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How to obtain a theory of power corrections for observables not 
admitting a (Euclidean) operator product expansion? 

▸ highly relevant for phenomenology, e.g. LHC physics and heavy flavor 
physics, which rely on factorization theorems involving hadronic matrix 
elements of light-ray operators  

▸ collider physics: PDFs, generalized PDFs, … 

▸ heavy flavor physics: B-meson shape function, LCDAs, … 

▸ 1990s: “CERN Renormalon Club”
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QCD factorization approach for non-leptonic B decays (1999-2001) 
M. Beneke, G. Buchalla, C.T. Sachrajda, MN (1999, 2000, 2001)B
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Figure 1: Graphical representation of the factorization formula. Only one of the two
form-factor terms in (??) is shown for simplicity.

an operator Oi in the weak effective Hamiltonian is given by

〈M1M2|Oi|B̄〉 =
∑

j

F B→M1
j (m2

2)
∫ 1

0
du T I

ij(u) ΦM2(u) + (M1 ↔ M2)

+
∫ 1

0
dξdudv T II

i (ξ, u, v) ΦB(ξ) ΦM1(v) ΦM2(u)

if M1 and M2 are both light, (4)

〈M1M2|Oi|B̄〉 =
∑

j

F B→M1
j (m2

2)
∫ 1

0
du T I

ij(u) ΦM2(u)

if M1 is heavy and M2 is light.

Here F
B→M1,2

j (m2
2,1) denotes a B → M1,2 form factor, and ΦX(u) is the light-cone

distribution amplitude for the quark-antiquark Fock state of meson X. These non-
perturbative quantities will be defined precisely in the next subsection. T I

ij(u) and
T II

i (ξ, u, v) are hard-scattering functions, which are perturbatively calculable. The
hard-scattering kernels and light-cone distribution amplitudes depend on a factor-
ization scale and scheme, which is suppressed in the notation of (??). Finally, m1,2

denote the light meson masses. Eq. (??) is represented graphically in Fig. ??. (The
second line of the first equation in (??) is somewhat simplified and may require in-
cluding an integration over transverse momentum in the B meson starting from order
α2

s , see the remarks after (??).)
As it stands, the first equation in (??) applies to decays into two light mesons, for

which the spectator quark in the B meson (in the following simply referred to as the
“spectator quark”) can go to either of the final-state mesons. An example is the decay
B− → π0K−. If the spectator quark can go only to one of the final-state mesons, as
for example in B̄d → π+K−, we call this meson M1 and the second form-factor term
on the right-hand side of (??) is absent.

The factorization formula simplifies when the spectator quark goes to a heavy
meson (second equation in (??)), such as in B̄d → D+π−. In this case the third term
on the right-hand side of (??), which accounts for hard interactions with the spectator

6
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SCET — Soft-Collinear Effective Theory (2000-2002) 

▸ rigorous EFT framework for describing                                                             
the interactions of energetic light particles 

▸ solid basis for deriving soft-collinear factorization theorems 

▸ theory of power corrections to factorization theorems?

C.W. Bauer, S. Fleming, D. Pirjol, I.W. Stewart (2000) 
C.W. Bauer, D. Pirjol, I.W. Stewart (2001) 
M. Beneke, A.P. Chapovsky, M. Diehl, T. Feldmann (2002)
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QCD factorization approach 

▸ does not allow for a consistent calculation of power-suppressed 
contributions to the decay amplitudes 

▸ factorization at  is spoiled by endpoint-divergent 
convolution integrals, e.g.:

𝒪(ΛQCD/mb)

<latexit sha1_base64="lzZBGddb9TpMZF0IgaI+JYxaUqA="></latexit>Z 1

0

dx

x2
�⇡(x) ⇠

Z 1

0

dx

x
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SCET factorization at next-to-leading power (NLP) 

▸ subject of intense recent research  

▸ endpoint divergences are a generic feature 

▸ not clear how to deal with them; simplest case:  

▸ how to interpret addition  poles from convolution integral? 

▸ how to renormalize such integrals?

