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Parton distributions: universal but 
not perturbatively computable

Hard partonic cross section:
process dependent but computable in 

perturbation theory

QCD at hadron colliders

Power-suppressed 
contributions

The factorisation picture is systematically improvable (until the 
power-suppressed contributions become quantitative relevant…)

High-  interactions are characterised 
by the presence of a hard scale  
(invariant mass of a lepton pair, high-  
jet, heavy-quark mass…)
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The need of regularizing the divergences in  dimensions prevents a 
straightforward implementation of numerical techniques
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Subtraction method Add and subtract a (local) counterterm  with 
the same singularity structure of the real 
contribution that can be integrated 
analytically over the phase space of the 
unresolved parton

Fully differential predictions

Catani, Seymour (1995)
Frixione, Kunszt, Signer (1996)

LHC detectors are able to measure leptons, 
photons and jets only if they have a finite 
(relatively large) transverse momentum and 
not too large rapidityBeam pipe

At LO everything is finite but at NLO real and virtual contributions are separately 
divergent and after renormalisation IR poles appear as D → 4

Fully differential predictions needed
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NLO 

This “next-to-leading order (NLO) revolution” has left us with flexible 
tools that make possible to carry out relatively precise computations at 
NLO in QCD and EW theory

Nowadays tree-level and one-loop amplitudes can be computed automatically
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Recola, Openloops, Gosam….
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But the precision of experimental data now calls for a step forward and on the 
inclusion of next-to-next-to-leading order (NNLO) QCD corrections
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The quest for NNLO



NNLO: building blocks

Tree-level amplitudes with two 
additional partons

One-loop amplitudes with one 
additional parton
(to be evaluated in unresolved 
regions where instabilities may arise)

All the three 
contributions 

separately 
divergent !

Two-loop amplitudes           currently the 
major bottleneck (new class of functions, 
charting new territory…)

Q
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Q
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Q
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Crucial to keep the calculation fully differential: corrections for fiducial and 
inclusive rates may be significantly different (H in VBF, WW…)
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NNLO methods
Broadly speaking there are two approaches that we can follow:

Organise the calculation from scratch so as to cancel all the singularities

- sector decomposition

- antenna subtraction 

- “colourful” subtraction

- join subtraction and sector decomposition

Start from an inclusive NNLO calculation (sometimes obtained through 
resummation) and combine it with an NLO calculation for n+1 parton process
- qT subtraction

- “N-jettiness” method

- “Born projection” method for VBF

Boughezal, Focke,Liu, Petriello (2015)
Tackmann et al. (2015)

Catani, MG (2007)

Czakon (2010,2011)
Boughezal, Melnikov, Petriello (2011)

Caola, Melnikov, Rontsch (2017)

Somogyi, Trocsanyi, Del 
Duca (2005, 2007)

Gehrmann, Glover (2005)

Binoth, Heinrich (2000,2004)  
Anastasiou, Melnikov, Petriello (2004)

Cacciari, Dreyer, Karlberg, Salam,Zanderighi (2015)

…………………….
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NNLO: deployment of results

NNLO computations are generally rather expensive (may need millions of CPU 
hours for a production run): most results obtained through private codes

Up to few years ago public codes available only for limited processes

Essentially two general purpose public codes

MCFM

MATRIX

Lack of public code makes deployment of NNLO precision difficult and 
requires manual intervention and involvement of the authors of the various 
calculations in concrete applications

Both are based on non-local subtraction schemes (  and jettiness)qT

https://matrix.hepforge.org

https://mcfm.fnal.gov
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https://mcfm.fnal.gov


MATRIX v2.1.0 
Kallweit, Wiesemann, MG  (June 2017) 

+ Buonocore, Devoto, Mazzitelli, Rottoli…….

