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Direct Detection -of'Dark Matter |

Ba'éic idea: Look for thejafte,rr'nath of a--D.I\‘_I/I-atom' collision in‘a detector.

Nuclear rec0|ls as observable for
GeV—scaIe DM searches | |
M: W Goodman afd E Wltten Phys Rev: D31 (1985) 3059

‘1. Wasserman,-Phys. Rev: D33 (1986) 2071
AK. Drukler et.al., Phys Rev D33(1986) 3495

Event spjectrUm:
R ;
— & ﬂ[d v if (v)—qaw vm(ER»
Ex m
& De_tec'tor.'size ;o Particle physics_
' ' Kinematics | S
For sub- GeV DM, one can aIso Iook for DM electron mteractlons

AT R. E55|g et al., Phys Rev. D85:(2012) 076007 -
18.09.2019 Autumn Institute 2019 : Timon Emken (Chalmers) e < EE 2






How Scattermgs affect the Dark Matter
_Velouty D|str|but|on |n the Laboratory

f i Descrlblng DM Scatterlngs in MC S|mulat|ons |
| "Terrestr-,i.-al Effeets o:n ‘Direet; D‘etg_éﬁbh Experr me nts
: Diurnal _Sigh-a,l'MOduIatiohs- :
-Censtrairtts -oni étrongly i.hteratti ng DM | ‘
| SelarR‘eﬂection‘of sub-GeV If)"ark Matter :,
| Cesmié ray up?s'cattered' DM "

18.09.2019 | Autumn Institute 2019 : Timon Emken (Chalmers)



Descrlbmg DM Scatterlngs |n
MC S|mulat|ons i

18.09.2019 | Autumn Institute 2619 : Timo_h Emken (Chalmers)



Underground Scatterlngs of DM Partlcles

e |f DM can scatter i ina detector they scatter anywhere
: Uhderground DM scatterings h‘ave two eensequen.ces: |

spatlal re- dlstrlbutlon of DM partlcles
Change of the DM velocmes

f For stronger DM- nucleus |nteract|ons |n5|de the Earth these two |
effects could affect DM detectlon experlments severely
darIy/dlurnaI modulatlon of the S|gnal rate
Ioss of sen5|t|V|ty to strongly |nteract|ng DM

Scattering on energetlc targets (|n the Sun or cosmic rays) couild aIso‘ |
~ accelerate DM. | ' ‘

18.09.2019 Autumn Institute 2619 - TimQ'n Emken-(Chalmers)



How to include the effect of pre- detectlon scattermgs
mto 5|gnal rates" - |

dER - mN m)( JV> mn(ER) "
dR... (S o, f
O N quq[ flléln(k/ 2 ‘
dEe mN 8/“)(6 e d . v>vmn(AE q)

f V).
dE : 7‘1&\/ .(E q) ‘ ‘FDM(CI}‘

5
v o : O350 o crystal( Q) ‘
Bl m;( Mcell' ﬂ;ge _ :

Y scatterin_gs modify the undefground 'DM ‘and

18.09.2019 Autumn Institute 2619 - Timq'n Emken-(Chalmers)



The Fundamental Random Processes

18.09.2019  Autumn Institute 2019
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Initial Conditions: Where

| d.oes the particle start-? ' o

. Free dlstance Where does
the particle scatter? |

1
1
WL
1
1
I
1
I
I
) X4
I
I
I
1
1
I
I
1
1

-, Targe.t:'.What doest_he |
particle scatter on? .

°'~>

Scattering angle: How does

_ ; RERE . Medium
- the particle scatter? e

These random processes/varlables have -
to be S|mu|ated/sampled Many (1) times.

imon Emken .(Chalmers) | | - ' 8

o = o



Free distance
© The CDF of th-e,free distanee_is’giveh by iy '.
. . .P(L) 1- e : JL dx. '
— i X '
.p ey
jwhere we used the mean free path

z(x, v)—l.i': Z zi(x, v)—l = an.(x)-a)-ﬂi x

. 7"

» To samplea speuﬁc free dlstance We need a uniform random
numberf and solve. - | 3

P(L) = Cf S %[o 1
5 L= Pl
¢ Can be .complica'ted for;(dis.-)COnfin,uouechénges of the 'mediurﬁ.

