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Motivation

• MC event generators aim to provide a realistic simulation of
what actually happens in a collider experiment

• First principles QFT calculations are combined with parton
shower and hadronisation modelling, detector simulation

• Experimental precision in measurement demands equally
precise theory predictions
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Overview of talk

• Introduction to Geneva as a MC event generator

• Application to the VH production process

• Future directions and applications
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The Geneva method

2



The Geneva method

The Three Jewels:

• Geneva produces fully differential fixed order calculations at
NNLO;

• By resumming large logarithms at NNLL′, it provides precise
predictions over the whole phase space;

• These are matched to a parton shower to produce realistic
events (which can further be hadronised, MPI effects included).

The method is fully general and relies on technology imported from
Soft Collinear Effective Theory (SCET).
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Fixed order calculations

• The contributions to a FO cross section beyond leading order
are separately IR-divergent due to soft, collinear singularities.

σNLO(X) =
∫

dΦN (BN(ΦN) + VNC(ΦN))MX(ΦN)

+

∫
dΦN+1

{
BN+1(ΦN+1)MX(ΦN+1)−

∑
m
CmN+1(ΦN+1)MX[Φ̂

m
N (ΦN+1)]

}

• Combining contributions from different partonic multiplicities
results in a finite cross section due to the KLN theorem.

• Weights from the correlated ‘events’ BN+1(ΦN+1) and CmN+1(ΦN+1)

can result in large numerical cancellations – in addition,
correlations must be propagated to the shower.
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Constructing IR-finite events

Instead, work with IR-finite events to which a finite cross section can
be assigned:

• Introduce a resolution parameter TN, TN → 0 in the IR region.
Emissions below T cut

N are unresolved ( i.e. integrated over) and
the kinematic configuration considered is the one of the event
before the emission.

• An M-parton event is thus translated to an N-jet event, N ≤ M,
fully differential in ΦN (no jet-algorithm needed).

• Price to pay: power corrections in T cut
N due to PS projection.

• Advantage: vanish for IR-safe observables as T cut
N → 0

• Iterating the procedure, the phase space is sliced into jet-bins.
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Constructing IR-finite events

Exclusive N-jet
bin

dσmcN
dΦN

(T cut
N )

Inclusive (N+ 1)-jet bin

dσmc≥N+1
dΦN+1

(TN > T cut
N )
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Constructing IR-finite events

Excl. N-jet bin

dσmcN
dΦN

(T cut
N )

Excl. (N+ 1)-jet

dσmcN+1
dΦN+1

(TN > T cut
N ;

T cut
N+1)

Inclusive (N+ 2)-jet bin

dσmc≥N+2
dΦN+2

(TN > T cut
N ,

TN+1 > T cut
N+1)
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Combining resummed and fixed order calculations

• As we take T cut
N → 0, large logarithms of T cut

N , TN appear which
must be resummed to prevent perturbative convergence being
spoiled.

TT cut

Peak Transition Tail

O(αs) from
fixed order

O(αs) from
resummationresummation

O(αs) from

+ fixed order

excl. N jet incl. N+1 jet

• In the region where τ ≡ T /Q ∼ 1, αs log(τ) ∼ 1 and logs must be
resummed

• Resummation of TN must be at NNLL′ to ensure O(α2s) accuracy
over the whole spectrum
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Combining resummed and fixed order calculations

Consider colour singlet production at NNLO. We need events with 0, 1
and 2 additional QCD partons in the final state.
Exclusive 0-jet cross section:

dσmc0
dΦ0

(T cut
0 ) =

dσNNLL′0
dΦ0

(T cut
0 ) +

=0︷ ︸︸ ︷
dσsingmatch0

dΦ0
(T cut

0 )+
dσnons0
dΦ0

(T cut
0 )

• At NNLL′, all singular terms included to O(α2s) by definition –
singular matching term vanishes.

