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• Correlation functions
– Parton densities (pdfs), fragmentation functions, 

others…

• Cross sections
– Semi-inclusive deep inelastic scattering, Drell-Yan, 

etc…

Factorization

2

Transverse momentum in correlation functions and 
in cross sections



• Large PT , insensitive to 
intrinsic parton transverse 
momentum.

Collinear factorization and 
evolution (DGLAP, etc)

• Small PT , access to intrinsic 
parton transverse momentum

TMD factorization, 
TMD evolution, Sudakov, etc
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Transverse momentum dependence and factorization

𝑑𝜎
𝑑𝑥 𝑑𝑧 𝑑𝑄 𝑑𝒒!

= 𝐻 𝑄 𝑓 𝑥, 𝒌"! ⊗ 𝑑 𝑧, 𝑧𝒌#! + 𝑌 𝑥, 𝑧, 𝒒! , 𝑄 + 𝑂 𝑚/𝑄

Small 𝑞!/Q 
TMD factorization

𝑞! ~ 𝑄
collinear factorization

(Small ⁄𝑚 𝑞!)
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Transverse momentum dependence and factorization

X. Ji, J.-W. Qiu, W. Vogelsang, and F. Yuan, Phys. Rev. Lett. 97, 082002 (2006)
X. Ji, J.-W. Qiu, W. Vogelsang, and F. Yuan, Phys. Rev. D73, 094017 (2006)
I. Scimemi, A. Tarasov, and A. Vladimirov, JHEP 05, 125 (2019)

• There is an overlapping collinear/TMD description for 𝑚 ≪ 𝑞& ≪ 𝑄

Extra scales for TMD evolution
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Integrated observables

• Unpolarized
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Integrated observables

• Unpolarized, approximated
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Tiers of transverse momentum dependence
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Fig. 2. Selected quantities that can be derived from the fully differential two-quark correlation function H(k, P, ∆) defined in (1).
Double arrows marked by “FT” denote a Fourier transform between ∆ and b or between k and z. Fractions of plus-momentum
(commonly called “longitudinal-momentum fractions”) are written as x = k+/P+ and 2ξ = −∆+/P+. The invariant momentum
transfer can be expressed in terms of longitudinal and transverse variables as ∆2 = −(4ξ2m2 + ∆2)/(1 − ξ2). Only kinematic
arguments of the functions are given, while the scales introduced by ultraviolet renormalisation (µ) of by the regulation of
rapidity divergences (ζ) are suppressed. As discussed in the text, the integrals

R
dk− and

R
d2k cannot be taken literally but

must be supplemented with a regularisation procedure.

to form a quark density we have

q̄(z−2 ,k2)Γ q(z−1 ,k1) =∫
d2z2 d2z1 ei(k2z2−k1z1) q̄(z−2 ,z2)Γ q(z−1 ,z1) . (5)

Rewriting the Fourier exponent as

k2z2 − k1z1 =
1
2
(z2 + z1)(k2 − k1)

+
1
2
(k2 + k1)(z2 − z1) , (6)

we can read off the relation between Fourier conjugate
variables:

average position ↔ momentum difference ,

average momentum ↔ position difference ,

where “average” and “difference” refer to the right- and
left-hand sides of fig. 1, or equivalently to the light-cone
wave function ψ and its conjugate ψ∗.

After these general considerations, we can take a closer
look at the different distributions that can be obtained
from the general two-quark correlation function in (1). A
selection of them is shown in fig. 2. Let us start at the top
of the hierarchy.

1. In the forward limit ∆ = 0, parton correlation func-
tions that are not integrated over any component of k
(called “doubly” or “fully unintegrated” distributions)
have been discussed in the context of evolution at small
x [6] and with the aim of having an exact description of
final-state kinematics [7,8]. Under the name of “beam
functions”, they have also been introduced in soft-
collinear effective theory (SCET) for the resummation
of large logarithms in observables sensitive to the pro-
ton remnants (called “beam jets”) [9–11]. In that case,
distributions differential in k− but integrated over k
are referred to as beam functions as well. The consid-
erations in [6] and [9–11] focus on the region of large
parton virtuality k2 and compute the unintegrated dis-
tributions in terms of conventional parton distribution
functions (PDFs), an aspect we will discuss in more
detail for TMDs in sect. 4.
A detailed analysis of factorisation with uninte-
grated distributions has been given for semi-inclusive
deep inelastic scattering (SIDIS) in [8]. For hadron-
hadron collisions there are strong arguments that
this type of factorisation generically fails, due to
soft gluon exchange between the spectator partons in
each hadron [12,13]. In kinematics referred to as the
Glauber region, these soft interactions “tie together”
the two hadrons in a way that prevents one from de-
scribing the non-perturbative dynamics by matrix el-

M. Diehl, Eur.Phys.J.A 52 (2016) 6, 149 12
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FIG. 2: (a) Lowest order pole part of the twist-3 quark-gluon correlation function. (b) Lowest order TMD Sivers function. The
calculations are nearly identical up to the overall �1/2M , the factor of k2

T , and the integral over transverse momentum in the
case of the twist-3 quark-gluon correlation function.
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+ h.o. +O
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with the (...) superscripts denoting the order in perturba-
tion theory. If Eq. (12) were true, then one of these terms
must contain the double logarithm in Eq. (13). But

T (1),?
j(g)/H(x;µ) = T (0),?

