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The strong force + the SM

] Collider phenomenology described by + npeutrino masses

[J Now know: QCD = theory of the strong strong force .
FUIDENGE

Non-numerical

Numerical (lattice QCD)

SU(3) x SU(2) x U(1) + leptons, quarks, Higgs

8-fold way

Neutral pion decay
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ChPT predictions

Large N expansion
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Multi-hadron observables . LHCb (PRD92, 2015)
] Exotics, XYZs, tetra- and penta-quarks, H dibaryon wb

e.g. X(3872)
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[0 Resonant enhancement in the electroweak

Resonant B decays B%péu%mﬁu B — K" — Kntl

X)), |p),|K*) & QCD Fock space
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QCD Fock space

[J At low-energies QCD = hadronic degrees of freedom 7 ~ ud, K ~ su, p ~ uud

[ Overlaps of multi-hadron asymptotic states — S matrix

|77, in)

.g. |

dependson § = Egm
and angular variables

diagonal in angular momentum
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S(s) = <7T7T»0“t|$o
Ve

[J An enormous space of information nrnm,in)  |KK,in)
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Resonance = complex pole
[J Roughly speaking,a bump in: |./\/lg(8)‘2 X ‘62i5£(8) — 1‘2 X Sin2 55(8)

scattering rate
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Resonance = complex pole
[J Roughly speaking,a bump in: ‘./\/lg(s)‘z X ‘622‘56(8) — 1‘2 X Sin2 5g(8)

scattering rate
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Resonance = complex pole
[J Roughly speaking,a bump in: ‘./\/lg(s)‘Z X ‘6%52(8) — 1‘2 X Sin2 5g(8)

scattering rate
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Pole is universal
] Resonances often seen in “production”
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Pole is universal

] Resonances often seen in “production”
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Analyticity

[ Instead of |M(s)|* — analytically continue the amplitude itself L L)
For two-particle energies (2m)? < s < (4m)?, what is the analytic structure? 6><:6

B —— propagating pion
M(S) — :.:+:.Q/i.:++ . interaction kernel
\\ OG00 = 0rvOC+ 0. OC

- ols)

p(s) o in/s — (2m)?

cutting rule

defines the K matrix 5
=[l++“'] n [l++]:[l++] .
p(s)

1 branch-cut singularity

= K(s) + K(s)p(s)K(s) + -+ = K(s)~1 — p(s) \/Vs—@m)Q
e
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Cuts and sheets

1 1 2i8,(s) . 5
- X — o e — ] s) X irn/s — (2m
KCo(s)=t —p(s)  pcotosls) —ip p( ) \/ ( )

My(s)

[J Each channel generates a square-root cut = doubles the number of sheets

A A
physical sheet g — Egm unphysical sheet

o ,
Sp = (MR—I—ZFR/Q)
< O m < w
C o<,

v v

resonance poles only on 2nd sheet

[J Important lessons:

Details of analyticity = important for quantitative understanding

Cutting analysis separates...
(i) long-distance kinematic singularities
(ii) short-distance/microscopic physics (depending on interaction details)
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Microscopic physics via Lattice QCD

observable — /D¢ Gis

interpolator

for observable




Microscopic physics via Lattice QCD

dN e S | interpolator

observable! —
for observable |

To proceed we have to make three modifications

Im F4 :

] e 1l nonzero lattice spacing
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2 finite volume, L

Also... Mw,lattice > Mw,our universe

(but physical masses — increasingly common)
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Difficulties for multi-hadron observables

/
®L0 0.0, [ The finite volume...
o 0o 0 0o o
0® e® e o® o O Discretizes the spectrum
le” o° 0" o o O Eliminates the branch cuts and extra sheets
O Hides the resonance poles
o —
Finite-volume analytic structure Infinite-volume analytic structure
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[ LQCD — Energies and matrix elements O

(0;(1)0}(0)) = Y (010;(T)| Ex){Ea|O](0)[0) = Y e~ BT Z, ;77
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[J Our task is relate E,,(L) and (E,,/|J(0)|Ey,) to experimental observables




The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SRR Ey(L) p=—mn, nel

v . . — M, L

T :/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Eo = 2M;