1/ϵ

I. Moult, G. Vita, K. Yan (2019) 
I. Moult, I.W. Stewart, G. Vita [+ H.X. Zhu] (2019) 
M. Beneke, A. Broggio, S. Jaskiewicz, L. Vernazza (2019) 
Z.L. Liu, MN (2019)

<latexit sha1_base64="c09smkHlnVxGSXuB96zoztGqPqU="></latexit>Z 1

0

dx

x1+✏
H(x) hO(x)i

hard function 
(Wilson coefficient)

soft function 
(matrix element)
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Consistent solution based on D-dimensional refactorization conditions 
and plus-type subtractions of endpoint divergences 

▸ formalism developed for the example of                                 , but 
technique is completely general  

▸ factorization theorems contains (at least) two different terms with 
endpoint singularities, e.g.: 

▸ using SCET techniques, one can prove that in the singular regions the 
two integrands, defined in dimensional regularization, are identical (to 
all orders in ) up to power-suppressed termsαs

Z.L. Liu, MN (2019) 
Z.L. Liu, B. Mecaj, MN, X. Wang (2020) 

<latexit sha1_base64="NEN4aCgw0Zw3Z+L7tWj5nMpT5zg=">AAACCHicdVDLSgMxFM3UV62vqksXBotQXZTpQ1vBRcFNlxVsLXRquZOmbWgyMyQZoQxduvFX3LhQxK2f4M6/MW1HUNEDCSfn3MvNPW7AmdK2/WElFhaXlleSq6m19Y3NrfT2TlP5oSS0QXzuy5YLinLm0YZmmtNWICkIl9Nrd3Qx9a9vqVTM9670OKAdAQOP9RkBbaRuer/maD/rOi5I7B7dHJuXMwAhYH6nuumMnSudVexiGc/JSSEmpSLO5+wZMihGvZt+d3o+CQX1NOGgVDtvB7oTgdSMcDpJOaGiAZARDGjbUA8EVZ1otsgEHxqlh/u+NMfTeKZ+74hAKDUWrqkUoIfqtzcV//Laoe5XOhHzglBTj8wH9UOOtY+nqeAek5RoPjYEiGTmr5gMQQLRJrtpCF+b4v9Js5DLn+aKl6VM9TyOI4n20AHKojwqoyqqoTpqIILu0AN6Qs/WvfVovViv89KEFffsoh+w3j4Bl02ZFg==</latexit>

H ! (bb̄)⇤ ! ��

<latexit sha1_base64="6VVcUdGIFMc0VIvdBdPRfZWE/oI="></latexit>Z 1

0

dx

x1+✏
H1(x) hO1(x)i+

Z 1

0

dx

x1+✏
H2(x) hO2(x)i
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Consistent solution based on D-dimensional refactorization conditions 
and plus-type subtractions of endpoint divergences 

▸ endpoint divergences can then be removed by a rearrangement of 
the integrands (in the bare theory): 

▸ difference is a scaleless integral, which vanishes is dim reg 

▸ one can prove that this rearrangement can be maintained after 
renormalization

Z.L. Liu, MN (2019)

<latexit sha1_base64="PAcWme12rwmsXgLqp8tgK/p23cI="></latexit>

+

Z 1

0

dx

x1+✏

⇣
H2(x) hO2(x)i � [[H2(x)]] [[hO2(x)i]]

⌘

<latexit sha1_base64="tDJ70fiOsP8uGv3fevs1B93htI0="></latexit>Z 1

0

dx

x1+✏

⇣
H1(x) hO1(x)i � [[H1(x)]] [[hO1(x)i]]

⌘

Z.L. Liu, B. Mecaj, MN, X. Wang (2020)

integrand expanded in singular region
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Consistent solution based on D-dimensional refactorization conditions 
and plus-type subtractions of endpoint divergences 

▸ recently, the same method has been applied to flavor non-singlet, off-
diagonal contributions to thrust in the 2-jet region 

▸ goal of this project:

Z.L. Liu, MN (2019) 
Z.L. Liu, B. Mecaj, MN, X. Wang (2020) 

M. Beneke, M. Garny, Jaskiewicz, J. Strohm, R. Szafron (2022) 

first application in context of B physics!
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Consistent solution based on D-dimensional refactorization conditions 
and plus-type subtractions of endpoint divergences 

▸ recently, the same method has been applied to flavor non-singlet, off-
diagonal contributions to thrust in the 2-jet region 

▸ goal of this project:

Z.L. Liu, MN (2019) 
Z.L. Liu, B. Mecaj, MN, X. Wang (2020) 

M. Beneke, M. Garny, Jaskiewicz, J. Strohm, R. Szafron (2022) 

Good news:

first application in context of B physics!
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Consistent solution based on D-dimensional refactorization conditions 
and plus-type subtractions of endpoint divergences 

▸ recently, the same method has been applied to flavor non-singlet, off-
diagonal contributions to thrust in the 2-jet region 

▸ goal of this project:

