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Motivations
Nuclear reaction theory relies 

on reducing the many-body 
problem to a problem with 

few degrees of freedom:  

optical potentials.

NN data 
and more
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Motivations
•  Increasing experimental efforts to develop the  
technologies necessary to study the elastic proton 
scattering in inverse kinematics


•  Attempts to use such experiments to determine the 
matter distribution of nuclear systems at intermediate 
energies


 Measurements are not free from sizable 
uncertainties

•  Glauber model is conventionally used to analyze 
the data


•  An essential step in the data analysis is the 
subtraction of contributions from the inelastic 
scattering

Dobrovolsky et al., NPA 1008 (2021) 122154

Y. MATSUDA et al. PHYSICAL REVIEW C 87, 034614 (2013)

FIG. 4. Excitation-energy spectrum of 9C for recoil angles of less
than 79◦. The solid line corresponds to the elastic events tagged with
SF5. The dotted line corresponds to all the events not tagged. The
small gray area is the background events normalized by the number
of 9C beams. The dashed lines indicate the gate of ±7.5 MeV for the
elastic events.

The matrix elements of the instrumental response function
were calculated using the Monte Carlo simulation code
GEANT3 [20]. After solving Eq. (2), we obtained the cross
sections in the center-of-mass frame by dividing the cor-
responding solid angle in the center-of-mass frame into
σi . Lastly, we removed data points around the end of the
measured angular region since we do not know the influx
of recoil protons from the outside region. The obtained cross
sections are plotted in Fig. 5 and are listed in Table V in
the Appendix. The experimental error includes statistical and
systematic uncertainties in the number of beams, the number
of target protons, the number of recoil protons, and the detector
efficiencies. Of these, the statistical error of the recoil protons
accounted for most of the experimental error. Nuclear reaction
loss in the NaI(Tl) [21] was not considered in this analysis
because the reduction was much less than the statistical error.
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FIG. 5. Angular distribution of the differential cross sections for
the H(9C,p) reaction at 277–300 MeV/nucleon (closed circles). The
data for 12C are also plotted as a reference (open circles). The best-fit
calculation with the modified MH model and the two-parameter Fermi
distributions is shown by the solid line.

III. RESULTS AND DISCUSSION

The matter radius of 9C was deduced by fitting the present
angular distribution, which shows a smoother diffraction
pattern than that of 12C [22] as shown in Fig. 5 (open circles).
Section III A describes the reaction model, and the result is
given in Sec. III B.

A. Reaction model

We used and modified a model formulated by Murdock
and Horowitz (the MH model) [23]. The characteristics of
the MH model are that the effective NN scattering amplitude
is described by the simple direct plus exchange terms in the
framework of the RIA; the pseudovector coupling for the pseu-
doscalar meson instead of the pseudoscalar coupling restores
disagreement with phenomenological optical potentials at low
energies. In addition, the MH model can include medium
modification from Pauli blocking. However, we applied the
medium modification proposed in our previous work [3] to
take into account various nuclear many-body effects in terms
of the nuclear density. The modification of the effective NN
scattering amplitude from the original MH model, which arises
in the σ - and ω-meson exchange diagrams, is written as

g2
i , g

2
i → g2

i

1 + aiρB(r)/ρ0
,

g2
i

1 + aiρB(r)/ρ0
, (3a)

mi,mi → mi

(
1 + bi

ρB(r)
ρ0

)
, mi

(
1 + bi

ρB(r)
ρ0

)
,

i = σ,ω, (3b)

where g2
i are the coupling constants of the nucleon-meson

vertexes, mi are the masses of the propagators, and ρB(r)/ρ0 is
the baryon density divided by the normal density 0.1934 fm−3.
An overline indicates an imaginary part.

We determined the phenomenological coefficients
ai, ai, bi , and bi by the same procedure for the medium-heavy
stable nuclei [4,5]: the number of coefficients was reduced
to four (aσ = aσ , bσ = bσ , aω = aω, bω = bω), and they were
searched by means of the minimum chi-square method. The
chi-square is

χ2 =
N∑

j=1

[yj − y(θj ; ai, bi)]2

&y2
j

, (4)

where N is the number of data points, yj and &yj are the
j th experimental data and error, and y(θj ) is the calculated
cross section at an angle θj . In this analysis, we adopted the
scattering observables of the 12C(−→p ,p) reaction at 300 MeV to
be fitted because 12C is the nearby stable N = Z nucleus and
the charge density distribution was inferred by the electron
scattering precisely. Figure 6(a) shows the employed proton
vector and scalar density distributions, which are equal to the
employed neutron density distributions. The vector density
distribution ρV(r) was extracted by unfolding the sum-of-
Gaussians (SOG) charge density distribution [24] with the
intrinsic charge distributions of the proton and the neutron [25].
The SOG charge density distribution itself was used for the
Coulomb potential. On the other hand, we calculated the scalar
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Fig. 4. Total and core matter distributions ρ(r) of the nuclear density in 14C (a), 15C (b), 16C (c) and 17C (d) deduced 
in the analysis by using model density parameterizations SF (Symmetrized Fermi), GH (Gaussian-Halo), GG (Gaussian-
Gaussian), and GO (Gaussian-Oscillator), for details see the text. The shaded areas represent the envelopes of the density 
variation within the model parameterizations applied, superimposed by the statistical errors. All density distributions are 
normalized to the number of nucleons.

isotope all density parameterizations also fit the experimental data well. The weighted mean rms 
matter radius of 16C, deduced from the GH, SF, GG, and GO parameterizations is

Rm = (2.70 ± 0.06) fm.

