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Bruno Touschek – January 1957



Lee and Yang – June 1956



Timely on Time – January 1957



The Birth of Chiral Symmetry
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Chirality as compensation for the loss of Parity



Abdus Salam – November 1956



Bruno Touschek – March 1957



Bruno Touschek – March 1957

In Touschek’s theory — but also in Lee and Yang, and in Salam —
only the neutrino is chiral.



Feynmann and Gell-Mann – September 1957



Feynmann and Gell-Mann: learn to distrust experiments!

Bravo!



Feynmann and Gell-Mann: learn to distrust experiments!

Bravo!



Nambu: from Chiral Symmetry to PCAC

See also Gell-Mann and Levy, Nuovo Cimento, 16,705(1960).

At this point Bruno was deeply engaged with AdA!



Nambu: Broken Chiral Symmetry and “Goldstone” Bosons



From Chiral Symmetry to Chiral Dynamics

I Chiral SU(3) ×
SU(3)

I Current Algebra and
sum rules.

I Anomalies
I Quarks
I Soft Pions
I Pion-pion scattering



The Scattering Length.

For the collision of a point particle with a hard sphere of
radius a, the outgoing wave is advanced with respect to the
ingoing wave:

Incoming wave : exp(−ikr)
Outgoing wave : exp (ik(r + 2a)) = exp(2iδ) exp(ikr)
With a phaseshift : δ = ka

For S-wave ππ scattering we have two scattering lengths,
a0, a2, corresponding to the possible I-spin values, I=0, 2.



Pions and QCD

The QCD Lagrangian L =
(
ψ̄L iγ·D ψL

)
+
(
ψ̄R iγ·D ψR

)
( mass terms) +

(
ψ̄RM ψL

)
+
(
ψ̄LM ψR

)
( e.m. interactions) + e

(
ψ̄LQ γ·A ψL

)
+ e

(
ψ̄RQ γ·A ψR

)
M is the mass matrix and Q the charge matrix. Neglecting strange
and heavier quarks,

M =

∣∣∣∣mu 0
0 md

∣∣∣∣ , Q =

∣∣∣∣2/3 0
0 −1/3

∣∣∣∣
In the limit M = 0, e = 0 there is exact SU(2)×SU(2) chiral
symmetry — separate isospin for left handed and right handed
quarks. In the real world this symmetry is broken to SU(2) —
isospin, with pions acting as Nambu-Goldstone bosons. This leads
to accurate predictions for the low energy pion interactions, both in
π-Nucleon and in π − π scattering.



Pion scattering lengths and chiral dynamics

In the limit of exact I-spin we have accurate predictions for the
π − π scattering lenghts.

Weinberg 1966 : a0mπ+ =
7m2

π+

16πf 2π
= 0.159

a2mπ+ =
−m2

π+

8πf 2π
= −0.045

Colangelo et al. 2001 : a0mπ+ = 0.220± 0.005
a2mπ+ = −0.0444± 0.0010
(a0 − a2)mπ+ = 0.265± 0.004

That the scattering lengths are small is a general consequence
of the fact that pions act as “pseudo Goldstone Bosons” for chiral
symmetry breaking.



How to measure ππ scattering lengths.

a0mπ+ = 0.220± 0.005
a2mπ+ = −0.0444± 0.0010
(a0 − a2)mπ+ = 0.265± 0.004

Note the precision
of the theoretical prediction.

Can it be matched by
experiment?

Correlations in K→ ππ eν (Ke4) decays. The recent result from BNL
(hep-ex/0301040):

a0mπ+ = 0.216±0.013 (stat.)±0.002 (syst.)±0.002 (theor.)

A new result of comparable accuracy should emerge from
the NA48 experiment at CERN.

Lifetime of the pionium — the π+π− atom. The decay rate of the
pionium atom into π0π0 is proportional to (a0 − a2)2.
The preliminary result from the DIRAC experiment at
CERN (hep-ex/00504044) is:

|a0 − a2|mπ+ = 0.264+0.033
−0.020



Ke4: Experiment or theory?



Extracting Scattering Lengths from Ke4.

I One measures directly δ0 − δ1, the difference of ππ phase-shifts in
I=J=0 and I=J=1 (N. C., and A. Maksymowicz, Phys. Rev. 137,
B438 (1965)) over a 100 MeV range. Theory is used to extrapolate
to threshold.

I Chiral perturbation theory is used to restrict the result to the
“universal band” (UB) of a0 vs. a2.



The K+ → π+π0π0 anomaly.

