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Introduction
Tl R. Hagedorn: thermodynamical approach to High Energy Collisions

Tsallis statistics

and QCD exponential distributions of energy and momentum
Fractals and .
Self Similarty exponential hadron mass spectrum
e Hadron Resonance Gas models, conf./deconf. phase-transition
Scales in YM . . &N o T
PL
theory =7 but disagrees from experimental data (5o # e /T
S e =% when using Tsallis statistics —> power-law distribution —

Tsallis statistics . . .
— the agreement is perfect (in many orders of magnitude)
Applications of

Tsallis statistics

ALICE: 0.9 TeV x 10

°
% STAR:02TeVx10™
O ATLAS:0.9TeVx10°
% CMS:09TeVx10®
A& CMS:2.36TeVx 102
o

Conclusions

CMS: 7 TeV x 10°
Hagedorn-Tsallis

R
P, (GeVic)
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Tsallis Statistics

@ Tsallis statistics =» generalization of Boltzmann-Gibbs (BG)
statistics

1—q _ 1
p
Sq = —ks E pi Ing pi , Ing(p) = = — 7 le |og(p)] ~

1

Q@A consequence is that the entropy of the system is non-additive.
For two independent systems A and B [C.Tsallis, J.Stat.Phys. 52 '98].

SarB =Sa+ S+ kgl(l — q)SASB ,

where the entropic index g measures the degree of non-extensivity.
@ g-expotential and g-logarithm functions:

e (x) = [1£(g—1)F/E@D | 1oglH) (x) = £(xH 9V -1)/(g-1),
@Occupation number:
1 1
(i)( — _—
ng X) - 1+(g-1) |: —1 eBlep—n) — ’
CRECEMEE ’ ¢

and x = B(e, — 1), B= (kg T)71, particle energy e, = \/p2 + m?,
with p the chemical potential, £ = £1 for bosons/fermions.
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Hadron production in heavy ion collisions

[A. Deppman, E.M., D.P.Menezes, T. Nunes, in preparation]

e Occupation number of a single particle:

1

nH(x) =
v CRICICEIES

q

e Density of hadron species in an ideal gas of massive particles:

dp p* nﬁ,”(xi)}

ix

_ (N o [P o
Pi= = 5 A dp p*ng (%) + i
where
xi=f <sf - Z#aqaf) , e =y/pPP+m?, Z HaGai = Huli + padi + pss; -
a q

and pj. >0 if > fagai > m;.
e In Au+Au collisions: B=2x197, hk=-39, S=0.

e Fit to ratios of particle abundances. Experimental values (STAR '07’):

p/p = 0.65-0.07, p/m~ =0.08+0.01, 7/t = 1.00+£0.02, -

R 1
)li(q—l) La1 eBle—p) — J '
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Hadron production in heavy ion collisions

Best fit in (q,us, T) =7 qg=~1.16

Eiz ‘ x*/dof = 0.76
" s " pp=52MeV, T =58MeV
05 T Radius = 49.6 fm?
090015 i 1B iz iz See also [D.P.Menezes et al., PRC76 '07] for g = 1.
q
Ratio Model | Experimental (STAR '2007")
p/p 0.65473 0.65(7)
p/m— | 0.06393 0.08(1)
7~ /7t | 1.02009 1.00(2)
K=/K* | 0.82771 0.88(5)
K~ /m— | 0.16900 0.149(20)
A°/N° | 0.76906 0.77(7)
= /== | 0.87540 0.82(8)
K°*/h~ | 0.07145 0.060(17)
K" /h~ | 0.06217 0.058(17) .
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Conclusions

L.Marques, E.Andrade-Il, A.Deppman, PRD 87 (2013) 114022
L.Marques, J.Cleymans, A.Deppman, PRD 91 (2015) 054025

3
3
i
N
b

Use of Tsallis statistics:

pr distribution in pp collisions

Extended Hagedorn theory to non extensive statistics:apeppman, Physica A 301 '12

4 012 Iyi2s UM
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L
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dp_ dy q

|
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Experimental value ¢ = 1.14 + 0.01
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Effective hadron mass spectrum
Density of hadrons:
p(m) = po - [L+(q = 1)m/ Tl
Obtained in Non-Extensive Self-Consistent Thermodynamics.

A.Deppman, Physica A 391 (2012) 6380

Cumulative number: N(m) = [ dinp(i)

3
0 TASSO 14 Gev H /
SIS u&y
& s STy
3 DELPHI 161 GeV10

—— TACNE (2012)
——— Hagedorn (1968)

t
A

5 4 5 8 7.8 9 10
pu RELATIVE TO JET AXIS (GeV/c)

e s
™ (GeV)
Non extensive mass spectrum
Power-law distributions L.Marques, E.Andrade-Il, A.Deppman, PRD 87 (2013) 114022

Hagedorn 1968: p(m) = p, - ™/ TH
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Tsallis Statistics and QCD
Thermodynamics
@ Grand-canonical partition function for a non-extensive ideal

quantum gas is [EM, A.Deppman, D.P.Menezes, Physica A421 '15]

3 (1 (x) —

—+ eq (

(*) e((,i)(x) qjl exp(x) and Ioggi)(x) c:l log(x) = This result

reduces to the BG statistics in the limit g — 1.

