¼
X

j

ajvj þ
X

i

bihi þ
X

i<j

cijvivj

þ
X

i;j

wijhivj þ
X

i<j

dijhihj;

and Z is the partition function. The marginal probability of
a visible configuration is then given by summing over all
possible hidden configurations:

PðvÞ ¼
X

h

1

Z
eHðv;hÞ; ð11Þ

and we take this quantity as the Ansatz for the wave
function: ψwðsÞ ¼ PðsÞ. The variational parameters are
the complex parameters of the Ising Hamiltonian. In the
case where there are interactions between the hidden
units [Fig. 2(a)], the Boltzmann machine is called a
deep Boltzmann machine. It has been shown that deep

Boltzmann machines can efficiently represent ground
states of many-body Hamiltonians with polynomial-size
gaps, local tensor-network states, and quantum states
generated by any polynomial-size quantum circuits
[19,20,37]. On the other hand, computing the wave
function ψwðsÞ of such a deep Boltzmann machine in
the general case is intractable because of the exponential
sum over the hidden variables, so the VMCmethod cannot
be applied to deep Boltzmann machines without approx-
imations. We therefore turn to the investigation of
restricted Boltzmann machines (RBM), which only
include interactions between the visible and hidden units
(as well as the one-body interaction terms that correspond
to biases). In this case, the sum over the hidden units can
be performed analytically, and the resulting wave function
can be written as (here we take the hidden units to have
values %1):

ψwðsÞ ¼ e
P

j
ajsj
Y

i

cosh
!
bi þ

X

j

wijsj

"
: ð12Þ

RBM can represent many quantum states of interest, such
as the toric code [36], any graph state, cluster states, and
coherent thermal states [19]; however, the possibility of
efficiently computing ψwðsÞ prevents it from approximating
all PEPS and ground states of local Hamiltonians [19].
On the other hand, since computing ψwðsÞ and its derivative
is very efficient, RBM can be optimized numerically via the
VMC method.

III. RELATIONSHIP BETWEEN
TENSOR-NETWORK AND

NEURAL-NETWORK STATES

While the machine-learning perspective that leads to the
application of Boltzmann machines to quantum many-body
systems seems quite different from the information-theoretic
approach to the structure of tensor-network states,we see that
they are in fact intimately related. It was recently shown that,
while fully connected RBM can exhibit volume-law entan-
glement, contrary to local tensor networks, all short-range
RBM satisfy an area law [72]. Moreover, short-range and
sufficiently sparse RBM can be written as a MPS [37],
but doing so for a fully connected RBM would require an
exponential scaling of the bond dimension with the size of
the system. In this section, we show that there is a tighter
connection between RBM and the previously introduced
tensor networks in arbitrary dimensions.

A. Jastrow wave functions, RBM, and
the Majumdar-Gosh model

Before turning to tensor networks, let us first consider
the simple case of the Jastrow wave function [Eq. (4)].
Boltzmann machines that include only interactions between
the visible units lead to a wave function

(a) (b)

FIG. 2. (a) Boltzmann machines approximate a probability
distribution by the Boltzmann weights of an Ising Hamiltonian on
a graph including visible units (corresponding to the spins sj) and
hidden units hi, which are summed over. (b) Restricted Boltz-
mann machines (here in 2D) only include interactions between
the visible and the hidden units.
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spanned by js1;…; sNi, where si are the projections of the
spins on the z axis, as

jψi ¼
X

s1;…;sN

ψðs1;…; sNÞjs1;…; sNi: ð1Þ

Finding the ground state amounts to finding the exponen-
tially many parameters ψðs1;…; sNÞ minimizing the
energy, which can only be done exactly for small sizes.
Instead of searching for the ground state in the full
Hilbert space, one may restrict the search to an Ansatz
class specified by a particular form for the function
ψwðs1;…; sNÞ depending on polynomially many varia-
tional parameters w. The VMC method [59,60] provides
a general algorithm for optimizing the energy of such a
wave function. One can compute the energy by expressing
it as