Infinite-volume threshold

./\/lgzo (QMW) = —327

 Huang, Yang (1958) -

e S
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Derivation

[0 Consider the finite-volume correlator:

For two-particle energies (2m)’ < s < (4m)?, what is the L dependence!?

e Lischer (1986) e« Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)
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Derivation
[0 Consider the finite-volume correlator:

* +

F = matrix of known geometric functlons

e Lischer (1986) e« Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)
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Derivation
[0 Consider the finite-volume correlator:

‘ +

F = matrix of known geometric functlons

Defines the K matrix

[ oo - ll++lcll++] L

F

— 1 < O-0—00—

- K(s) "'+ F(P L)

e Lischer (1986) e« Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)
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Result

F ( P7 L) Matrix of known

geometric functions

A Ey(L) finite volume . ) unitarity | o
B e Sy® > O
o ) L L

Holds only for two-particle energies s < (4m)* Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

Huang, Yang (1958) +« Liischer (1986, 1991) ¢ Rummukainen, Gottlieb (1995)
Kim, Sachrajda, Sharpe (2005) Christ, Kim, Yamazaki (2005) e+  He, Feng, Liu (2005)
Leskovec, Prelovsek (2012) e«  Bernard et. al. (2012) «  MTH, Sharpe (2012) +  Briceno, Davoudi (2012)
L1, Liu (2013) « Bricefio (2014)
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Using the result
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0.16 |
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[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

P = [000)| 77
__________________________________________________________________________ 180
@ o O *‘ﬂ@ 5
Ex'e P =10,0,0]
i o Ljas =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
- = s Ljag=24 | P=I[L11
. . . P =10,0,2]
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30+
e T — T
0 =01 ilji
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* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -




P — T
19(JPC)y =17(1"7)

" Guo et al. (2016)

150+ Ni=2, mr=226 MeV

61[°]

am,=0.1390(5) -

am,=0.4603(10) |
8pmn=599(11) |
x?/dof=33.5/9=3.7 -

am,,=0.4613(10) -
8prn=5.69(12)
y?/dof=8.04/6=134 |
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Ecm/ My
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180
135 1
Leskovec et al. (2017)
g 90 - N=2+I, mr=316 MeV
45+ am,, = 0.4609(16)(14)
Jporm — 569(13)(16)
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Andersen et al., (2019)
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P — T
1°(JP)y =17(1"7)

([ N
8'0_ S e O PACS-CS (2011)
B = m HSC (2012)
7.5 Ns +1 (up, down, strange) e ot
70l A HSC (2015)
1 Bulava et al. (2015)
' ® skovec et al.
g 60- m Andersen et al. (2018)
ke & Werner et al. (2019)
55 % physical value
5.0 -
4.5¢ -
4.0_ ! ! | ! L L L | ! | L L | ! ! 1 L | L L | ! | L L L 1 | ! L L ! | |
o™ T T ] T
7.5- N¢ = 2 (up, down) -
7.0F -
i n
6.5 1 + -
| | 4
B 60t L
0t < . 4 [e Langetal (2011)
5.5F A < m ETMC (2011)
- + GWU (2012)
5.0F A Bali et al. (2015)
- < GWU (2016)
4.5+ O Tltllis .w;lrka1
40- L | L s L L | L L L L | L ! L L | L L L ! | L L L L | L L L L | *1 p. ysllc lv luel
' 150 200 250 300 350 400 450 500
mn/MeV
« Erben et al., Phys.Rev. D 101 (2020) 5, 054504 -«
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Kk — K
p—TT K* — Km
J CP-PACS/PACS-CS 2007,2011 }K*(892) J Lang et al. 2012
dJ ETMC 2010 N O Prelovsek et al.2013

(] Lang et al.201 |
0 HadSpec 2012,2016

0 Wilson et al. 2015
d ROQCD 2015

[ Pellisier 2012 {0 Brett et al. 2018

O ROCD 2015 J Wilson et al. 2019

J Guo etal.2016 | J Rendon et al. 2020

O Fuetal.2016 __ /P

[J Bulava et al.2016

[J Alexandrou et al. 2017 | | — 1~ bl — TW, 7T¢

0 Andersen et al.2018
{OJ Fischer et al. 2020
{OJ Erben et al. 2020

[0 Woss et al. 2019

ao(980) — mn, KK

0 Dudek et al. 2016

g o, fo, fo — wm, KK, mn
T Yr E— ,, - O Bricefio et al. 2017
[ Wakayama 2015 / ao(980)