• Nonsingular matching term determined by requirement of FO
NNLO accuracy:

dσnons0
dΦ0

(T cut
0 ) =

dσNNLO00
dΦ0

(T cut
0 )−

[
dσNNLL′

dΦ0
(T cut

0 )

]
NNLO0
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Combining resummed and fixed order calculations

Inclusive 1-jet cross section:

dσmc≥1
dΦ1

(T0 > T cut
0 ) =

dσresum≥1
dΦ1

θ(T0 > T cut
0 ) +

dσsingmatch≥1
dΦ1

(T0 > T cut
0 )

+
dσnons≥1

dΦ1
(T0 > T cut

0 )

dσresum≥1
dΦ1

=
dσNNLL′

dΦ0dT0
P(Φ1)

• Resummed formula only differential in Φ0, T0. Need to make it
differential in 2 more variables, e.g. energy ratio z = EM/ES and
azimuthal angle ϕ.

• We use a normalised splitting probability to make the
resummation differential in Φ1.
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Combining resummed and fixed order calculations

Inclusive 1-jet cross section:

dσmc≥1
dΦ1

(T0 > T cut
0 ) =

dσresum≥1
dΦ1

θ(T0 > T cut
0 ) +

dσsingmatch≥1
dΦ1

(T0 > T cut
0 )

+
dσnons≥1

dΦ1
(T0 > T cut

0 )

dσresum≥1
dΦ1

=
dσNNLL′

dΦ0dT0
P(Φ1)

P(Φ1) =
psp(z, ϕ)∑

sp
∫ zmax(T0)
zmin(T0)

dzdϕpsp(z, ϕ)
dΦ0dT0dzdϕ

dΦ1
,

∫ dΦ1
dΦ0dT0

P(Φ1) = 1

• psp are based on AP splittings for FSR, weighted by PDF ratio for
ISR. 9



Combining resummed and fixed order calculations

Inclusive 1-jet cross section:

dσmc≥1
dΦ1

(T0 > T cut
0 ) =

dσNNLL′

dΦ0dT0
P(Φ1) +

dσnons≥1
dΦ1

(T0 > T cut
0 )

dσnons
≥1

dΦ1
(T0 > T cut

0 ) =
dσNLO1≥1

dΦ1
(T0 > T cut

0 )−
[

dσNNLL′

dΦ0dT0
P(Φ1)

]
NLO1

θ(T0 > T cut
0 )

• Singular matching vanishes again at NNLL′.
• Nonsingular matching fixed by NLO1 requirement.
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Combining resummed and fixed order calculations

• We also split the inclusive 1-jet cross section into exclusive 1-jet
and inclusive 2-jet cross sections, using T1 as the resolution
variable

• Resummation of T1 is performed at NLL accuracy.

dσmc1
dΦ1

(T0 > T cut
0 ; T cut

1 ) =
dσresum1

dΦ1
(T0 > T cut

0 ; T cut
1 )

+
dσmatch1

dΦ1
(T0 > T cut

0 ; T cut
1 )

dσmc≥2
dΦ2

(T0 > T cut
0 , T1 > T cut

1 ) =
dσresum≥2

dΦ2
(T0 > T cut

0 ) θ(T1 > T cut
1 )

+
dσmatch≥2

dΦ2
(T0 > T cut

0 , T1 > T cut
1 )
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Combining resummed and fixed order calculations

dσresum1
dΦ1

(T0 > T cut
0 ; T cut

1 ) =
dσC≥1
dΦ1

U1(Φ1, T cut
1 ) θ(T0 > T cut

0 )

dσresum≥2
dΦ2

(T0 > T cut
0 ) =

dσC≥1
dΦ1

U′
1(Φ1, T1) θ(T0 > T cut

0 )
∣∣∣
Φ1=ΦT

1 (Φ2)

× P(Φ2) θ(T1 > T cut
1 )

dσC≥1
dΦ1

=
dσresum≥1

dΦ1
+ (B1 + VC1 )(Φ1)−

[dσresum≥1
dΦ1

]
NLO1

• The fully differential T0 resummation is contained within
dσresum≥1

dΦ1
.
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Choice of the jet resolution variable

• We use N-jettiness as resolution parameter. Global physical
observable with straightforward definitions for hadronic
colliders, in terms of beams qa,b and jet-directions qj