Z.L. Liu, MN (2019) 
Z.L. Liu, B. Mecaj, MN, X. Wang (2020) 

M. Beneke, M. Garny, Jaskiewicz, J. Strohm, R. Szafron (2022) 

Good news:

▸ power corrections to QCD factorization can be factorized in a 
systematic way, with regularized endpoint behavior …

first application in context of B physics!
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Consistent solution based on D-dimensional refactorization conditions 
and plus-type subtractions of endpoint divergences 

▸ recently, the same method has been applied to flavor non-singlet, off-
diagonal contributions to thrust in the 2-jet region 

▸ goal of this project:

Z.L. Liu, MN (2019) 
Z.L. Liu, B. Mecaj, MN, X. Wang (2020) 

M. Beneke, M. Garny, Jaskiewicz, J. Strohm, R. Szafron (2022) 

Good news:

▸ power corrections to QCD factorization can be factorized in a 
systematic way, with regularized endpoint behavior …

▸ … but at the expense of a proliferation of nonperturbative functions

first application in context of B physics!
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Consider the decay  as a study case 

▸ pure weak annihilation mode: , so the valence quarks 
of the B meson must be annihilated at the weak vertex 

▸ amplitude starts at  relative to leading-order amplitudes 

▸ QCD factorization yields a divergent result ( ):

B̄0 → K+K−

(bd̄) → (us̄) + (sū)

𝒪(ΛQCD/mb)

x̄ ≡ 1 − x
<latexit sha1_base64="HNSiYtxtb7StmaaudurxIEgKBLk="></latexit>

A(B̄0 ! K+K�) / 4⇡↵s fBf
2
K

Z 1

0
dx

Z 1

0
dy�K+(x)�K�(y)


1

y(1� xȳ)
+

1

x̄2y

�

diverges for x → 1

Weak Annihilation

Topology where the constituents of the B are annihilated in weak vertex:

leading contribution for the decay B̄0
d
! K+K� (B̄s ! ⇡⇡, . . . )

Why power-suppressed?
! purely hard interactions, no ��1

B
enhancement from hard-collinear spectator quark

! B-meson described by decay constant fB

standard hard-scattering approach gives endpoint-singularities: (�(x) ' 6xx̄)

A ⇠ fBfK+ f
K�

Z 1

0
dxdy �K+(x)�K� (y)


1

x̄2y
+

1
y(1 � xȳ)

�

P. Böer weak annihilation 3 / 12
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Consider the decay  as a study case 

▸ analysis of this decay involves a 3-step matching procedure: 

▸ rather than presenting a detailed technical discussion, I will illustrate 
the resulting structures using tree-level Feynman graphs 

▸ resulting factorization theorem:

B̄0 → K+K−

SM SCET-1 SCET-2

μ ∼ mb

Heff

μ ∼ mW μ ∼ (mbΛQCD)1/2

<latexit sha1_base64="ybDxoWGLClf5HwAKEx0AtSlDMw0="></latexit>

A(B̄0 ! K
+
K

�) =
X

i

Hi(mb, µ)⌦ Ji(mb⇤QCD, µ)⌦ Si(⇤QCD, µ)

hard functions soft functions 
(nonperturbative)

jet functions



Matthias Neubert  — JGU Mainz

FACTORIZATION OF WEAK ANNIHILATION AMPLITUDES

FACTORIZATION OF WEAK ANNIHILATION AMPLITUDES

11

Step 1:  effective weak Hamiltonian 

▸ local operators: 

1 Introduction

[... general intro ...]

In the Standard Model, and below the scale of electroweak symmetry breaking, the e↵ective
weak Hamiltonian mediating flavor-changing neutral current transitions of the type b ! dq̄q

has the form [1]

He↵ =
GFp
2

X

q=u,c

VqbV
⇤
qd


C1 Q

q
1 + C2 Q

q
2 +

6X

i=3

Ci Qi + C8g Q8g

�
+ h.c. , (1)

where Q
q
1,2 are the left-handed current–current operators arising from W -boson exchange,

Q3,...,6 are the QCD penguin operators, Q8g is the chromomagnetic dipole operator, and for
simplicity we neglect the electroweak penguin and electromagnetic dipole operators. Explicitly,
the basis operators are given by