0 Howarth and Giedt 2017
{OJ Briceno et al.2017
[J Guoetal.2018

O_|_ See the recent review by
Bricefio, Dudek and Young
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https://inspirehep.net/literature/759221
https://inspirehep.net/literature/944159
https://inspirehep.net/literature/879349
https://inspirehep.net/literature/901738
https://inspirehep.net/literature/1205306
https://inspirehep.net/literature/1382163
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http://inspirehep.net/record/1411662?ln=en
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https://inspirehep.net/literature/1802829
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http://inspirehep.net/record/1222343?ln=en
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http://inspirehep.net/record/1389182?ln=en
http://inspirehep.net/record/1477214
https://inspirehep.net/literature/1659102
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1421934#
http://inspirehep.net/record/1618009
https://inspirehep.net/literature/1728779
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Coupled channels

-------------

[J The cubic volume mixes different partial waves...

eg. Km— Kr | Kt 0 Feo  Fgp
Fro > (5 )+ (5 5

p

...as well as different flavor channels...

e,g, a =TT

' Ka—)a Ka—)b - Fa 0 L © e
] (5 5 D)0

Kooa Koo

0 Workflow...

Vary L and P to recover a

Reliably extract dense set of energies
finite-volume energies

Correlators with a large
operator basis

[000,Ay, ©0O O o O

(Qn (T)2],(0)) ~ e Fm{BIT WA 00 © o o

011],A;, ©O O ©O O o
had/spec

' » F,, (L)
|dentify a broad list of K-matrix parametrizations

polynomials EFT based dispersion — Perform gIObaI fits to the
finite-volume spectrum

(0a(1)0}(0))

and poles theory based
17




g, fO — 7T, KF? nn
I€(J7) =07 (0*)

pip;i|ti; }2
08F
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e Briceno et al., Phys.Rev. D 97 (2018) 5, 054513 -
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g, fO — T, KF? U,
I“(J"¢) =07 (0*")

0.06 |-
0.04 -
> 002

0

o9
0.12 0.14 0.16 0.18
002}

2 - Im(at

-0.04 |-

H
N
sl ) oy
]
:—‘\ ]
! |
I
-0.06 |- | _
| |

| hd |

e Briceno et al., Phys.Rev. D 97 (2018) 5, 054513 -
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180 ————————— - m e oo -

61/°
150 -
120 -
90 -
60 -
30+

fo - | o |
700 = % % 900 = 1100
\\9039 \\gd)y \%} \\0'39\} Ecm / MeV
/%L\ %L /%L\ %L\

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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kK, K* - K
IJ7) = 1/2(1)

m =Rey/so/MeV 391 Mev K~

880 900 920 . 940 060
327 MeV .. VS0 .: 934(2) MeV
10 284 MeV VS0 = (914(2) — £6(1)) MeV
eV .49
20 V50 = (909(4) — 513(2)) MeV
239 MeV & V50 = (902(2) — £23(2)) MeV K*(892)

>
D)
=
~~—
g
E 30 -
N
|
T

40 |

140 MeV ; &Pt + UFD [50]
? V50 = 893(1) — 556(2)

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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D? (2317) — DK
I(JY)=0(0")

my. = 239 MeV m, = 391 MeV
(ar k)? (ar k)?

| | | | 1 | | |
-0.003 -0.002 -0.001 : 0.001 0.002 0.003 -0.003 -0.002 -0.001 0.001 0.002 0.003

",O'.bZ -

-0.04
~[k]..--"
mm K = g%/ (m? - 5) -0.06
m /cotd = % + %rk2
= g7 /(m® — )+ ak cot &g aik cot dg

* Cheung et al. (Aug 14, 2020), 2008.06432 [hep-lat] -
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¥
1
1525 0.010;
- 1
N > 0.005|
= 10f] “§ 0.000 —
S W
| £ _0.005}
o o
: o0 .
| = ~0.015 -0.010 -0.005 0.000  0.005
obt /. o . . . Re(E;n) - 2mp [GeV]
3.86 3.88 3.90 3.92 3.94
Ecm [GeV]
* Prelovsek et al. (November 4, 2020), 2011.02542 [hep-lat]