TN =
2
Q

∑
k

min
{
qa · pk, qb · pk, q1 · pk, . . . , qN · pk

}

Jet 2

Soft

Soft
Jet 1

e
+

e
−

1

2 Jet 2

Jet b Jet a

Soft

Jet 3

Jet 1b

a

1

32

p p

ℓ−

ℓ+

• N-jettiness has good factorisation properties, IR safe and
resummable at all orders. Resummation known at NNLL for any
N in SCET

• TN → 0 for N pencil-like jets, TN ≫ 0 spherical limit. 12



NNLL′ resummation from SCET

The spectrum in T0 can be factorised at all-orders as

dσNNLL′

dΦ0dT0
(T0 > T cut

0 ) =
∑
ij

dσBij
dΦ0

Hij(Q2, µH)UH(µH, µ)
∫

dtadtb

×
[
Bi(ta, xa, µB)⊗ UB(µB, µ)

]
×
[
Bj(tb, xb, µB)⊗ UB(µB, µ)

]
⊗
[
S(T0 −

ta + tb
Q , µS)⊗ US(µS, µ)

]
,

• Hard, Beam and Soft functions are each evaluated at their own
scale⇒ no large logarithms,

µH = Q, µB =
√
QT0, µS = T0

• RGE kernels UX evolve functions to a common scale µ and in so
doing resum logarithms.
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Matching to a parton shower

• Parton shower makes calculation differential in higher
multiplicities by adding radiation.

• Fills the 0- and 1-jet bins with radiation, adds more to the
inclusive 2-jet bin.

• Not allowed to affect the accuracy of the cross section reached
at partonic level.

• T cut
i constraints must be respected.
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Matching to a parton shower

We want to ensure preservation of NNLO+NNLL′ accuracy. Take each
class of event in turn:

• For Φ0 events, cumulant below T cut
0 must not be modified.

Emissions generated must have T0(ΦN) < T cut
0 ; for single

emissions must be projectable onto Φ0.
• Achieve first goal due to unitarity, latter by choice of starting
scale.

• For Φ1,Φ2 events, accuracy of spectrum must be preserved.
• For Φ2 events, can show that shower only alters accuracy of T0
distribution beyond NNLL′.

• What about Φ1 events?
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Matching to a parton shower

• For Φ1 events, the resulting Φ2 events must be projectable back
onto the Φ1 while preserving the value of T0.

• Constraint from T cut
1 must be applied on hardest radiation, not

necessarily first (real showers are not ordered in N-jettiness).
• Force this by using an NLL Sudakov and the T0-preserving map.

dσmcN→N
dΦN

(T cut
N ; ΛN) =

dσmcN
dΦN

(T cut
N )UN(T cut

N ,ΛN)

dσmcN→N+1
dΦN+1

(TN > ΛN, T cut
N ) =

d
dTN

[
dσmcN→N
dΦN

(T cut
N ; TN)

]
P(ΦN+1)

× θ(T cut
N > TN > ΛN)

• ΛN is a shower cutoff, much lower than T cut
N .

• Since we have no proof that showering Φ1 events preserves the
accuracy, we choose ΛN ∼ ΛQCD, thus reducing the contribution to
∼ 0.1% of the total cross section.
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Higgsstrahlung in Geneva

16



The Higgsstrahlung process

• The VH production process is experimentally important.

VH
µ

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Comb.

b b→H

γγ →H

*
 ZZ→H

0.23−
+0.241.13    , 0.15−

+0.15                                0.17−
+0.18                                                 (                 )         

0.25−
+0.271.17    , 0.16−

+0.16                                0.19−
+0.21                                                 (                 )         

0.54−
+0.601.03    , 0.50−

+0.53                                0.22−
+0.28                                                 (                 )         

0.87−
+1.300.94    , 0.85−

+1.26                                0.14−
+0.32                                                 (                 )         

  Tot. ( Stat., Syst. )
Total Stat.

ATLAS VH -1=13 TeV, 79.8 fbs

bb→H
µ

0 1 2 3 4 5 6 7

Comb.