@ The thermodynamics of QCD in the confined phase can be studied
within the Hadron Resonance Gas approach = Physical observables
in terms of hadronic states [Hagedorn, Lec.Not.Phys.221 '85].

@ Partition function given by

log Zy(V, T.{u}) = > log Zg(V, T, mi).

i€hadrons
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QCD Thermodynamics

H - — 1
e Energy density =7 =3/ =-1 25 5
e Pressure = P=192 g7
B oV q-
log Z,
e Entropy - S=_p22 (8
oB B
1B
; - _ (B 1
o Baryon denSIty ’ PB = % = 3y ((Nquarks> - (Nantiquarks>) .
0.20 T T T T T ] T
Bolizmann-Gibhs {“"N:' oY 1 25F ---- q=114 i
yriss - /

o BN Gev i < 20f T q=110 /
- L s i & — =105 /
= - x 15 /
3 010 N\ RHICISPS/AGS/SIS 13 - o /
= Rmc/sn:ﬁ(é: *1 % 10 //

FOPI 1 © 1=0GeV %
] 05 7
) 0.0 seonll
%0 02 04 06 08 10 0.00 0.02 0.04 0.06 0.08
TIGeV]

1y 1GeV]

Chemical freeze-out line T = T(ug). Energy density.

-

Q@ gt = Equation of state P = P(e) 1 harder )
— Implications for neutron stars: My, T
[D.P.Menezes, A.Deppman, E.M., L.B.Casto, EPJA51 "15].
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Scaling transformation = changes the size of objects by a scale factor.

Introduction
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Self-Similarity

Thermofractals

Scales in YM
theory

STRENGTH OF CHAMPION WEIGHT LIFTERS

SCALING

Bose-Einstein
condensation and
Tsallis statistics

Applications of
Tsallis statistics )

Conclusions

SELF-SIMILARITY = Self-similar object is
an object which is similar to a part of itself.

(Example: Sierpifiski triangle).
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Tsallis Statistics and

Thermofractals
@ Emergence of the non-extensive behavior has been attributed to
different causes: 1) long-range interactions, correlations and memory
effects; 2) temperature fluctuations; 3) finite size of the system
[L.Borland, PLA 245 '98].
@ We will study a natural derivation of non-extensive statistics in
terms of Thermofractals.
@ Thermofractals = Systems in thermodynamical equilibrium
presenting the following properties [A.Deppman, PRD93 '16]:

@ Total energy is given by:

U=F+E,

where F = kinetic energy, and E = internal energy of N

constituent subsystems, so that £ = Z,N:l 6,(-1).

@® Constituent subsystems are thermofractals: distribution Prp(E)
is self-similar or self-affine = at level n of the subsystem
hierarchy Prp(n)(E) is equal to the distribution in the other

levels:
P’rk‘(n)(E) X P’l’F(ner)(g)‘
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Tsallis Statistics and

Thermofractals
@ The energy distribution according to BG statistics is given by
Psc(U)dU = Aexp(—U/kT)dU .

@ In thermofractals = phase space must include momentum
degrees of freedom of free particles as well as internal degrees of
freedom. According to property 2 of self-similar thermofractals

aF v
'DTF(O)(U)dU =A F%fl exp < kT> dF [PTF(I)( )] de,
—_———

internal d.o.f.

Momentum d.o.f.
with o =1+ 5 and 5 = F and v = exponent to be determined.

@ By imposing self-similarity
Prr(0)(U) o Prrg)(€)

3V _1
2 T—v

€
one finds: Prp(e) = [1—1— kT] = Prr(n)(€) = An) € [,E}
= The distribution of thermofractals then obeys Tsallis statistics
with g — 1= 5 (1 —v).

13 /20
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Renormalization of gauge fields

@ QCD phenomenology can be described by Tsallis statistics.

@ Thermofractals obey Tsallis statistics.

@ Question: Is it possible a thermofractal description of Yang-Mills
theory?

@ Yang-Mills theory £ = —3F3,F2" + iy, DijW; is renormalizable:
[(p,m,g) =X\"PT(p,m,g)

F. Dyson, PR 75 (1949) 1736

M. Gell-Mann and F.E. Low, PR 95 (1954) 1300
@ Renormalization group equation:
9 9 _ . .
M5 + Bga—g +~I=0 Callan-Symanzik Equation
C.G. Callan Jr., PRD 2 (1970) 1541

K. Symanzik, Comm. Math. Phys. 18 (1970) 227

n=0 — Effective coupling constant g
Effective mass m
n=1 ——Or Self-similar properties of YM fields ==
\ loop in higher order is identical

n=2 +—()—+ % %
to a diagram in lower order. 14/20
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Effective thermofractal description:
Calculation of g from gauge field
parameters
g(e) = HIN:I G[1—(q— l)%]ﬁ A.Deppman, PRD (2016)
q is related to the number of internal degrees of freedom in the fractal structure
Z(e) describes how energy flows from the initial parton to partons
at higher perturbative orders.
@ First order calculation of vertex function was performed for
YM-theory and QCD. We can then compare what is obtained with
our effective description.