Q
q
1 =

�
d̄q

�
V�A

(q̄ b)V�A , Q
q
2 =

�
d̄
i
q
j
�
V�A

�
q̄
j
b
i
�
V�A

,

Q3 =
�
d̄b
�
V�A

X

q

(q̄ q)V�A , Q4 =
�
d̄
i
b
j
�
V�A

X

q

�
q̄
j
q
i
�
V�A

,

Q5 =
�
d̄b
�
V�A

X

q

(q̄ q)V+A , Q6 =
�
d̄
i
b
j
�
V�A

X

q

�
q̄
j
q
i
�
V+A

,

Q8g = � gs

8⇡2
mb d̄�µ⌫ (1 + �5)t

a
bG

µ⌫ a
,

(2)

with (q̄1q2)V±A = q̄1�
µ(1 ± �5)q2. Here i and j are color indices, ta are the generators of

SU(Nc), eq denote the electric charges of the quarks in units of e, and a summation over
q = u, d, s, c, b is implied. The e↵ective weak Hamiltonian for b ! sq̄q transitions is obtained
by replacing d ! s in the above expressions. Our sign conventions are such that the covariant
derivative acting on a down-type quark is iDµ = i@µ + gs t

a
A

a
µ. The Wilson coe�cients are

calculated at a high scale µ ⇠ MW and evolved down to a characteristic scale µ ⇠ mb by solving
their renormalization-group equations. The essential problem obstructing the calculation of
nonleptonic decay amplitudes resides in the evaluation of the hadronic matrix elements of the
local operators contained in the e↵ective Hamiltonian.

The QCD factorization approach developed in [2–6] provides a systematic theoretical
framework for calculating these matrix elements in the heavy-quark limit, i.e., at leading
order in an expansion in powers of ⇤QCD/mb. The nonperturbative hadronic dynamics is
described by means of meson decay constants, B̄ ! M transition form factors (with M denot-
ing a final-state meson), and leading-twist light-cone distribution amplitudes (LCDA) of the
light meson and the B meson. The matrix elements are described in terms of convolutions of
perturbatively calculable hard-scattering kernels with the LCDAs. At next-to-leading power
(NLP) in the expansion, however, this simple form of factorization breaks down, as signaled
by the appearance of endpoint divergent convolution integrals. Even over 20 years after the
QCD factorization approach has been developed, it is still an open question whether a more

1

1 Introduction

[... general intro ...]

In the Standard Model, and below the scale of electroweak symmetry breaking, the e↵ective
weak Hamiltonian mediating flavor-changing neutral current transitions of the type b ! dq̄q

has the form [1]

He↵ =
GFp
2

X

q=u,c

VqbV
⇤
qd


C1 Q

q
1 + C2 Q

q
2 +

6X

i=3

Ci Qi + C8g Q8g

�
+ h.c. , (1)

where Q
q
1,2 are the left-handed current–current operators arising from W -boson exchange,

Q3,...,6 are the QCD penguin operators, Q8g is the chromomagnetic dipole operator, and for
simplicity we neglect the electroweak penguin and electromagnetic dipole operators. Explicitly,
the basis operators are given by

Q
q
1 =

�
d̄q

�
V�A

(q̄ b)V�A , Q
q
2 =

�
d̄
i
q
j
�
V�A

�
q̄
j
b
i
�
V�A

,

Q3 =
�
d̄b
�
V�A

X

q

(q̄ q)V�A , Q4 =
�
d̄
i
b
j
�
V�A

X

q

�
q̄
j
q
i
�
V�A

,

Q5 =
�
d̄b
�
V�A

X

q

(q̄ q)V+A , Q6 =
�
d̄
i
b
j
�
V�A

X

q

�
q̄
j
q
i
�
V+A

,

Q8g = � gs

8⇡2
mb d̄�µ⌫ (1 + �5)t

a
bG

µ⌫ a
,

(2)

with (q̄1q2)V±A = q̄1�
µ(1 ± �5)q2. Here i and j are color indices, ta are the generators of

SU(Nc), eq denote the electric charges of the quarks in units of e, and a summation over
q = u, d, s, c, b is implied. The e↵ective weak Hamiltonian for b ! sq̄q transitions is obtained
by replacing d ! s in the above expressions. Our sign conventions are such that the covariant
derivative acting on a down-type quark is iDµ = i@µ + gs t

a
A

a
µ. The Wilson coe�cients are

calculated at a high scale µ ⇠ MW and evolved down to a characteristic scale µ ⇠ mb by solving
their renormalization-group equations. The essential problem obstructing the calculation of
nonleptonic decay amplitudes resides in the evaluation of the hadronic matrix elements of the
local operators contained in the e↵ective Hamiltonian.

