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FIG. S8: (left) Measured ∆p/p (per mille) as a function of the mean cot θ of the muon pair from J/ψ decay, after
requiring |∆ cot θ| < 0.1 and including corrections. (right) Measured ∆p/p as a function of ∆ cot θ of the muon pair
from J/ψ decay, after including corrections.

a relative rotation of the east and west endplates (twist) of the COT. The following corrections to the track cot θ and
curvature (c) are made:

cot θ → (1 + sz) cot θ , c → c− t cot θ, (S8)

with the COT longitudinal-scale parameter sz = (45 ± 9stat) parts per million (ppm) and the COT twist correction
t = (3.6± 0.6stat)× 10−6 m−1. Figure S8 shows that these corrections eliminate the dependence of ∆p/p on ∆ cot θ
originally present due to these global COT deformations [39, 43].

An inaccuracy in the modeling of the ionizing material in the tracking detectors induces a linear dependence of ∆p/p
on 〈1/pµT 〉, the mean unsigned curvature of the two muons [39, 43]. A scale factor of 0.974 applied to the simulated
amount of ionizing material eliminates such dependence, as shown in Fig. 2 (left) of the main text. The 2.6% relative
correction to the passive material removes a linear slope with an end-to-end variation of 80 ppm. Using the post-
correction linear fit to extrapolate to zero mean curvature, we find ∆p/p = (−1401 ± 2stat ± 11slope/material) ppm.
Examples of J/ψ → µµ mass fits are shown in Fig. S9.

Systematic uncertainties on the momentum-scale correction extracted from J/ψ → µµ decays are listed in Table S2.
A major reduction in the systematic uncertainty with respect to Ref. [43] is due to the use of the NLO QED Kuraev-
Fadin form factor of Eq. (S5) rather than the leading-order (LO) expression of Eq. (S6). The QED systematic
uncertainty from missing higher orders is estimated by evaluating the effect of the β2 terms in Eq. (S5), and is found
to be 1 ppm.

The correction for magnetic-field nonuniformity to J/ψ,Υ → µµ and W (Z) → $ν($$) data shifts the respective mass
determinations in the same direction, resulting in a partial cancellation of the corresponding uncertainty. Propagating
the uncertainty on the magnetic field correction results in a residual uncertainty of 13 ppm on ∆p/p, reflecting the
difference in the polar-angle distributions of the charged leptons in the two samples.

The purely statistical uncertainty of 2 ppm on the ∆p/p correction at zero curvature is found by fixing the slope in
the fit to ∆p/p as a function of 〈1/pµT 〉. The uncertainty in the ionizing material correction dominates the uncertainty
of 11 ppm in the extrapolation.

The scale factor on the COT hit-resolution (see Sec. III) is determined using the Σχ2 of the five highest momentum
bins in the 〈1/pµT 〉-binned J/ψ mass fits, which are most sensitive to the hit resolution. The rms of the bin-to-bin
variation in this scale factor is 0.9%, which translates into an uncertainty on ∆p/p of 10 ppm.

A linear background model is included in the J/ψ → µµ mass-fitting templates. The shape of the background is
separately constrained by widening the fitting region to include sidebands. The background parameters are tuned by
χ2 minimization while repeating the template fit including the wider sidebands. This procedure allows the sidebands
to constrain the background normalization and slope under the peak, independently from the momentum scale. The
background parameters are found to be statistically uncorrelated. With the background thus determined, it is fixed
in the final template fit for the momentum scale using the default fitting region. The uncertainty in ∆p/p due to
background modeling is 7 ppm, dominated by the uncertainty in the slope of the background.

The uncertainty in the COT longitudinal scale correction sz in Eq. (S8) propagates to an uncertainty on ∆p/p of
4 ppm. The systematic uncertainty due to the twist (t) correction is negligible.