18.09.2019 Autumn Institute 2619 - Timq'n Emken-(Chalmers)



_‘ .Sc_attefring a;ngl_e

CMS

| oThe PDF of the scattermg angiecos els glven by

1 -doy EmaX da I8
fé(COS «9) = — A i iy
. S ', aN dcosé’ 20N dER

For |sotrop|c contact mteractlons thls IS S|mply

L
o fy(cosl) = —.
_ - fifcos ) . ‘ .
~ For other interaction types, it can be-more complicated.
oTh-is)_anng'é fixes the new DM velocity after a sCattering:

e e DN
L - (v 0)

18.09.2019 Autumn Institute 2619 - Timq'n Emken-(Chalmers)
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Generate initial conditions:

(to,x0,V0)-

L

below the cutoff vy,in?
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Point of entry:
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Sample the next free path
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Particle scatters. Find the target

. Monte Carlo Simulation Algorithm
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Particle propagates freely:
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Isodetection angle

DM i d o e Howdeep |salaboratory |n_
il V\.”-n_ 1 Farthinis o Earths shadow’? S

(gal)(t)

. o
i @(‘t);;—_;_arc_(ios 2 Ia.b '
e T -\{@@(l"@ —d)

— . - A ’ —

S '@_‘:"06 | - Ij_M.Wihd"fr.Qm,-abbve.' '

L @=180"" -Shadow

).k, Collar, FT. Awgnohe Phys. Létt B275 (1992) 181-185
J.l. Collar FT. AV|gnone PRD 47 (1993), 5238- 5246 >
Hasenbalg et aI PRD'55 (1997), 7350 /595

© 18.09.2019  Autumn Institute 2019~ Timon Emken.(ChaImers) ir RSy - 14



.
)

. - .

lsodetectionangle

BN e e

, ; 150
: S | o
e R 2 1 U '
. Earth axis et B
‘ 5 .90
. 4%»60-
e D) e e
i '.8";_ ot
ol MR T A e L
O R T e AR S el e
 time after 15.02.2016, 00:00UT [h] ded]

18.09.2019  Autumn Institute 2019~ :  Timon Emken (Chalmers) HA SR I e b



=

DM distribution inside theEa'rth'_' .

.-cp,

=
|

—— DaMaSCuS(@=0°) |
DaMaSCUS (©=180°)

N
@)
|

- . ———— Earthshadow (©=0°) - -

I

—_— EarthShade.(G)=1'80°), 4

—
s SRR
| : I

L2
a
|

' ‘speed distriby’utioh fX(v) [10f35/km]

Ol - R S WA . & . o
a0; 100 ZOQ. - 300 400 '50.0 600 70.0 - 800 |
A | ~ speed v [km/s] . | %
B.J. KaVanagh, R. Catena, C. Kouvaris, J.CAP' 1701.(2017) no 01, 012
18.09.2019  Autumn Institute 2019 ~ Timon Emken (Chalmers) SIS =16



25 A

‘DM distribution inside the Earth
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Diurnal Modulation Results
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D|rect Detectlon Constralnts on Strongly Interactlng DM ,-

o DM detectors are typlcally underground to shleld off background sources
from the detector S | ' Rl o 2 ‘

. Above some hlgh crltlcal cross sectlon the overburden (Earth crust/

atmosphere) shlelds of'f DM partlcles |tseIf Goedmanand Witten, Phys.Rev. D31(1985) 3059 -
. | L . -Starkman et al Phys Rev D41 (1990) 3594

R Terrestrlal experlments Iose sen5|t|V|ty to DM above thls crltlcal vaIue:
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Earth Crust
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~ Overburden Shielding vs. Detection1

S l__ larger cross section —

~ increases shielding:
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“Importance Sam}pli'ng'(IS)

e Rare eveht technique, which '_modi'ﬁ'es the PDFs of the simuléticih.