In early 2004 Italo Mannelli
showed me an early histogram
of the π0π0 spectrum in
K+ → π+π0π0 from NA48
data (≈ 25 × 106 events),
with a funny anomaly near the
π+π− threshold. Could it be
some sort of resonance? some
sort of super-pionium?

The diagram on the right is more
recent, but similar to the one Italo
had at the time.

The anomaly is in fact a cusp due to the interference of the
K+ → π+π0π0 decay with K+ → π+π+π− followed by π+π−→
π0π0 .



The Cusp in K+ → π+π0π0
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π+π−→π0π0 re-scattering from K+ → π+π+π− causes
a cusp singularity in the π0π0 spectrum at the π+π− threshold.

The cusp amplitude is proportional to (a0 − a2)

N. Cabibbo, Phys. Rev. Lett. 93 (2004) 121801.



Time reversal, Unitarity and Analyticity

The structure of the cusp is determined by very general principles.

1. Time reversal: In the sectors of interest the S-matrix is symmetric,

〈B|S|A〉 = 〈A|S|B〉 K → 3π and ππ → ππ

2. Unitarity:

S = 1 + i(R + iI) where R and I are hermitian.

From time reversal: R and I are symmetric, their matrix elements
are the real and imaginary parts of the matrix elements of S.

2I = R2 + I2 or, solving for I,

I = 1−
√

1− R2 =
1
2
R2 +

1
8
R4 +

1
16

R6 +
5
128

R8...

3. Analyticity.



How does the cusp arise
Let us write:

M(K+ → π+π0π0) =M =M0 +M1

whereM1 is the contribution of the re-scattering graph.
We must consider two cases, with sππ above or below the
π+π− threshold.

sππ > 4m2
π+ : M1 = i2axmπ+M+,thr

√
(sππ − 4m2

π+)/sππ

|M|2 = (M0)2 + |M1|2

sππ < 4m2
π+ : M1 = −2axmπ+M+,thr

√
(4m2

π+ − sππ)/sππ

|M|2 = (M0)2 + (M1)2 + 2M0M1

whereM+,thr is the value of the K+ → π+π+π− amplitude at the
π+π− threshold, and ax = (a0 − a2)/3

I Above threshold: M1 imaginary — No interference
I Below threshold: M1 real and negative — Interferes

destructively withM0



How the Cusp looks
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Figure 2: The sππ invariant mass distribution with/without the re-scattering correction,

in arbitrary units.

2

The π0π0 spectrum in K+ → π+π0π0 in the π+π− threshold
region, at the first order in an expansion in powers of ai



A first comparison

Promising!



NA48 data and the cusp

With 108 K+ → π+π0π0 events, a 1÷2 % measurement of
(a0 − a2) seems possible, but since the cusp is a 10% effect,
this requires a theory good to 1÷ 2 parts in 10−3, and
implicates higher order rescattering effects, and radiative
corrections.
It is possible to set up a systematic computation of the
singular parts of an amplitude in terms of its non-singular
parts. This leads to an expansion of the K → 3π amplitudes
in powers of the ππ scattering lengths a0, a2.
3π → 3π scattering amplitudes are also implicated but give
negligible correction at our target precision
The development is useful because the scattering lengths are
small, a general consequence of the “Goldstone Boson” nature
of the pions.



Two loop contributions
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K → 3π rescattering topologies at the two-loop level:
a) single-channel ππ scattering;
b) irreducible 3π → 3π contributions;
c) 3π → 3π amplitude due to ππ scat-
tering.



The fine points

Second and higher order rescattering effects With Gino Isidori we have
fully evaluated O(a2

i ) effects, but it is worthwhile to
consider O(a3

i ) effects, that could contribute ≈ 3− 5%
corrections.

I-spin breaking I-spin is maximally violated around the π+π− threshold.
The cusp itself is an I-spin breaking effect. Are there
subtler I-spin breaking effects?

Radiative corrections These are relevant close to the π+π− threshold.

At present the Bonn-Berne group is providing valuable contributions to
the analysis, including radiative corrections.

N. Cabibbo and G.Isidori – J. High Energy Phys. JHEP03(2005)021
G.Colangelo,J.Gasser,B.Kubis,A.Rusetsky – Phys.Lett. B638, 187 (2006)
M. Bissegger, et al. – Nucl. Phys. B806, 178 (2009), 0807.0515



The cusp region

 0.8

 0.6

 0.4

 0.2

0

M    (GeV)pi-pi

0.2850.280.27 0.275

Theoretical π0π0 spectrum in K+ → π+π0π0 at O(a 2
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compared to the “unperturbed” amplitude.
The picture will be complicated by the existence of a
π+π− pionium atom signal at the π+π− threshold!.