®3) @ From our effective description:
0% _ 1 1 Rl
(1) v2) ﬂg - /f ou — 1672 qflg
90 Wlth N=2
@ From QCD: g, = —ﬁ [%cl — §C2] g°

= And finally we get g = 1.14

[A.Deppman, EM, D.P.Menezes, PRD101 (2020) 034019] 15 /20
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(V/Ng™3- T

Bose-Einstein condensation and Tsallis statistics (qBEC)
[E.M., V.S. Timéteo, A. Gammal, A. Deppman, Physica A 585 (2022)

Formation of Bose-Einstein condensate in hadronic systems?
[D.Kharzeev, E.Levin, K.Tuchin, PRC75 '07]; [I.Bausista; C.Pajares, J.E.Ramirez
Rev.Mex.Fis. 65 '19]; [S.Deb, D.Sahu, S.Raghunath, A.K.Pradhan, EPJA 57 '21]
Relativistic gas of massless bosons

) =57 ee zo| (e 5 = [0 — -]
Total number of particles [Ground state e. = 0]

— \V4 oo —
Ny = NgtNg = [elD[B(ec = w] = 1] 45 / de [e{P[Ble — ) - 1] "

Critical temperature
vTe

2

1 oo —
NE(T) < NE Co(0), where (o(0) = 5 /0 dx X [eg”(x) - 1] ..

,max(

T.) =

w

n

-

0.0

05 10 15

16 /20



Tsallis statistics
and QCD
thermodynamics

Eugenio Megias

Bose-Einstein
condensation and
Tsallis statistics

Bose-Einstein condensation and Tsallis statistics (qBEC)

e Fraction of particles in the ground state:

0.06 TTe=100 A 1.40

T/Te=100
0.05] N =409 135
130
004
- 125
z
> 003 £ 120
Z i 114
Omaxe =
002 115
110
001
105
0.00 100
00 05 10 00 10t 100 10 10"

q N i
=% q > 1 tends to favor the condensate population.

e Fraction of particles in the first excited state ==
= System in a box (discretization of energy levels)

E, =T n2 4+ n2 + n? Nye,n,,n, > 1.
nx Ny ,nz L x 'y 1z xy Ny, Nz 2

= g=1 — N=100 =1 —

N=10 =11 --- g=11 ---

0.20| q=12 — 0.08 =12 —

q=14 -- q=14 --
= 0.5

<

Z 0.0
0.05
0.00

00 05 10 15 20 "00 05 10 15 20
T/Te T/Te
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Applications of Tsallis statistics
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C.-Y. Wong; G. Wilk, G.; Tsallis, C. Phys. Rev. D 2015, 91, 11402
L. Marques, J. Cleymans, and A.Deppman, PRD 91 (2015) 054025

Hadron models:
P.H.G Cardoso; T.N. da Silva; A. Deppman, D.P. Menezes, EPJA 51 (2015) 155
E.Andrade II, A. Deppman, EM, D.P. Menezes, T. Nunes, PRD101 (2020) 054022

Hadron mass spectrum:
L. Marques; E. Andrade-II; A. Deppman, Phys. Rev. D 2013, 87, 114022

Hadron structure:
A. Deppman, E.M., M.J. Teixeira, V.Timéteo, in preparation.

Neutron stars:
D.P. Menezes, A. Deppman, E.M., and L.B. Castro, EPJA 51, (2015) 155

Lattice QCD:

A. Deppman JPG 41 (2014) 055108

Bose-Einstein condensation:
J.Chen, Z.Zhang, G.Su, L.Chen, Y.Shu, Physics Letter A300 (2002)
E.M., V.S. Timéteo, A. Gammal, A. Deppman, Physica A 585 (2022)

Non-extensive statistical mechanics:
E.M., A. Deppman, D.P. Menezes, Physica A 421 (2015) 15
A. Deppman, Physica A 391 (2012) 6380
A. Deppman, E.M., D.P. Menezes, T. Frederico, (2018) Entropy 20 (2017) 633
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Conclusions:
We have reviewed the non-extensive statistics in the form of

Tsallis statistics of a quantum gas at finite T and pu.

Eugenio Megias o

e pp collisions.

e Heavy ion collisions.

e Hadron spectrum.

e QCD thermodynamics.

e Bose-Einstein condensation.

@ We have investigated the structure of a thermodynamical system
presenting fractal properties, and shown that it naturally leads to
non-extensive statistics.

@ Based on the self-similar properties of thermofractals:

Conclusions o 'Field theoretical approach’ for thermofractals.
e (3 function of QCD assuming a thermofractal structure.

@ Self-similarity in gauge fields leads to

Self-consistency and fractal structure
Recursive calculations at any order

Non extensive statistics

Reconciles Hagedorn's theory with QCD

Agreement with experimental data 19/20
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