NNLO QCD + NLO EW for 
all the single and massive 
diboson processes

NLO QCD for loop 
induced gg contribution 
for WW and ZZ
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The method

dσF+X
NNLO = ℋF

NNLO ⊗ dσF
LO + [dσF+jets

NLO − dσCT,F
NNLO] + 𝒪(rp

cut)

Virtual contribution after 
subtraction of IR singularities 
+ collinear and large-angle 
soft radiation (beam, jet and 
soft function)

Real contribution with one additional 
resolved jet, divergent as rcut → 0

Subtraction counterterm that 
cancels the  singularityrcut → 0

Use a dimensionless resolution variable  (e.g. )r > rcut r = qT /Q

Power suppressed contribution 
whose size determines the 
efficiency of the computation

Consider the hard-scattering process  
(  colourless system, heavy quark pair….)

pp → F + X
F

12

Catani, MG (2007)
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Extension of qT subtraction to heavy-quark production now completed

Catani, Devoto, Kallweit,Mazzitelli, Sargsyan, MG (2019)

Top-pair production
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✅

Top-pair production
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Inclusive cross section

statistical+systematic scale uncertainties

Tree and loop amplitudes from
Openloops 2 (cross checked with Recola)

Two-loop amplitudes from Czakon et al.
(0.1% effect at 13 TeV)

Top-pair production



Top-pair production



Extension to bottom production
Catani, Devoto, Kallweit,Mazzitelli, MG (2020)



The case of jet processes

Transverse momentum is a viable resolution variable to describe arbitrary 
processes in which heavy quarks and colourless particles are produced at 
Born level

Besides  and  production further possible applications are:tt̄ bb̄

, , , , …..tt̄H Wtt̄ Ztt̄ Wbb̄ WWbb̄

However  cannot regularise final state collinear singularitiesqT

qT = |pV + pj |T ≠ 0

Buonocore, Haag, Savoini, Rottoli, MG (2022)



N-jettiness

It is considered the natural extension of  to jet processesqT

N-jettiness is a global shape variable smoothly describing the  jet 
transition

N + 1 → N

Stewart, Tackmann, Waalewijn (2010)

0-jettiness successfully used to compute NNLO corrections to several colour-
singlet processes

Boughezal et al (2016)
Campbell, Ellis, Li, Williams (2016)

Heinrich, Jahn, Jones, Kerner, Pires (2017)

1-jettiness applied to NNLO computations of V+jet and H+jet
Boughezal et al (2015, 2016)

Also used as evolution variable in matching NNLO computations to parton 
shower simulations

Alioli et al, GENEVA

Never applied to more complicated processes
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Power corrections

The quantitative impact of power suppressed contributions can limit the 
performance of non-local subtraction methods

The larger the power corrections, the smaller values of  must be chosenrcut

The computation of leading power suppressed terms may help to obtain better 
quantitative predictions

Ebert, Moult, Stewart, Tackmann, Vita (2018)

Boughezal, Isgro’, Petriello (2018,2019)

Cieri, Oleari, Rocco (2019)
……………

When fixed-order predictions are supplemented with all-order resummation and 
compared with data hadronisation and multi-partonic interactions (MPI) can be 
large and substantially diluite the power of the considered observable

dσF+X
NNLO = ℋF

NNLO ⊗ dσF
LO + [dσF+jets

NLO − dσCT,F
NNLO] + 𝒪(rp

cut)
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Δσ(rcut)/Δσexact − 1

𝒪(r2
cut)

Power corrections

 subtraction for 
colourless final states 
(inclusive cuts)

qT

rcut
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Δσ(rcut)/Δσexact − 1

Power corrections

𝒪(rcut)

 subtraction for 
heavy-quark production
qT

rcut
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Δσ(rcut)/Δσexact − 1

Power corrections

𝒪(rcut ln rcut)

0-jettiness for colourless 
and  subtraction for 
processes involving 
direct photons

qT

rcut
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Exploring jet resolution variables

We look for a resolution variable with some specific good properties

Linear (in the worse case) power corrections

Can be extended to an arbitrary number of jets

No non-global logs

It reduces to  when jets are not present at Born levelqT

We consider the inclusive -jet production processN

h1(P1) + h2(P2) → j(p1) + j(p2) + . . . j(pN) + F(pF) + X

Possible colourless final-state

22



Our proposal: kness
T

We introduce a global dimensionful variable able to capture the  jet 
transition

N + 1 → N

The variable represents an effective transverse momentum controlling the 
singularities in the  jet transitionN + 1 → N

When the unresolved radiation is close to the beam  coincides with 
the transverse momentum of the final state system

kness
T

When the unresolved radiation is close to one of the final state jets  
represents the relative transverse momentum with respect to the jet direction

kness
T

The variable takes its name from the  clustering algorithmkT

It is defined through a recursive procedure

Catani, Dokshitzer,Seymour,Webber (1993)
Ellis,Soper (1993)
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Our proposal: kness
T