(Y >'1.=[ dx Y(f (x) =
o Try to “mimic” the successful runs.
S|mulat|ons e alis

e ()
‘ X exp{ : 7

Al D g

2 g(x)

Oy mtroducmg a blas |nto the'

| 450 '_'.‘_'.-f@(.COS ) h

il .2. B P R s
08} e i
?.‘0_63 1 . — 6=0.2
f;)'? ' - — 6=0.4
G . 6=0.6
. 0.2f .6=0.8
Serets | . — &=t
: S I L T E T S e A i
+ “distance x [m] F scattering angle cosg . =
. Compensate by a statlstlcal Welght factor > ' -
| Tk e s S sl F TN BN - |
W=y, . - °.MS.Mahdawi,G.R. Farrar, JCAP 1712 (2017) 004
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' Includlng DM-eIectron scattermgs

The mcommg BI\Y ﬂux gets attenuated by -
DAl Elastlc nuclear scattermgs
- Elastic DM eIectron scatterlngs

Inelastlc DM- eIectron scatterlngs (|on|zat|ons/ex<:|tat|ons)

detection process attenuation/stopping process

‘We need a model.

18.09.2019 Autumn Institute 2019 : Timon Emken (Chalmers) ' | - 27



" The Dark Photon Model

‘ .E-Xte'_nd”the SM by a DM particle and a U(1) gauge grdup with kinetic mixing.
B
oFor kinetic 'mixing-Wit"h the'phbtdn, the DM .c,dup_l'es tQ‘,eIectlric.f.charge. '. ._

doy
i 2FDM<q>2 Fua) 2
dg” - 4/4)(pv

o‘I'—Iierarchy.betwe_en the DM- -proton and DM electron Cross sectlon
ok Bty
O "\ HMye s
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‘New scattering kinematics

I
1.2¢F \\
__ 1.0}
2 08f
Y | ———.
0.4f
0.2}
O s
-------- Vy=5012 Vy=300KL  mmmmm vy =Vegc Vg my = 1 MeV my = 10 MeV ——— m, = 100 MeV m, = 1000 MeV
DM form factor Charge screening
(1 : for heavy mediator, 5 o
Gres for ED interacti @9
FDM(C]) =< g ; or imteraction , FA(Q) — ; 5
(qi;f> ,  for light mediator . T a%q
\
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Geomieuic InportngeSHig (051

. 'Rare event method. RE 0 girace
More mterestmg partlcles get
Spllt |nto copies. s
. eRequires the definition of an
A |mportance funchon

i A -80 I=4 X
R S CEARRE WA ] =1 A =1/4
_IR?+R'Q G ; N ¥ \
AR ' ~100 -
: T e T - detector depth ‘ ‘ |
~elf the |mpqrta-nce mcrea_ses, 100 50 0 50 100
| 5 ) Sl B A x[m]
B o i SR .
TS > A e : @ splitting e Russian Roulette survival Russian Roulette kill

| - I -
the partlcle gets splitinto -

s vaeﬁ",,'

" New statistical weight =

w. .

N — LyJ . fvENAE> A, 7 Wz+-1.="—l-
v+1 'HU¢NA <A o S
L J B (S $ OOtherW|se
coples
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_Constraints on ‘DM."-.EI'e.cfron Scattefings .

10’
my[MeV]
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| Constralnts on a sub domlnant
component of strongly mteractmg DM

ultralight dark photon mediator

S0 |s.;th_ere_ an op_en;wlndow o
- in parameters.space?

SLAC | 7 ' | T
it :Probably not f'or'milli— it
ommETI RS- B e * - charged DM.
. Deﬁnltely not for
f,=100% |

" Yes, under certain conditions:
+'s Sub-dominant component. -

| f,<04% |

. UItrallght but not massless A
“mediator. - . ‘

. SmaII dark gauge coupllng |

18.09.2019 Autumn Institute 2019 : Timo:n Emken (Chalmers) i , ‘ . 32
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Constralnts on a sub domlnant
component of strongly mteractmg DM

ultralight dark photon mediator

18.09.2019

freeze—in (fy= 100%)

Autumn Institute 2019

Timon Emken-(Chalmers)

. 'So is there an open wmdow 3
_in parameters space? .
_ Probably not for milli-
- charged DM. ~

Definitely not for o
L f=100%

" Yes, under certaln “os
~ conditions: |
.+ Sub- domlnant component :

£, <04%

- Ultralight, but not massless-
“mediator. - e
- SmaII dark gauge coupllng
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~GHNewtonsmSun/uz2j J/3. p parameter double p = Jx]/GNewton/mSunj / /4. FEccontricity double » = s5qr o
y())«normalized(]; EigeniiVector3d ax_x = cos(thetal)axl.Pesition().marmalized()¢+sin(thetal)sx"'. . p !

ta2)hax_y: //9. Hew velocity EigeniiVectarid v2 = sgrt(GlNewtonsmSun/p)4(ersin(theta2)sx2.normalized, Vs 9 A