NA48 results (6×107 K+ → π+π0π0 events)
J.R. Batley et al.: Determination of the S-wave !! scattering lengths from a study of K± ! !±!0!0 decays 5
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Fig. 2. Distribution of the di!erence between the !±!0!0

invariant mass and the nominal K± mass for the selected
K± ! !±!0!0 decays.

Fig. 3 shows the distribution of the square of the !0!0

invariant mass, M 2
00, for the final event sample. This distri-

bution is displayed with a bin width of 0.00015 (GeV/c2)2,
with the 51st bin centred at M2

00 = (2m+)2 (for most of
the physical region the bin width is smaller than the M 2

00

resolution, which is 0.00031 (GeV/c2)2 at M2
00 = (2m+)2).

The cusp at M2
00 = (2m+)2 = 0.07792 (GeV/c2)2 is clearly

visible.

3 Monte Carlo simulation

Samples of simulated K± ! !±!0!0 events " 10 times
larger than the data have been generated using a full de-
tector simulation based on the GEANT-3 package [13].
This Monte Carlo (MC) program takes into account all
detector e!ects, including the trigger e"ciency and the
presence of a small number (< 1%) of “dead” LKr cells.
It also includes the simulation of the beam line; the beam
parameters are tuned for each SPS burst using fully re-
constructed K± ! !±!+!! events, which provide pre-
cise information on the average beam angles and positions
with respect to the nominal beam axis. Furthermore, the
requirement that the average reconstructed !±!+!! in-
variant mass is equal to the nominal K± mass for both
K+ and K! fixes the absolute momentum scale of the
magnetic spectrometer for each charge sign and magnet
polarity, and monitors continuously the beam momentum
distributions during data taking.

The Dalitz plot distribution of K± ! !±!0!0 decays
has been generated according to a series expansion in the
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Fig. 3. a: distribution of M2
00, the square of the !0!0 invariant

mass; b: enlargement of a narrow region centred at M2
00 =

(2m+)2 (this point is indicated by the arrow). The statistical
error bars are also shown in these plots.

Lorentz-invariant variable u = (s3 # s0)/m2
+, where si =

(PK #Pi)2 (i=1,2,3), s0 = (s1 +s2 +s3)/3, PK (Pi) is the
K(!) four-momentum, and i = 3 corresponds to the !±

[12]. In our case s3 = M2
00, and s0 = (m2

K +2m2
0 +m2

+)/3.
For any given value of the generated !0!0 invariant mass
the simulation provides the detection probability and the
distribution function for the reconstructed value of M 2

00.
This allows the transformation of any theoretical distribu-
tion into an expected distribution which can be compared
directly with the measured one.

4 Determination of the !! scattering
lengths a0 and a2

The sudden change of slope (“cusp” ) observed in the M 2
00

distribution at M2
00 = (2m+)2 (see Fig. 3) can be inter-

preted [5] [6] as a threshold e!ect from the decay K± !
!±!+!! contributing to the K± ! !±!0!0 amplitude
through the charge exchange reaction !+!! ! !0!0. In
the formulation by Cabibbo [6] the K± ! !±!0!0 decay
amplitude is described as the sum of two terms:

M(K± ! !±!0!0) = M0 + M1, (1)

where M0 is the tree level K± ! !±!0!0 weak decay
amplitude, and M1 is the contribution from the K± !
!±!+!! decay amplitude through !+!! ! !0!0 charge

16 J.R. Batley et al.: Determination of the S-wave !! scattering lengths from a study of K± ! !±!0!0 decays

Table 13. Fit parameter systematic uncertainties in units of
10!4 for the BB formulation with electromagnetic corrections
(fit BB in Table 6). The factor m+ which should multiply the
scattering lengths is omitted for simplicity.

Source g0 h0 a0 a2 a0 " a2 fatom

Acceptance(Z) 31 21 16 20 4 0
Acceptance(V) 6 1 7 8 1 4
Trigger e!ciency 26 22 29 39 10 13
LKr resolution 10 9 21 29 9 60
LKr nonlinearity 34 36 56 67 12 1
PK spectrum 12 11 18 32 13 10
MC(T) 2 1 4 1 5 25
k0 error 5 5 4 6 2 1
Hadronic showers 2 4 8 18 10 20
Total systematic 56 50 72 94 25 70
Statistical 47 46 92 129 48 97

Table 14. Fit parameter systematic uncertainties in units of
10!4 for the BB formulation with electromagnetic corrections
and with the ChPT constraint (fit BB! in Table 6). The factor
m+ which should multiply the scattering lengths is omitted for
simplicity.