Define the distances

dij = min(pTi, pTj)ΔRij /D

diB = pTi

where  is a parameter of order unity and  is the 
standard separation in rapidity and azimuth

D ΔR2
ij = (yi − yj)2 + (ϕi − ϕj)2

(pseudo)-particle distance

particle-beam distance

Our variable is defined via a recursive procedure through which close-by 
particles are combined with each other or with the beam until  jets remainN + 1

When particles are recombined with the beam we keep track of their 
transverse momentum through prec → prec + pi

When  protojets are left we still evaluate all the  and N + 1 diB dij

If the minimum is a  we set dij kness
T = min(dij)

If the minimum is a  add the recoil to  and set diB pi kness
T = pTi

24



Sample NLO results: H+jet

  D = 1

pj
T > 30 GeV

0.2 0.4 0.6 0.8 1.0
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r = kness
T / m2

H + (pj
T)2

Define r = 𝒯1/ m2
H + (pj

T)2

As a first application we consider H+jet

Compared to jettiness the power suppressed contributions are mild and scale 
linearly (no logarithmic enhancement)

anti-  jets with kT R = 0.4
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Hadronisation and MPI effects

We have generated an LO 
sample for Z+jet with 
POWHEG and showered 
them with PYTHIA8

As expected the hadronisation 
effects on jettiness are 
relatively large while MPI 
completely distorts the shape 
of the distribution

  μF = μR = mZ

  pj
T > 30 GeV |yj | < 2.5

We compare 1-jettiness with 
1-kness

T

The  distribution has a 
peak at  and 
features much smaller 
hadronisation and MPI effects

kness
T

kness
T ∼ 15 GeV
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Further NLO results: 2 and 3 jets
We have recently implemented  subtraction in MATRIXkness

T

  D = 1

pj
T > 30 GeV

Nice linear 
convergence to the 
result obtained with CS 
subtraction

Flexible implementation and consistent comparisons with CS subtraction

27
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Summary & Outlook

The current and expected precision of LHC data requires NNLO accurate 
QCD predictions for the most relevant processes

NNLO results now available for essentially all the relevant  and 
 processes and lead to an improved description of the data for many 

benchmark processes

2 → 1
2 → 2

NNLO computations are challenging both from a technical view 
point but also as far as computing resources are concerned

The only general purpose publicly available codes able to compute NNLO 
corrections in QCD are based on non-local subtraction schemes

For the hadronic production of colourless systems and heavy quarks  has 
proven to be an extremely efficient resolution variable

qT



For processes involving jets N-jettiness has been the only player so far but 
leads to large power suppressed contributions and, more generally to large 
non-perturbative and MPI effects

We introduced a new variable, that we dub : this variable represents an 
effective transverse momentum controlling the  transition 

kness
T

N + 1 → N

30

We have presented NLO results for processes involving one or more jets 
and successfully compared them to results obtained with dipole subtraction

Our results show that power corrections for  scale linearly and are 
relatively small, providing a promising candidate for NNLO applications

kness
T

The new variable appears to be quite stable with respect to hadronisation 
and MPI and might prove useful also for Parton Showers

Summary & Outlook
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LO, NLO and NNLO predictions obtained using NNPDF3.1 PDFs with 
αS(mZ)=0.118 at the corresponding order

CMS data of CMS-TOP-17-002 in the lepton+jets channel 

Extrapolation to parton level in the inclusive phase space

Our calculation is carried out without cuts

To compare with data we multiply our absolute predictions by 0.438 
(semileptonic BR of the tt̅ pair) times 2/3 (only electrons and muons)   

Fully differential results
Catani, Devoto, Kallweit,Mazzitelli, MG (2019)

Top-pair production



mtt̄ [GeV]

ra
ti
o
to

N
N
L
O

20001000500300

1.5

1.0

0.5

mtt̄ [GeV]

ra
ti
o
to

N
N
L
O

20001000500300

1.5

1.0

0.5

mtt̄ [GeV]

ra
ti
o
to

N
N
L
O

20001000500300

1.5

1.0

0.5

CMS
NNLO
NLO
LOd

σ
/d

m
tt̄
[p
b
/G

eV
]

e/µ+ jets µR = µF = HT/2

CMS @ 13TeV (35.8 fb−1)pp → tt̄

1

10−1

10−2

10−3

10−4

d
σ
/d

m
tt̄
[p
b
/G

eV
]

e/µ+ jets µR = µF = HT/2

CMS @ 13TeV (35.8 fb−1)pp → tt̄

1

10−1

10−2

10−3

10−4

d
σ
/d

m
tt̄
[p
b
/G

eV
]

e/µ+ jets µR = µF = HT/2

CMS @ 13TeV (35.8 fb−1)pp → tt̄

1

10−1

10−2

10−3

10−4

Good description of the data except in 
the first bin

CMS-TOP-18-004: leptonic channel: a 
fit with the same PDFs leads to 
mt=170.81 ± 0.68 GeV 