VH

ttH

VBF+ggF

0.20−
+0.201.01    , 0.12−

+0.12                                0.15−
+0.16                                                 (                 )         

0.21−
+0.220.98    , 0.14−

+0.14                                0.16−
+0.17                                                 (                 )         

0.54−
+0.561.00    , 0.27−

+0.28                                0.46−
+0.48                                                 (                 )         

1.12−
+1.161.68    , 1.00−

+1.01                                0.51−
+0.57                                                 (                 )         

  Tot. ( Stat., Syst. )
Total Stat.

ATLAS bb→H = 7 TeV, 8 TeV, and 13 TeVs
-1, and 24.5-79.8 fb-1, 20.3 fb-1      4.7 fb

• Observation of both VH production and H→ bb̄ – leading
significance comes from VH,H→ bb̄ analysis.
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The Higgsstrahlung process

• Similar to Drell-Yan, but a Higgs is radiated off the vector boson
– can recycle hard function in factorisation theorem from DY
case.

• At NNLO and for ZH, gluon-initiated channel appears as well –
we include this at fixed order.

• Neglect 2-loop contributions with heavy quarks in the loops
(O(1%) effect).
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Scale choices and profile scales

What do we choose for the scales µX?

• Must switch off resummation in FO region to obtain correct
cancellation between singular and nonsingular terms.

• Switch off happens when all resummation scales are chosen
equal to each other,

µNS = µH = µS = µB

• Choose functional forms of scales (‘profile scales’) that
interpolate smoothly from resummation to FO region,

µH = µNS ,

µS(T0) = µNSfrun(T0/Q) ,

µB(T0) = µNS
√
frun(T0/Q) .
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Scale choices and profile scales

• The frun must switch off the resummation when nonsingular and
singular terms are similar in magnitude. When does this
happen?

• For full spectrum integrated
over all Born kinematics,
happens ∼ 150 GeV.

• Choose functional form of frun
accordingly.
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Scale choices and profile scales

• The frun must switch off the resummation when nonsingular and
singular terms are similar in magnitude. When does this
happen?

• Can check that there is only a weak dependence on the exact
kinematic regime:

• We can therefore use same profile scales for all distributions.
20



Scale choices and profile scales

• In resummation region, µNS must be ∼ Q.
• In FO region, can be an arbitrary fixed or dynamic scale µFO.
• Estimate FO uncertainties by varying µNS up and down by factor
2, preserving ratios of all scales.

• Estimate resummation uncertainties by varying profile scales
about central profiles while keeping µH fixed. Arguments of
resummed logs are varied in order to estimate the size of
corrections in resummed series, but scale hierarchy is
maintained.

• Finally, include two more profiles where transition points
between regions are varied with scales at their central values.

• Take quadrature sum of FO and resummation uncertainties as
total uncertainty.
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What about the cumulant?

• Above discussion holds for the T0 spectrum dσNNLL′/dT0, but not
necessarily the cumulant dσNNLL′(T cut

0 ).
• Since profile scales have a functional dependence on T0,
choosing scales and integrating over T0 do not commute –
difference is O(N3LL). Inclusive FO cross section not recovered
exactly!

• Solution: add term to spectrum so that
1. The integral of the modified spectrum gives the correct FO cross
section;

2. Term only contributes in region of T0 where missing N3LL terms are
large;

3. Term is itself O(N3LL) to prevent spoiling NNLL′ accuracy.
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What about the cumulant?

Add the term:

κ(T0)

[
d

dT0
dσNNLL′

dΦ0
(T0, µh(T0))−

dσNNLL′

dΦ0dT0
(µh(T0))

]

• Of higher order (by construction);
• In FO region, µh = Q and difference between terms is zero
(scales are constant) – term vanishes;

• Tune κ(T0 → 0) so that correct inclusive cross section is
obtained on integration.
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Power-suppressed contributions to the nonsingular cumulant

• The definition of the Φ0 events depends on a projective map
from higher multiplicity partonic events.

