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FIG. S9: Representative dimuon mass fits (histogram) to data (circles), in the ranges 〈1/pµT 〉 = (0.15, 0.1625) GeV−1

(left) and 〈1/pµT 〉 = (0.1875, 0.2) GeV−1 (right) of the J/ψ → µµ data. The arrows enclose the fit range. Each fitting
template includes a linear background shape which is separately constrained by including wider sidebands in the fit
region.

The muon pT threshold is increased by 200 MeV to check the sensitivity to unmodeled effects such as trigger
efficiencies; the resulting mismodeling visibly distorts the simulation-to-data agreement in the pT (J/ψ) distribution
compared to Fig. S7. The change in ∆p/p of 18 ppm is taken as the associated uncertainty. Increasing the muon
pT threshold by more than 200 MeV does not change the systematic variation, because the latter is induced by the
displacement of the third bin from the right in Fig. 2 (left) of the main paper, relative to the fitted straight line. This
point is eliminated when the muon pT threshold is increased by 200 MeV.

The fit range is changed by ±20% to check the sensitivity to the modeling of resolution tails. The 2 ppm change
in ∆p/p is taken as the uncertainty. Since templates are simulated in 4 ppm steps of ∆p/p, we take half the step size
as a systematic uncertainty due to the finite step size. Finally, the uncertainty on the known value of the J/ψ mass
contributes 4 ppm to the uncertainty on ∆p/p.

B. Υ → µµ calibration

The Υ(1S) → µµ sample provides a valuable additional source of calibration. The Υ(1S) meson mass of MΥ =
9460.30 ± 0.26 MeV [10] lies between the J/ψ meson mass and the W and Z boson masses, providing an important
intermediate point to the calibration. Additionally, since all Υ mesons are produced promptly, the transverse beam
position can be added as a constraint (beam constraint) in the reconstruction of their decay products, reproducing the
reconstruction procedure for tracks from W and Z bosons and allowing a consistency check of the beam-constraint
procedure [107]. The selection of the Υ(1S) → µµ candidates is described in Ref. [43].

We use pythia [101, 102] to generate a sample of Υ(1S) → µµ decays. As with the J/ψ → µµ decays, we simulate
QED radiation in Υ(1S) → µµ decays using the NLO Kuraev-Fadin form factor of Eq. (S5), which again represents
an update compared to [43] where the LO Kuraev-Fadin form factor of Eq. (S6) was used. The generator is tuned
to improve the modeling of the meson momentum and polarization, as described in Ref. [43]. After this tuning, the
kinematic properties of the Υ and the final-state muons are well described, as shown in Fig. S10.

The Υ data are corrected for the magnetic field nonuniformity measured in J/ψ data (see Sec. VI A). By fitting for
∆p/p as a function of 〈1/pT 〉, we find that the ionizing material scale factor determined with J/ψ data also makes
the fitted Υ mass values independent of 〈1/pT 〉, demonstrating consistency between the two calibration samples, as
shown in Fig. S11.

Allowing for differences in the phase space populated by the muons in the various samples, we measure the COT
longitudinal scale and twist parameters of Eq. (S8) in Υ → µµ data, finding sz = (−230 ± 100stat) ppm and t =
(7.0 ± 1.2stat) × 10−6 m−1 for muon tracks with the beam constraint. The measurements of ∆p/p versus ∆ cot θ