j(g)/H(x;µ) = 0 , (15)

because at least two gluons (a spectator and a final state
interaction) are needed for the correlation function to be
nonzero. So if Eq. (14) could accommodate Eq. (13),
then the ↵2

s
ln2(µ/((1� x)mq)) would have to appear in

either the fourth or fifth lines. However, the order-↵0
s

h(0)
b,i/H

(x;µ) and the order-↵1
s
h(1)
b,i/H

(x;µ) can contain at

most zero and one ln(µ) factors respectively. This means
at least one power of ln (µ/((1� x)mq)) would have to be

included inside C(2)
b,ij

or C(1)
b,ij

. If this were done, however,
it would violate the requirement that no logarithms other

than the mass-independent Eq. (8) appear in the hard C-
coe�cients. This shows that the factorization in Eq. (14),
and therefore Eq. (12) generally, is invalid.
An equivalent and more direct way to state the above

is simply to note that since the coupling only vanishes
like ↵s(µ) ⇠ 1/ ln(µ) for µ � ⇤QCD, then the term in
Eq. (13) undergoes no suppression at large µ.
It should be understood that, since the correlation

functions are strictly speaking nonperturbative, the mass
scales like the mq in Eq. (13) represent more general non-
perturbative structures. In some ways, therefore, a model
renormalizable diquark spectator theory is more illustra-
tive of the problem described above, since mass scales
like the mq in Eq. (13) become more complicated non-
perturbative objects.
It is possibly tempting to argue that in a proton tar-

get terms like Eq. (13) would be suppressed by mq/Mp

ratios. But this same ratio appears in all terms to all
orders in the correlation function, so there is no relative
suppression. This is especially, clear in other model theo-
ries like a spectator diquark theory – see Eqs. (A7)–(A9).
Thus, the double logarithm in Eq. (13) represents a kind
of strong ultraviolet ambiguity that did not arise in the
unpolarized case.
Furthermore, the fact that the double logarithm in

Eq. (13) goes to infinity as the collinear regulator is re-
moved, mq ! 0, signals that the two sides of Eq. (4) have
di↵erent collinear sensitivities (as kT ! 0) manifested by
the divergent kT -integration starting from its UV pertur-
bative region and using dimensional regularization. The
need to account for this divergent mq ! 0 behavior will
reappear in the treatment of the very large transverse
momentum (QT ⇠ Q) region of physical processes like
the Drell-Yan example in Sec. I.
Like in any QCD factorization approach to a physical

observable, perturbative calculations of short-distance
hard parts beyond the lowest order tree-level require per-
turbatively calculated and regularized partonic versions
of the long-distance correlation functions to remove all
soft and collinear divergences in the hard partonic scat-
tering. Since the moment of the Sivers TMD function
and the twist-3 correlation function in the two sides of
Eq. (4) have di↵erent collinear sensitivities, the use of the
long-distance correlation functions for QCD factorization
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Renormalization and regularization
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FIG. 2: (a) Lowest order pole part of the twist-3 quark-gluon correlation function. (b) Lowest order TMD Sivers function. The
calculations are nearly identical up to the overall �1/2M , the factor of k2

T , and the integral over transverse momentum in the
case of the twist-3 quark-gluon correlation function.
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and therefore Eq. (12) generally, is invalid.
An equivalent and more direct way to state the above

is simply to note that since the coupling only vanishes
like ↵s(µ) ⇠ 1/ ln(µ) for µ � ⇤QCD, then the term in
Eq. (13) undergoes no suppression at large µ.
It should be understood that, since the correlation

functions are strictly speaking nonperturbative, the mass
scales like the mq in Eq. (13) represent more general non-
perturbative structures. In some ways, therefore, a model
renormalizable diquark spectator theory is more illustra-
tive of the problem described above, since mass scales
like the mq in Eq. (13) become more complicated non-
perturbative objects.
It is possibly tempting to argue that in a proton tar-

get terms like Eq. (13) would be suppressed by mq/Mp

ratios. But this same ratio appears in all terms to all
orders in the correlation function, so there is no relative
suppression. This is especially, clear in other model theo-
ries like a spectator diquark theory – see Eqs. (A7)–(A9).
Thus, the double logarithm in Eq. (13) represents a kind
of strong ultraviolet ambiguity that did not arise in the
unpolarized case.
Furthermore, the fact that the double logarithm in

Eq. (13) goes to infinity as the collinear regulator is re-
moved, mq ! 0, signals that the two sides of Eq. (4) have
di↵erent collinear sensitivities (as kT ! 0) manifested by
the divergent kT -integration starting from its UV pertur-
bative region and using dimensional regularization. The
need to account for this divergent mq ! 0 behavior will
reappear in the treatment of the very large transverse
momentum (QT ⇠ Q) region of physical processes like
the Drell-Yan example in Sec. I.
Like in any QCD factorization approach to a physical

observable, perturbative calculations of short-distance
hard parts beyond the lowest order tree-level require per-
turbatively calculated and regularized partonic versions
of the long-distance correlation functions to remove all
soft and collinear divergences in the hard partonic scat-
tering. Since the moment of the Sivers TMD function
and the twist-3 correlation function in the two sides of
Eq. (4) have di↵erent collinear sensitivities, the use of the
long-distance correlation functions for QCD factorization
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Difference unsuppressed by asymptotic freedom
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Phenomenology 

• TMD / higher-twist frequently 
used interchangeably:
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Discussion

• Ultraviolet divergences in transversely-integrated quantities are related to:

– Identifying intrinsic versus process-specific effects
– Evolution

• For weighted asymmetries, asymptotic freedom does not always suppress errors to the naïve 
number density interpretation

• When access to the intrinsic transverse momentum is the objective: 

– Limit transverse momentum in weighted integrals and use TMD evolution 

• How to merge collinear HT and TMD in integrated quantities?
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