/] double F2 = scosh((eicos(thetn2))/(1.+excas(theta2)))j // double M2 = exsimnh(F2)-F23 // double t2 & 1q.. J R .
istance at wnich we sample from the halo distribution double R=1B0.6+AU} iT(R<100.8+rsun) { cerr <<"warning n : : ‘
placeholdersit _1,vEarth)] deuble u = Rejection_Sampling(pdf,0.8,(vesc+vEarth),ymax,PRNG)} //Velocity Directi S0 ‘. g
ndom Point on & Tlat disk at distance R Eigentivector3dd ez=-vIni.normalized()} Eigenlivector3d 2x(@,ex"2 LR ek
r(cos(phi)rex+siniphi)rey)] // cout <<"Norm = "<<xInf.norm()/Avu<<endl} // coutT <<"NOrm = "<<(RweZ,.noru )/A. .
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cer_shirc(ic,rmax,model); } //2. orbit simulation //Right hand sides of the 1st order equations of motion, “curie *
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* ‘The Idea of Solar Reflection of DM

f .(_:lirect d'ete'.ctio_n'experiments can 'only pr'obe DM'..mas_s_e_s ,a‘bOVe e

) N YT

b Vinax fee
Ekhr- ol ey,

, 'EXperimentaIiSts‘héve'push"e'd_this'mass.doWnby_'decr_ea'singthe target
‘mass and the recoil threshold, e.g. the,CRESST-Colla.bpratioh. ;

~« What if some process could increase the’ma'x.imum-DM speed somehow?
g

ESti:

o Elastic scatterlngs on hot solar targets |nS|de the Sun could do Just that

- H. An, M. PospelovJ Pradler A Ritz, Phys. Rev Lett 120 (2018), 141801
18.09.2019 Autumn Instltute 2019 ATlmon Emken. (Chalmers) | T L
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DM Scatterings in the Sun 4

o. Scatterlng rate ina spherlcal
: sheII of the Sun: ' |

X % P shell .

dS.f' arie _.f.-.i,-,"j.'_;,"-dP .

Seats i

passmg rate scatterlng probablllty prob to reach sheII

- -The three factors are glven by oLt G g
dF 4ﬂR2dCI> — n f(u) ”. T WP Q(r w)

Ps.'héu.(r*);% Ps{l;v(r ‘@)[1 +Psurv( ")2]@(”’(“’:”)"” ‘J >

- As opposed to Gouldsformallsm this Tk A Gould, Astrophys =G (1987), 571
.scatterlng rate applies not just to the - iR ~ Astrophys. J. 321, (1987), 560

single scattering regime, . .. Astrophys. J. 388, (1992), 338
18.09.2019 Autumn Institute 2019 i .Timo:n Emken.(QhaImers) BT ~ | 25,



Scat_t_eringra.te'.a'nd' Ieav'ing"pr‘c‘)bability |n the Sun

: AN g 00 w(u,r)r o : ) : e .
ds A dr dPscat'P 0 d - dJ zf(u) dQ N ]2 AR P. 214 p ol
‘ drdv % .drdv sheni(") = bt 3 1 E(W(u 1) = V) W(u s BmX , 'X. sur‘v(n @)[ + sury(l”p, r)

o
o

©]
—
=~
-
(%2]
=
©
[
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©
~

500 1000 OO 2000 500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000 2500
final speed v[km/sec] final speed v[km/sec] final speed v[km/sec] final speed v[km/sec]
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Detectlon of s ey i

Reﬂected Dark Matter

o DM ﬂux of solar reﬂectlon

<Pleave(v 7‘))12

dg@ ch»'

et dvd
dR.

dw - Jy

d dr du
| Y St g 'v—\/ u2 + vesc(r)2
e Include |nto rec0|l spectrum
AR R e e e s gl gt
— J | du —uf@(u)+ - =
dE, =~ my m, 47:/2 du “dEg
e s o - S

& Compute likelihoods and C.onstra'irits as usual. .
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Detection of Reflected Dark Matter with electrons

galactic

XENONIT m
PandaX-I1
LUX (2013) ¢
XE100 (S1)
XE100 (S2)
XENONI10 ‘v

SENSEI ----
SuperCDMS —-—

il AT bt a1zl bt il 212 '
0.1 1 10 100 1000 |
mpm (MeV)