• This means observables dependent on the Φ0 kinematics are
correct at O(α2s) only up to power corrections in T cut

0 .
• We can use this limitation to simplify the expression for the
0-jet formula and write:

d̃σmc0
dΦ0

(T cut
0 ) =

dσNNLL′

dΦ0
(T cut

0 )−
[

dσNNLL′

dΦ0
(T cut

0 )

]
NLO0

+ B0(Φ0) + V0(Φ0)

+

∫ dΦ1
dΦ0

B1(Φ1) θ
(
T0(Φ1) < T cut

0
)
,

• The double virtual and real virtual contributions have been
dropped, resulting in a missing nonsingular contribution which
is also a power correction in T cut

0 .
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Power-suppressed contributions to the nonsingular cumulant

The missing nonsingular contribution is:
dσnons

0
dΦ0

(T cut
0 ) =

[
αsf1(T cut

0 ,Φ0) + α2sf2(T cut
0 ,Φ0)

]
T cut
0

We include the first term fully but neglect the f2 piece. How big is
this effect?

For ZH, this is rather small for
T cut
0 = 1 – about 0.7% of the total
cross section.

24



Power-suppressed contributions to the nonsingular cumulant

• We include the effects of the integral of the f2 term by
reweighting the Φ0 events such that the correct total cross
section is obtained.

• Full NNLO cross section provided by MATRIX in this case.
• Missing O(α2s) dependence on Φ0 variables is of the same order
as that missing due to the projective map, even if a full NNLO
fixed order calculation were included.

25



Fixed order validation

• Fixed order results for total cross section and inclusive
distributions checked against a private version of the code
MATRIX, which implements qT subtraction.

• Comparison for 13 TeV LHC with T cut
0 = 1. Good agreement for

central values and scale uncertainties.
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Fixed order validation

• Fixed order results for total cross section and inclusive
distributions checked against a private version of the code
MATRIX, which implements qT subtraction.

• Comparison for 13 TeV LHC with T cut
0 = 1. Good agreement for

central values and scale uncertainties.
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Fixed order validation

• Fixed order results for total cross section and inclusive
distributions checked against a private version of the code
MATRIX, which implements qT subtraction.

• Comparison for 13 TeV LHC with T cut
0 = 1. Good agreement for

central values and scale uncertainties.
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Fixed order validation

• We include the gluon fusion channel only at fixed order.
• Important at the LHC – up to 20% effect on differential
distributions.

• Large scale uncertainties as process is included effectively only
at LO.
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Fixed order validation

• We include the gluon fusion channel only at fixed order.
• Important at the LHC – up to 20% effect on differential
distributions.

• Large scale uncertainties as process is included effectively only
at LO.
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Results – T0

• Shower with PYTHIA8, which also takes care of hadronisation
effects and MPI.
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Results – inclusive distributions

• Shower changes shape of distributions very little for inclusive
distributions.
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Results – exclusive distributions

• Larger changes in exclusive cases (sensitive to resummation).
• Resummation only being provided at (N)LL by shower.
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Results – gg channel

• gg channel more sensitive to parton shower (colour effect).
• Effects on HpT begin at ∼ 100 GeV (threshold).
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MPI effects

• Underlying event describes physics not arising from the primary
interaction.

• Multiscale contributions, including multiple parton interactions.
• MPI also provided by PYTHIA8.
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Future directions
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Future work

• At the moment, all calculations performed with a stable Higgs –
MINLO implementation has Higgs decay to bb̄ at NLO.

• Aim to include Higgs decay at NNLO+NNLL′ by implementing first
the decay process in Geneva and then combining the two
calculations in the narrow width approximation.

• Would also be interesting to include subleading power
corrections to see effect on e.g. Higgs pT.
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Conclusion

• Geneva allows resummed, fixed order and parton shower
calculations to be combined in order to provide an event
generator which makes accurate predictions over the full range
of relevant energy scales.

• Applied to VH production here – full calculation with NNLO
decay will be important for phenomenological applications.

• Other ongoing work involves implementing H, diphoton
processes and higher multiplicities.

• Choice of resolution variable not limited to N-jettiness, we are
currently exploring using pT.