Ew ¼ hψ jHjψi
hψ jψi

¼
X

s

pðsÞElocðsÞ; ð2Þ

where s ¼ s1;…; sN is a spin configuration, pðsÞ ¼
½jψwðsÞj2=ð

P
sjψwðsÞj2Þ% is a classical probability distribu-

tion, and the local energy ElocðsÞ ¼
P

s0 hsjHjs0ifψwðs0Þ=
½ψwðsÞ%g can be evaluated efficiently for Hamiltonians
involving few-body interactions. The energy is therefore
an expectation value with respect to a probability
distribution p that can be evaluated using Markov chain
Monte Carlo sampling techniques such as the Metropolis-
Hastings algorithm [61,62]. The second ingredient required
to minimize the energy with respect to the parameters w
is the gradient of the energy, which can be expressed in a
similar form since

∂Ew

∂wi
¼ 2
X

s

pðsÞΔwi
ðsÞ&(ElocðsÞ − Ew); ð3Þ

where we have defined Δwi
ðsÞ ¼ f1=½ψwðsÞ%gf½∂ψwðsÞ%=

∂wig as the log-derivative of the wave function with respect
to some parameter wi. This is also an expectation value
with respect to the same probability distribution p and
can therefore be sampled at the same time, which allows
for the use of gradient-based optimization methods. At each
iteration, the energy and its gradient are computed with
Monte Carlo, the parameters w are updated by small
steps in the direction of the negative energy derivative
(wi ← wi − α½∂Ew=ð∂wiÞ%), and the process is repeated until
convergence of the energy. The VMCmethod, in its simplest
form, only requires the efficient computation of f½ψwðs0Þ%=
ψwðsÞg for two spin configurations s and s0, as well as the
log-derivative of the wave function ΔwðsÞ. More efficient
optimization methods can be used, such as conjugate-
gradient descent, stochastic reconfiguration [63,64], the
Newton method [65], or the linear method [66–68].
At this point, one has to choose a special form for the

wave function ψw. One of the traditional variational wave

functions for a many-body quantum system is a Jastrow
wave function [59,69], which consists, in its most general
form, of a product of wave functions for all pairs of spins:

ψwðsÞ ¼
Y

i<j

fijðsi; sjÞ; ð4Þ

where each fij is fully specified by its four values fijðsi; sjÞ,
si, sj ∈ f−1; 1g. Such an Ansatz does not presuppose a
particular local geometry of the many-body quantum state:
In general, this Ansatz can be nonlocal because of the
correlations between all pairs of spins [Fig. 1(a)]. A local
structure can be introduced by choosing a form for fij that
decays with the distance between positions i and j.

B. Variational Monte Carlo method
with tensor networks

In condensed-matter physics, important assets to sim-
plify the problem are the geometric structure and locality
of physical Hamiltonians. In 1D, it has been proven
that ground states of gapped local Hamiltonians have an
entanglement entropy of a subsystem that grows only like
the boundary of the subsystem [21]. States satisfying such
an area law can be efficiently approximated by MPS [22].
Matrix product states are one-dimensional tensor-network
states whose wave function for a spin configuration reads

ψwðsÞ ¼ Tr
!YN

j¼1

Asj
j

"
: ð5Þ

(a) (b)

(c) (d)

FIG. 1. Geometry of Ansatz wave functions: (a) Jastrow wave
functions include correlations within all pairs of spins. (b) MPS in
2D cover the lattice with one snake. (c) EPS include all spin
correlations within each plaquette (2 × 2 on the figure) and
mediate correlations between distant spins through overlapping
plaquettes. (d) SBS cover the lattice with many 1D strings on
which the interactions within spins are captured by a MPS.

NEURAL NETWORKS QUANTUM STATES, STRING-BOND … PHYS. REV. X 8, 011006 (2018)

011006-3

COMPARISON WITH MACHINE LEARNING

M. Collura et al, arXiv:1905.11351
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FIG. 3: Relative error in the ground-state energy estimate
as a function of the transverse field �. The data for RBM at
� = 1 has been taken from [12].

the ground state from a ferromagnetic region (� < 1) to
a paramagnetic region (� > 1) across a quantum critical
point.