The QCD factorization approach developed in [2–6] provides a systematic theoretical
framework for calculating these matrix elements in the heavy-quark limit, i.e., at leading
order in an expansion in powers of ⇤QCD/mb. The nonperturbative hadronic dynamics is
described by means of meson decay constants, B̄ ! M transition form factors (with M denot-
ing a final-state meson), and leading-twist light-cone distribution amplitudes (LCDA) of the
light meson and the B meson. The matrix elements are described in terms of convolutions of
perturbatively calculable hard-scattering kernels with the LCDAs. At next-to-leading power
(NLP) in the expansion, however, this simple form of factorization breaks down, as signaled
by the appearance of endpoint divergent convolution integrals. Even over 20 years after the
QCD factorization approach has been developed, it is still an open question whether a more

1
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Heff

μ ∼ mW μ ∼ (mbΛQCD)1/2
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Step 2:  matching onto SCET-1 

▸ relevant operators: 4-quark operators, 4-quark operators with an extra 
gluon, 6-quark operators 

▸ matching coefficients define the hard functions 

SM SCET-1 SCET-2
μ ∼ mb

Heff

μ ∼ mW μ ∼ (mbΛQCD)1/2
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Step 2:  matching onto SCET-2 

▸ relevant operators: 

▸ 6-quark operators 

▸ 6-quark operators plus final-state gluon 

▸ 8-quark operators 

▸ 8-quark operators plus initial-state gluon 

▸ 8-quark operators plus final-state gluon 

▸ matching coefficients define the jet functions 

SM SCET-1 SCET-2
μ ∼ mb

Heff

μ ∼ mW μ ∼ (mbΛQCD)1/2

Weak Annihilation

Topology where the constituents of the B are annihilated in weak vertex:

leading contribution for the decay B̄0
d
! K+K� (B̄s ! ⇡⇡, . . . )

Why power-suppressed?
! purely hard interactions, no ��1

B
enhancement from hard-collinear spectator quark

! B-meson described by decay constant fB

standard hard-scattering approach gives endpoint-singularities: (�(x) ' 6xx̄)

A ⇠ fBfK+ f
K�

Z 1

0
dxdy �K+(x)�K� (y)


1

x̄2y
+

1
y(1 � xȳ)

�

P. Böer weak annihilation 3 / 12
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Step 2:  matching onto SCET-2 

▸ another relevant operator: 

▸ endpoint configuration, where one of the 
kaons contains a soft quark 

▸ needed to cancel the endpoint divergences 
of other operators in the sum over all 
contributions! 

SM SCET-1 SCET-2
μ ∼ mb

Heff

μ ∼ mW μ ∼ (mbΛQCD)1/2
Weak Annihilation

Topology where the constituents of the B are annihilated in weak vertex:

leading contribution for the decay B̄0
d
! K+K� (B̄s ! ⇡⇡, . . . )

Why power-suppressed?
! purely hard interactions, no ��1

B
enhancement from hard-collinear spectator quark

! B-meson described by decay constant fB

standard hard-scattering approach gives endpoint-singularities: (�(x) ' 6xx̄)

A ⇠ fBfK+ f
K�

Z 1

0
dxdy �K+(x)�K� (y)


1

x̄2y
+

1
y(1 � xȳ)

�

P. Böer weak annihilation 3 / 12

c̄

c̄

s
c

endpoint configuration
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Step 2:  matching onto SCET-2 

▸ relevant hadronic quantities: 

▸ 2- and 3-particle LCDAs (twist-2 and twist-3) of the kaons 

▸ leading 2-particle LCDA of the B meson 

▸ 4- and 5-particle DAs of the B meson, with field localized on two 
different light cones 

▸ soft  form factor for the endpoint contribution 

▸ multi-particle B-meson amplitudes and soft form factor are new objects!

B → K

SM SCET-1 SCET-2
μ ∼ mb

Heff

μ ∼ mW μ ∼ (mbΛQCD)1/2

A.G. Grozin, MN (1996)
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▸ first systematic extension of QCD factorization in nonleptonic          
B-meson decays to  

▸ endpoint divergences can be regularized and removed using the 
approach developed by us in 2019—2020 

▸ SCET framework allows for resummation of all large logarithms 
based on RG equations (not discussed here) 

▸ at NLP several new soft functions appear — DAs and form factors — 
which so far have not been studied 

▸ expect that same soft functions will arise in NLP factorization 
theorems for other  decay amplitudes

𝒪(ΛQCD/mb)

B → M1 M2

Thank you!