• Double differential resummation also possible in principle (T0
and pT), see talk by J. Michel?
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Backup slides
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Including the Higgs decay at NNLO

(NNLL′+NNLO0)⊗(NNLL′+NNLO0)︷ ︸︸ ︷
dσMC0

dΦℓ+ℓ−bb̄
(T cut

0 ; τ cut2 ) =

NNLL′+NNLO0︷ ︸︸ ︷
dσMC0

dΦℓ+ℓ−H
(T cut

0 )×
dΓ(0)H→bb̄
dΦH→bb̄

+
dσ(0)

ℓ+ℓ−H
dΦℓ+ℓ−H

×

NNLL′+NNLO0︷ ︸︸ ︷
dΓMC0
dΦH→bb̄

(τ cut2 )

−
dσ(0)

ℓ+ℓ−H
dΦℓ+ℓ−H

×
dΓ(0)H→bb̄
dΦH→bb̄

+

(
dσNLL

dΦℓ+ℓ−H
(T cut

0 ) +
dσNLOℓ+ℓ−H
dΦℓ+ℓ−H

(T cut
0 )−

[
dσNLL

dΦℓ+ℓ−H
(T cut

0 )

]
NLO

)

×

(
dΓNLL

dΦH→bb̄
(τ cut2 ) +

dΓNLOH→bb̄
dΦH→bb̄

(τ cut2 )−

[
dΓNLL

dΦH→bb̄
(τ cut2 )

]
NLO

)



Including the Higgs decay at NNLO

(NNLL′+NLO1)⊗(NLL+NLO0)︷ ︸︸ ︷
dσMC1

dΦℓ+ℓ−bb̄j
(T0 > T cut

0 ; T cut
1 ; τ cut2 ) =

NNLL′+NLO1︷ ︸︸ ︷
dσMC1

dΦℓ+ℓ−Hj
(T0 > T cut

0 ; T cut
1 )×

dΓ(0)H→bb̄
dΦH→bb̄

+

NLL+LO1︷ ︸︸ ︷
dσMC1

dΦℓ+ℓ−Hj
(T0 > T cut

0 ; T cut
1 )

×

(
dΓNLL

dΦH→bb̄
(τ cut2 ) +

dΓNLOH→bb̄
dΦH→bb̄

(τ cut2 )−

[
dΓNLL

dΦH→bb̄
(τ cut2 )

]
NLO

)



Including the Higgs decay at NNLO

(NLL+NLO0)⊗(NNLL′+NLO1)︷ ︸︸ ︷
dσMC1

dΦℓ+ℓ−bb̄j
(T cut

0 ; τdec2 > τ cut2 ; τ cut3 ) =

dσ(0)
ℓ+ℓ−H

dΦℓ+ℓ−H
×

NNLL′+NLO1︷ ︸︸ ︷
dΓMC1

dΦH→bb̄j
(τdec2 > τ cut2 ; τ cut3 )+(

dσNLL

dΦℓ+ℓ−H
(T cut

0 ) +
dσNLOℓ+ℓ−H
dΦℓ+ℓ−H

(T cut
0 )−

[
dσNLL

dΦℓ+ℓ−H
(T cut

0 )

]
NLO

)

×

NLL+LO1︷ ︸︸ ︷
dΓMC1

dΦH→bb̄j
(τdec2 > τ cut2 ; τ cut3 ) .



Including the Higgs decay at NNLO

(NNLL′+LO2)⊗LO0︷ ︸︸ ︷
dσMC2

dΦℓ+ℓ−bb̄jj
(T0 > T cut

0 ; T1 > T cut
1 ; τ cut2 ) =

NNLL′+LO2︷ ︸︸ ︷
dσMC2

dΦℓ+ℓ−Hjj
(T0 > T cut

0 ; T1 > T cut
1 )×

dΓ(0)H→bb̄
dΦH→bb̄

(NLL+LO1)⊗(NLL+LO1)︷ ︸︸ ︷
dσMC2

dΦℓ+ℓ−bb̄jj
(T0 > T cut

0 ; T cut
1 ; τdec2 > τ cut2 ; τ cut3 ) =

NLL+LO1︷ ︸︸ ︷
dσMC1

dΦℓ+ℓ−Hj
(T0 > T cut

0 ; T cut
1 )×

NLL+LO1︷ ︸︸ ︷
dΓMC1

dΦH→bb̄j
(τdec2 > τ cut2 ; τ cut3 )