H. An, M. Pospelov, J. Pradler, A. Ritz, Phys, Rev. Lett. 120 (2018), 141801
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Features of a solar reflection signal

DM flux from the Sun - directi"onal de"c:e_':'cti_eh" |
ngher exposures probe Iower masses. e
' (Semi-) halo-model |ndependent |
A neW 'ty'pe of annual rhodulati~on '( % wlth |aeak in January)
- "Our results SO far are cohservatlve (smgle scatterlng, onIy nuclear targets)

MC S|mulat|ons |

18.09.2019 | Autumn Institute 2619 EON Tirhq'n Emken.(ChaImers) | 43



£ MC Simulations of DM particles in the S.u'n
| Ext.en.jd t‘hé E'a'rthsimulatio'r.\s |n ﬁVé Waysz
| Sdar model: .de'n_sity: ‘co.mpo.siit'i.oﬁ, .',.tie.fhp'era.tur e:
Gravity:; So.l've tlﬁ'e. 'e""q'u_atio'ns..of .ﬁ]oﬁbn h.u'he,r.i.cal‘i_yﬂ |
| ‘Tefmperature.';.therm-a_l _MOﬁoh:'c'_)f the 'solar.té.;.\rg_et_s;'
| .Targets:' Include e'I‘ect.r'ons;_

5 'Inltlal condltlons Generalize: generatlon of ICs to account
for grawtahonal focussmg pac s
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The mean ) pathinsidethe Sun.

When 5|mulat|ng DM passmg through the Earth we computed the

mean free path via

18.09.2019

l

However, this is onIy valid for the restlng targets assumptlon

InS|de the Sun, the |mportant quantlty IS the scatterlng rate

If we ist'iI'I.-Waht"to‘deﬁne a mean free path, we can do 0.

w

/1_1=E=2n-><6->< w = vil)
W . l l

| Autumn Institute 2619 XN Tirho_h Emken-(Chalmers) | 45
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m, = 100 MeV
ap = 002 pb
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vy = 45610
E,/Eg=1.
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“First MC Results for Solar Reflection ._ofDa_r.k Matter
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'~o.Cdm'paring the‘ first SCa't'te.rih'g to

our analytic results shows great
agreements e |

.oThe inclusion of multlple

scatterlngs greatly enhances the
“ high energy ta|I of . the reﬂectlon
spectrum
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A relativistic DM flux from Cosmic Ray Scatterings

18.09.2019

/ | Slmrlar effect to solar reﬂectlon
o : - DM partlcles get accelerated to i
oM 0 relatlwstlc Speeds i

(v~ 10¢)

.. Cappiello, Beacom (2019) -

o Brlngmann M Pospelov Phys.Rev.Lett. 122 (2019) no. 17 171801 [arX|v 1810 10543]

Y. Ema, F.Sala, R. Sato, Phys.Rev.Lett. 122- (2019) no.18, 181802 [arX|v 1811, 00520]
C. Cappiello; J.F. Beacom, [arXiv:1906.11283] -

J.B. Dent, B. Dutta, J.L. Newstead, .M. Shoemaker,: [arX|v 1907 03782]

G. Krnjaic, S.D. McDermott [arX|v 1908 OOOO7]
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| ConStrain’ts from CR,Up-scatt'e'red DM

~ MiniBooNE i

MiniBooNE (this wo
| el R

Sclar Reflectinn
(XENONIT)

107¢ 10~-
MD‘A [MEV]
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DaMaSCUS

rk . tter |mulat|on ode for -'n.derground
catterlngs 5 |

Wriften in C++.
Fully parallelized W|th MPI.

o Results were generated on the i
- ABACUS2. Osupercomputer hirer B

"The code is public.

,Two ver5|ons avallable

DaMaSCUS

DaMaSCUS CRUST

i. //glthub com/temken/
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| Pre detectlon scatterlngs change the DM properhes |n5|de a
laboratory. This can have |mportant |mpI|cat|ons for DM
~searches: | e %

D|urnaI modulahons _ S
Loss of sensitivity due to overburden scatterlngs

Extended sensitivity to.lower masses via solar reﬂectlon or.

COSMIC ray up- scatterings.