Exploiting the coMPS mapping of the uRBM, we are
able to optimize the many-body wave function very ef-
ficiently. We consider a chain with periodic boundary
conditions and focus on the one layer case (` = 1), thus
reducing the number of variational parameters to 3. Due
to the coMPS representation of the variational wave func-
tion in Eq. (7) we are able to evaluate the Hamilto-
nian expectation value exactly. Thus, we improve the
accuracy and the computational time compared to what
has been recently found for the ground state energy in
Ref. [29] via Monte Carlo methods.

In Fig. 3 we report the relative error of the best es-
timate of the ground-state energy with respect to the
exact value, namely �E = |(hHIi � Eex)/Eex|, for a sys-
tem of size N = 80 and varying the transverse field
� 2 [0.5, 1.5]. We compare the results of the uRBM
with ` = 1 against the data obtained from imaginary
time evolution via TEBD algorithm [30] on a traditional
MPS with the same auxiliary dimension � = 4. At the
critical point, we also report the result obtained in Ref.
[12] with the RBM variational ansatz and the same num-
ber of hidden variables (i.e. ↵ = 1). We confirm that
appropriate physical insights about the model under in-
vestigation not only reduce the computational e↵ort of
the algorithm (from 2N+1 parameters in the RBM, to 3
parameters in the uRBM), but give much better results.
However, we notice that results based on the canonical
MPS representation are order of magnitudes more accu-

RBM(�=1)
uRBM(�=1)
MPS(�=4)

1 5 10
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0.4
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0.8
1.0

j

��
1z
�
j+
1

z
� c

N = 80, � = 1

FIG. 4: Two-point connected correlation function in log-
log scale at the critical point for di↵erent variational ansatz.
Black full line is the exact analytical result. The data for
RBM has been obtained by using the optimised wave function
in Ref. [12].

rate than those based on the corresponding uRBM rep-
resentation. We checked that this remains true when
adding additional hidden variables, thus confirming that
ERBM (↵) > EuRBM (`) > EMPS(�), when ↵ = ` and
� = 2`+1.

Even though very di↵erent variational ansatz may give
reasonable estimate of the ground-state energy, it is
worth investigating the large-distance behaviour of corre-
lation functions. Indeed, at the critical point, we expect
a power-law decay of the two-point connected correla-
tion function h�z

1�
z

j+1ic = h�z

1�
z

j+1i � h�z

1ih�z

j+1i, as far
as j ⌧ N . However, the MPS structure of the vari-
ational ansatz introduces an unavoidable fictitious cor-
relation length. Moreover, the fact that the uRBM en-
ergy estimate is much better than the RBM estimate (see
Ref. [12, 29] for a comparison), implies that the uRBM
may give a better estimate also at the level of the correla-
tion functions. With this respect, in Fig. 4, we compare
the connected two-point function h�z

1�
z

j+1ic evaluated in
the optimised uRBM with ` = 1 against the same two-
point function evaluated in the unconstrained MPS with
auxiliary dimension � = 4. We also report RBM correla-
tions with ↵ = 1 which have been obtained by sampling
the optimised wave function in Ref. [12] over 106 con-
figurations. We focus our analysis to the critical point,
where a larger deviation from the exact data is expected.
Now it is clear that, canonical MPS are largely better
than neural-network representations. In a way, the RBM
su↵ers from a sort of over-estimation of the long-range

G. Carleo, M. Troyer Science (2017)
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Hypothesis class:     f ℓ(x̄) = Wℓ ⋅ Φ(x̄)
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ℓ

f `(x̄) =
X

s

W `
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s1�(x2)
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PROBLEM: W is a N+1 order tensor that 
grows exponentially with the input data

 map input data to the space of labelsf ℓ

Tensor diagram notation

SOLUTION: use a tensor network!
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TENSOR NETWORK MACHINE LEARNING OF HEP EVENT

In collaboration with A. Gianelle, D. Lucchesi, L. Sestini, D. Zuliani



TAKE HOME MESSAGE
➤ Quantum technologies are fast developing, hybrid solutions 

will play a fundamental role 

➤ Tensor network algorithms can be used to benchmark, verify, 
support and guide quantum simulations/computations 

➤ Synergies between quantum technologies and high-energy 
physics can lead to unexpected developments: 

➤ Sign-problem-free solutions  

➤ Machine learning  

➤ Quantum sensing 

➤ Optimized protocols 

➤ Quest for quantum advantage is open



Thank you for your 
attention!
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