Including the Higgs decay at NNLO

LO0⊗(NNLL′+LO2)︷ ︸︸ ︷
dσMC2

dΦℓ+ℓ−bb̄jj
(T cut

0 ; T cut
1 ; τdec2 > τ cut2 ; τ3 > τ cut3 ) =

dσ(0)
ℓ+ℓ−H

dΦℓ+ℓ−H
×

NNLL′+LO2︷ ︸︸ ︷
dΓMC2

dΦH→bb̄jj
(τdec2 > τ cut2 ; τ3 > τ cut3 )



Is NNLL′ accuracy maintained by the shower?

There are two cases to consider: Φ0 and Φ2 events (we can say
nothing about Φ1 events and restrict their size by our choice of Λ1).

• In the Φ0 case, Geneva predicts only the normalisation and not
the shape of the distribution below T cut

0 – the shape is filled in
completely by the shower and unitarity prevents modification of
the NNLL′+NNLO cross section constructed by Geneva .

• In the Φ2 case, any difference can only be due to the fact that
the PS map does not preserve T0. We make the ansatz

T0(Φ2)− T0(Φ3) = a(Φ3)T2(Φ3)

• a(Φ3) is well behaved in the singular limit, all singular behaviour
encoded in T2.



Is NNLL′ accuracy maintained by the shower?

• After the first emission, we have

dσS
dT0

=

∫
dΦ2

dσ2
dΦ2

U2(T max
1 ,Λ2) δ[T0(Φ2)− T0]

+

∫
dΦ3

dσS3
dΦ3

δ[T0(Φ2)− T0 + a T2(Φ3)] .

• Integrating over the radiation variables and Taylor expanding,
the difference before and after the shower is

dσ
dT0

− dσS
dT0

= −a d
dT0

[
dσ
dT0

⟨T2⟩ (T0)
]
,

where the average T2 value is

⟨T2⟩ ≡
∫ T max

2

Λ2

dT2 T2 U′
2(T max

2 , T2) .



Is NNLL′ accuracy maintained by the shower?

• What is the T0 dependence of ⟨T2⟩?
• Consider a LL Sudakov for a single emission:

U(T max, T ) ∼ exp

[
−C αs

π
ln2

T
T max

]
• Then we have that

⟨T ⟩ ≡
∫ T max

0
dT T U′(T max, T )

∼ T max

1− eπ/(4αsC)π Erfc
( √

π

2
√
αsC

)
2
√
αsC


∼ 2 Cαs

π
T max +O(α2s) . (1)



Is NNLL′ accuracy maintained by the shower?

• Iterated over two emissions, this is

⟨T2⟩ =
∫ T0

0
dT1 U′

1(T0, T1)
∫ T1

0
dT2 T2 U′

2(T1, T2)

∼ 2 C2αs
π

∫ T0

0
dT1 T1 U′(T0, T1)

∼ 4 C1C2 α
2
s

π2
T0 +O(α3s)

• Using this and rewriting, we have that
dσ
dT0 −

dσS
dT0

dσ
dT0

= f(T0)
⟨T2⟩
T0

,

where

f(T0) ≡ −a d
d ln T0

ln

[
dσ

d ln T0

]
.



Is NNLL′ accuracy maintained by the shower?

• The dominant contribution to the spectrum is
dσ

d ln T0
∼ −αs ln T0 e−αs ln

2 T0 ,

so that

f(T0) ∼
1

ln T0
.

• Then the change of the spectrum after the first emission is
dσ
dT0 −

dσS
dT0

dσ
dT0

∼ 1
ln T0

⟨T2⟩
T0

∼ α2s
ln T0

.

• Comparing the dominant term that we omit to the dominant
NNLL′ term, we have

∆dσNNLL
′

dT0
dσNNLL′

dT0

∼ α3s/T0
αs ln T0/T0

∼ α2s
ln T0

so shower effects on the spectrum are beyond NNLL′ accuracy.
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