Source g0 h0 a0 a2 a0 " a2 fatom

Acceptance(Z) 24 14 4 1 3 9
Acceptance(V) 8 4 2 1 2 0
Trigger e!ciency 14 16 9 2 7 8
LKr resolution 0 1 2 1 2 46
LKr nonlinearity 12 13 13 3 10 31
PK spectrum 0 0 2 1 2 5
MC(T) 2 2 6 1 4 24
k0 error 7 7 0 0 0 2
Hadronic showers 5 3 4 1 3 17
Total systematic 33 26 18 4 14 64
Statistical 9 9 32 8 24 77

half of the variation of the fit parameters corresponding
to these two fits is listed in Table 15, and is taken as the
external contribution to the full parameter uncertainty.

Table 15. Contributions to the fit parameter uncertainties (in
units of 10!4) due to the external error "|A+|.

Fit g0 h0 a0m+ a2m+ (a0 " a2)m+ fatom

CI 3 0 27 14 13 1
CI! 1 2 24 6 18 5
BB 5 3 32 18 14 1
BB! 0 2 25 6 19 5

8 !! scattering lengths: final results

The BB formulation with radiative corrections [9] provides
presently the most complete description of rescattering
e!ects in K ! 3! decay. For this reason we use the results

from the fits to this formulation to present our final results
on the !! scattering lengths:

(a0 " a2)m+ = 0.2571± 0.0048(stat.)
±0.0025(syst.)± 0.0014(ext.); (7)

a2m+ = "0.024± 0.013(stat.)
±0.009(syst.)± 0.002(ext.). (8)

The values of the !! scattering lengths, (a0 " a2)m+ and
a2m+, are obtained from fit BB of Table 6. In addition
to the statistical, systematic and external errors discussed
in the previous sections, these values are a!ected by a
theoretical uncertainty. We note that, at the level of ap-
proximation of the BB and CI amplitude expression used
in the fits, a di!erence of 0.0088(3.4%)is found between
the values of (a0 " a2)m+ and of 0.015(62%) for a2m+.
For the sake of comparison with other independent results
on the !! scattering lengths we take into account these
di!erences as theoretical uncertainty.

From the measurement of the lifetime of pionium by
the DIRAC experiment at the CERN PS [18] a value of
|a0 " a2|m+ = 0.264+0.033

!0.020 was deduced which agrees,
within its quoted uncertainty, with our result (it should be
noted that this measurement provides only a determina-
tion of |a0"a2|, while our measurement of K± ! !±!0!0

decay is also sensitive to the sign).
Previous determinations of the !! scattering lengths

have also relied on the measurement of K± ! !+!!e±"e

(Ke4) decay. Fig. 11 compares our results (Eqs. (7, 8))
with the results from the most recent analysis of a large
sample of Ke4 decays, also collected by the NA48/2 col-
laboration [26].

If we use the ChPT constraint (see Eq. (5)), we obtain
(see fit BB! of Table 6)

(a0 " a2)m+ = 0.2633± 0.0024(stat.)±
0.0014(syst.)± 0.0019(ext.). (9)

For this fit the theoretical uncertainty a!ecting the value
of a0"a2 is estimated to be ±2% (±0.0053) from a recent
study of the e!ect of adding three-loop diagrams to the
K± ! !±!0!0 decay amplitude [27] in the frame of the
CI formulation [7] (the goals of this study included a more
precise estimate of the theoretical uncertainties a!ecting
the !! scattering lengths). This theoretical uncertainty
is smaller than that a!ecting the result of the fit with
a0 " a2 and a2 as free parameters, because the theoreti-
cal uncertainty on a2 becomes negligible when using the
ChPT constraint.

The 68% confidence level ellipse corresponding to the
result given by Eq. (9) is also shown in Fig. 11, together
with a fit to the Ke4 data which uses the same ChPT
constraint. The a0"a2 vs a2 correlation coe"cient for this
figure has been calculated taking into account statistical,
systematic and external covariances. Its value is "0.774,
while the statistical correlation alone is "0.839 (see Table
9).

Batley et al., European Phys. Jour. C, 64, 589-608 (2009).



Where the story started

R. H. Dalitz, Phys. Rev. 94, 1046 (1954)