Multiple scatterings in a medlum are best descrlbed by MC
‘ S|mulat|ons and | - s

18.09.2019 | Autumn Institute 2019 : | Tir'noln Emken .(Chalmers)
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Modellmg the e it

Prellmlnary Reference Earth Model ) US Standard Atmosphere
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e composmon
W McDonough Treatise on Geochemlstry 2 (2003) 568

. A.M. Dziewonski, D.L. Anderson, Phys. Earth PIanet Interiors 25 (1981) 297-356
R..Rudnick; S. Gao, Treatise on Geochemlstry, p. 1-64, Oxfard, (2003) :
~ U.S. Government Printing Office, U.S. Standard,Atmosphere (1976)

18.09.2019 | Autumn Institute 2619 T Tir'no_’n Emken-(ChaImers) dAg . - | 56



~ Modelling the Sun - standard Solar Model AGSS09

A. Serenelli. et al., As'tr‘dphy's. J.705 (2609)’,- L1’2'3-L1'27 .

A 10257 - ~—— .'.v.
1023.,'".' -

1'021 L

number density ni(r) [cm=3]

T O B 17 e SRRV LG S 1) DB

~ radiusr/Rp

- radius r/Rg

— temperature T(r)/T(0) mass M(r)/M@. —— escape velocity Vesc(N)Vesc(0) = * — 1H “He — 3He 12¢ = 15()'— %Fe

e Mass Function M(r)” . = f'NuCIear'comDOSfﬁdn",< |

e Temperature T(r) - e Number densities
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Initial Conditions (Earth)
v"'?«'_'boc:st |nt

“hit”, all
~¢ircular ¢

o the Earth S rest frame.'

2. <In|t|al p05|t|on To ensure a
homogenous dlstrlbutlon of
~initial DM/ posmons and an Earth

aartlcles start from a |
isk, or from W|th|n a .

- cylinder

-
-
- .
~
- -
........
------------
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initial Conditions (Sun)

1. Sample a velouty u far away from =
‘the Sun from the halo. v
Vi Sample the. |n|t|al posmon on a
- disk. S |
3 Propagate the partlcle analytlcally
-on |ts hyperbolic Kepler orbit toa
- location close to the SHn i

. j'-RdiSk(u) =

Risc() > Re,
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Kernel Den5|ty Eshmahon (KDE)

Py non- parametrlc method to estlmate
. an unknown PDF based on data.

" Fora 'da’_ca Se’t{xl,xz', e, ,xN} 'We_ c_an Ty L i TruepdF |

% L m==—— True PDF
estimate the PDFvia. -~~~ oo Ry KDE
2 TR _ ' Y KDE + C&H
BT ¢ 1 x_'xi A 3, 0.010+ N
el : K — : § I \‘
Lot hz‘(h > 5 |
; E.g.'Awith a Gaussian Kernel, . el 0.005¢ "‘\\_
A=Y ' 1 ‘,'_x2 | ) - 0,000 .‘.~.\.*’:\'.~~'~.\—\. s
K(.X) o~ = eXp ¢ SR s - 600 650 700 750
Lo oy oA TR ' speed v [km/s]
 Weset the bandwidth h using - e ) LA e |
- Silverman’s rule of thumb, % The bias at the domaln S boundary has to be
R T g | ~ compensated, e.g. by a pseudo- data method
Rl i TR S el by Cowllng and Hall | |
3IN ' : S iy .

R, Karunarhum T. Alberts, Statistical Methodology2 (2005),191
A. Cowlmg, P. Hall, Journal of the Royal Statistical Society, B58.(1996), 551
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Runge Kutta Fetherg (RK45)

| E Fetherg, NASA technlcal report NASA 1969 -
Adaptlve method for the numerlcal solutlon of 1st order ODEs

. = fit,y). y(to) =Yoo
Requwes the same number of functlon evaIuatlon of RK6 but IS rather a '_

“combination of RK4,- - e e
| | RSO 5 TR 1408 2197 s e

.

216 ' 2565 4101 e

)’k+1.—Yk
and RK5, e
oSS 16 6656 28561 O .

e
oo/ ks + k.—-——k5+~——kA
135. % 12825 - 56430 500 ¢ 55

Yiri = Yt

The comparlson of: both y|eIds an estlmate of the error, and aIIows to

/ choose the step S|ze adaptively. : AR '\1,4

AL | el

| ‘}’k+1 _.'f)~’k+1»,‘ )
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