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FIG. S17: Average measured energy (in MeV) in the electromagnetic (left) and hadronic (right) calorimeters in the
vicinity of the muon in W -boson decays. The differences ∆φ and ∆η are signed such that positive differences
correspond to towers closest to the muon position at the CEM shower-maximum. The three towers inside the box
are removed from the recoil measurement.

energy. The beam axis does not exactly coincide with the calorimeter cylindrical axis, which induces a sinusoidal
bias as a function of azimuth in the energy flow detected from hadronic activity. The azimuthal bias increases with
|η| [39, 43]. This variation is removed by aligning each plug calorimeter in the data before computing #uT , using
minimum-bias data. We apply a relative energy scale between the central and plug calorimeter responses to improve
uniformity and resolution [39, 43].

The parametric simulation of the recoil response and resolution is tuned using pT -balance in Z → $$ events, since the
dilepton transverse momentum is measured with high precision. The recoil reconstruction and simulation is discussed
in Refs. [39, 43].

A. Lepton tower removal

The calorimeter towers with lepton energy deposits are excluded from the #uT calculation to avoid double-counting
the lepton energy. The exclusion of these towers also removes hadronic energy from the recoil calculation. The latter
effect is included in the simulation by subtracting from #uT the estimated hadronic energy in these towers.

The average energy in the tower traversed by a muon and surrounding towers is shown in Fig. S17. The muon
energy deposition is localized to the traversed tower and occasionally the neighboring towers in η, hence the three-
tower region shown in Fig. S17 is removed. The energy from electron showers spreads across more towers compared
to the minimum-ionizing muon trace. The seven-tower region shown in Fig. S18 fully contains the transverse shower
spread, hence this region is removed for electrons. The small energy excesses (above the hadronic energy plateau)
visible in nearby towers outside these regions are due to final-state QED radiation, which is modeled by the simulation.
Defining the transverse direction of the lepton by the unit vector l̂ and of the #uT vector by the unit vector ûT , the
components u|| ≡ #uT · l̂, u⊥ ≡ #uT · (l̂ × ûT ) and the magnitude uT ≡ |#uT | (Fig. S3) are defined. In the simulation,
the lepton tower removal is modeled by the distribution of the hadronic energy in the three- or seven-tower regions,
along with its dependence on u||, |u⊥|, and |η|.

The hadronic energy deposited in these three- and seven-tower regions is estimated in situ from the W boson
candidate events. The hadronic energy detected in towers separated by 90◦ in azimuth from the lepton direction
is not biased by QED radiation from the lepton, and also not biased by the event selection criteria as discussed in
Refs. [39, 43]. Therefore, energy measurements in the three- and seven-tower regions defined at this azimuth, and at
the same pseudorapidity as the lepton, are used to estimate the hadronic energy deposited in the removed towers.

Given the stochastic nature of particle production and the steeply-falling distribution of particle energies, the
distribution of energy received in these regions is highly skewed. The positive-energy component of the distribution
is modeled by a histogram of its logarithm, which compresses and captures its skewed tail. The probability that no
particles impact this region, thereby depositing zero energy, depends on the component of the hadronic recoil vector in
this region’s direction. Using the measurements in the 90◦-rotated regions, the fraction of zero-energy measurements
is parametrized as a function of u||, as shown in Fig. S19.

In addition to its distribution, the dependences of the mean hadronic energy on u||, |u⊥|, and |η| are also measured
(Fig. S20). These measurements are used to model the lepton removal. The predictions from the simulation are