A(1232) — N
I(J") =3/2(3/2T)

0.2

.
_ '

L l L | | I T 1 |/’I

Br -0 H[OP=1,G,

lP*=3,F [llP*=3,F,

m, = 280 MeV

A _ 4.734(56),

BW
= 1 . .4
Mo gAN7r 9 0(7 )7

WrF-4g, x2/d.o.f. = 4.17.
| I | | I 1 1 1 1 | 1 | 1 | I | 1 | 1
0.8 0.9 1 1.1 1.2
Ev:>m'mN
m,

e Andersen et al., Phys.Rev. D 97 (2018) 1, 014506 -

(Mmrass) ™ = 0.00(10), (mras,)~> = 0.00(12),
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3-particle amplitudes

2-to-2 only samples J¥ 0t 1= 2t ...

=

Sarda % BESTT

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

A?C 6\‘

many interesting resonances have significant 3-body decays

®

\

Applications...
exotic resonance pole positions, couplings, quantum numbers

w(782), a1(1420) — 7w X(3872) — J/¢rm X (3915)[Y(3940)] — J/¢rm

form factors and transitions

and much more!... (3-body forces, weak transitions, gluons content)
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Status | | |
® | .
1 (L) finite volume L) L unitarity ‘} H :Q
R X
9 © 9 9
Holds only for three-particle energies Neglects e~ ™¥

Generalized to two-to-three, non-identical, non-degenerate masses

Encodes angular momentum mixing

« MTH, Sharpe (2014,2015) < Bricefio, MTH, Sharpe (2017) -
Blanton, Romero-Lopez, Sharpe (2020) ¢ Hansen, Romero-Lopez, Sharpe (2020) < Blanton, Sharpe (2020)

Recent Review: Lattice QCD and Three- h

particle Decays of Resonances
MTH and Sharpe, 1901.00483

D
A=

See also...
 Hammer, Pang, Rusetsky (2017)  Doring, Mai (2017) -
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[J Entire work-flow now implemented

7.5
01\ "\J000] 7.0-
\ i 6.5
5 :
5 E\ _
BN ~k 6.0
£18 ;.
@ 3 ~ ég 5.51
£ 4 § 1 5.0
4.5
3 T | | |
s — — — 4.0-
20 24 20 24 20 24 20 24 : . : : :
L/CLS 4.0 45 5.0 5.52) 6.(; 7.5
mia/ My
« MTH etal. (Sep. 10, 2020), 2009.0493 [hep-lat], to appear in PRL -
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Not discussed here
[J One-to-two transition amplitudes: er* — p > X

: : - 100
200} m, ~ 400MeV | :5 ~ 320MeV
= 150 9 — 80F
= oc [{m, out|J,|m)| D
3 S
it I 60}
© 50} ~
&
%% 21 2:.2 23 E 40
E T
\E 400} E 20 F
ILE 200} © 0
T | | | 800 1000
20 2.1 22 2.3 E;ﬂ./mﬂ- MeV ]

Bricefio et. al., Phys. Rev. D93, 114508 (2016)  Alexandrou et. al., Phys. Rev. D98, 074502 (2018)

[0 Two-to-two matrix elements
: tzi .
(7w, out| T, |mwm,in) = .>/’m —_—
" v e .
L L

Briceio, MTH (2017) < Baroni, Bricefio, MTH, Ortega-Gama (2018)
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Conclusions

[ LQCD is in the era of ‘rigorous resonance spectroscopy’

[J The finite-volume = a useful tool

[ Challenges and progress

formal analysis was technical — ground work is now set

scattering demands high precision excited states — advanced algorithms make this possible

many calculations at unphysical quark masses — physical-mass scattering now appearing
— varying masses probes resonance structure

3-body amplitude is highly singular — intermediate K matrix is not

] Next steps...

complete 3-particle formalism — extend to N-particle formalism
extend studies involving an external current

push more channels into the precision regime
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Big Picture

A thriving field, with much more to come...
Thanks for listening!
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