A smaller mt (just by about 2 GeV) 
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in this bin and to small changes at 
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Top-pair production
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Top-pair production



Single-differential distributions
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As noted in various previous 
analyses the measured pT 

distribution is slightly softer than 
the NNLO prediction 

Perturbative prediction relatively 
stable when going from NLO to 
NNLO

Data and theory are consistent 
within uncertainties



NNLOPS

NNLO calculation recently deployed into the first NNLO calculation matched 
to parton shower for this process
All-order radiative contributions implemented through 
the shower using the MiNNLOPS method

Mazzitelli, Monni, Nason, Re, 
Wiesemann, Zanderighi (2020)

Monni, Nason, Re, Wiesemann, 
Zanderighi (2019)

Monni, Re, Wiesemann (2020)
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Example: V+jet

When  protojets are left we 
still evaluate all the  and 

N + 1
diB dij

If the minimum is a  we set dij

kness
T = min(dij)

48



prec

Example: V+jet

When  protojets are left we 
still evaluate all the  and 

N + 1
diB dij

If the minimum is a  add the 
recoil to  and set 

diB
pi kness

T = pTi
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NLO ingredients
We have computed the singular behavior of the cross section for the production of 
a colourless system accompanied by an arbitrary number of jets as kness

T → 0

The computation starts by organizing the terms relevant in each singular region 
and removing the double counting 

dσF+N jets+X
NLO = ℋF+N jets

NLO ⊗ dσF+N jets
LO + [dσF+(N+1) jets

LO − dσCT,F+N jets
NLO ]

The results are used to construct a subtraction formula

d ̂σCT,F+Njets
NLO ab =

αS

π
dkness

T

kness
T {[ln

Q2

(kness
T )2 ∑

α

Cα − ∑
α

γα − ∑
i

Ci ln (D2) − ∑
α≠β

⟨Tα ⋅ Tβ⟩ln (
2pα ⋅ pβ

Q2 )] ×

× δacδbdδ(1 − z1)δ(1 − z2) + 2δ(1 − z2)δbdP(1)
ca (z1) + 2δ(1 − z1)δacP(1)

db (z2)} ⊗ d ̂σF+N jets
LO cd

initial- and final-state partons final-state partons

The counterterm is particularly simple

initial-state collinear contributions
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NLO ingredients

ℋF+N jets
cd;ab = (HS)cdCcaCdb ∏

i=1,...,N

Ji

  (HS)cd =
⟨ℳcd |S |ℳcd⟩

|ℳ(0)
cd |2

The hard-virtual term reads

collinear (beam) functions jet functions

  
S = 1 +

αS(μR)
π

S(1) + 𝒪(α2
S)

The soft contribution is expressed in terms of one- and two-fold integrals that are 
evaluated numerically

Soft function
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Sample NLO results: Z+2jets
Next we consider Z+2jets: we require a dilepton pair with 66 GeV ≤ mll ≤ 116 GeV

We require at least two 
jets with  and pT > 30 GeV
|η | < 2.5

The leptons have  and  with  and pT,l > 20 GeV |ηl | < 2.5 ΔRll > 0.2 ΔRlj > 0.5

Our results for the 
fiducial cross section 
nicely converge to the 
benchmark result in all 
the partonic channels

  D = 0.1
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Sample NLO results: Z+2jets
Next we consider Z+2jets: we require a dilepton pair with 66 GeV ≤ mll ≤ 116 GeV

We require at least two 
jets with  and pT > 30 GeV
|η | < 2.5

The leptons have  and  with  and pT,l > 20 GeV |ηl | < 2.5 ΔRll > 0.2 ΔRlj > 0.5

Excellent agreement 
observed also at the level 
of the distributions

  D = 0.1
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