For the core radius and the radius of the valence neutrons distribution, the following mean values 
were determined: Rc = 2.41(5) fm and Rv = 4.20(26) fm.

The deduced nuclear matter density distributions obtained using different parameterizations of 
the nuclear matter distributions are plotted in Fig. 4. The shaded areas represent the envelopes of 
the density variation within the model parameterizations applied, superimposed by the statistical 
errors. Fig. 4 also shows the obtained core matter distributions. All density distributions refer to 
point-nucleon distributions.

Using the matter radii Rm deduced in the present work and the radii Rp of proton distributions 
obtained in Refs. [49] and [9], the radii Rn of neutron distributions and thicknesses of the neutron 
skins δnp = Rn − Rp for the nuclei of the studied carbon isotopes were determined (see Table 2) 
with the help of expression (3):

Rn = [(AR2
m − ZR2

p)/N]1/2. (3)

9
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Develop a microscopic approach to make reliable 
predictions for elastic and inelastic scattering



“In the center-of-mass system the motion of the particle is given by 
the Schroedinger equation


where μ is the reduced mass. This approximation is referred to as 
the optical model because it is in many ways analogous to the 
index of refraction approximation which is employed to describe 
the propagation of light in a medium.”
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r2 +
2µ

~2 (E � V ) = 0

P space (elastic)
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P = | 0ih 0|
Q space
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expansion

The effective potential

H. Feshbach, Nuclear Reactions

Optical potential



Unfortunately, currently used 
optical potentials for low-
energy reactions are 
phenomenological, primarily 
constrained by elastic 
scattering data. 

Unreliable when extrapolated 
beyond their fitted range in 
energy and nuclei

Existing microscopic optical 
potentials are usually developed 
in an high-energy regime (≥ 100 
MeV) and not calibrated to any 
reaction data. Calculations are 
more difficult. 


No fit to exp. data

Phenomenological Microscopical

Optical potential
Radial shape of the volume term for 

p+A at different beam energies: 
folding using Paris potential

oExample of a microscopically derived optical 
potential: folding

oIn principle antisymmetrization need to be 
included:

direct exchange

free or medium NN interaction?
density dep?

Wong, Introduction to Nuclear Physics, Wiley
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Theoretical framework

T = V + V G0(E)T

The general goal when solving the scattering problem of a nucleon from a nucleus is to solve the 
corresponding Lippmann-Schwinger equation for the many-body transition amplitude T 

all two nucleon interactions

V =
AX

i=1

v0i

Green Function propagator

G0(E) =
1

E �H0 + i✏

where

H0 = h0 +HA

HA |�Ai = EA |�Ai

h0

target

Hamiltonian

kinetic term

of the projectile
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Theoretical framework

T = V + V G0(E)T

The general goal when solving the scattering problem of a nucleon from a nucleus is to solve the 
corresponding Lippmann-Schwinger equation for the many-body transition amplitude T 

T =
X

i=1

T0i +
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two nucleon interaction dominates the scattering process



Theoretical framework

T = V + V G0(E)T

The general goal when solving the scattering problem of a nucleon from a nucleus is to solve the 
corresponding Lippmann-Schwinger equation for the many-body transition amplitude T 

T = U + UG0(E)PT

U = V + V G0(E)QU

Let’s introduce the optical potential U

P +Q = 1
[G0, P ] = 0

P =
|�Ai h�A|
h�A|�Ai

In the case of elastic scattering,


P projects onto the elastic channel 
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Theoretical framework
Transition amplitude for elastic scattering


The spectator expansion
9
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Tel ⌘ PTP = PUP + PUPG0(E)Tel
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U =
AX

i=1

⌧0i +
AX

i,j 6=i

⌧0ij +
AX

i,j 6=i,k 6=i,j

⌧0ijk + . . .
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⌧0i ⇡ t0i
We neglect the coupling 

of the struck target nucleon 
with the residual nucleus!!!
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Theoretical framework - first order expansion
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g0i = (E � h0 � hi + i✏)�1

• Simple one-body equation

• Can be solved easily

• Only NN interaction

Kerman, McManus and Thaler, Ann. Phys. 8 (1959) 551 and many others



Theoretical framework - first order expansion
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g0i = (E � h0 � hi + i✏)�1

• Simple one-body equation

• Can be solved easily

• Only NN interaction

• Computationally expensive

• Obtained from the No-Core 

Shell Model

• Calculation performed with 

NN and 3N interaction

1max += NN
<latexit sha1_base64="1Oa3G3vfMPm68zQjYZFzExSpRKs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcrWFtoQtlsJ+3S3STsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYthiiUhUJ6QaBY+xZbgR2EkVUhkKbIejm6nffkKleRI/mHGKgaSDmEecUWMl3x+GVBH/TuKA9qo1t+7OQJaJV5AaFGj2ql9+P2GZxNgwQbXuem5qgpwqw5nAScXPNKaUjegAu5bGVKIO8tnNE3JilT6JEmUrNmSm/p7IqdR6LEPbKakZ6kVvKv7ndTMTXQU5j9PMYMzmi6JMEJOQaQCkzxUyI8aWUKa4vZWwIVWUGRtTxYbgLb68TB7P6t5F3b0/rzWuizjKcATHcAoeXEIDbqEJLWCQwjO8wpuTOS/Ou/Mxby05xcwh/IHz+QN/BZFV</latexit>

~⌦

<latexit sha1_base64="ejC8vLV7AiUb4fY7goF/Z7pVFWg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8n18Ttlitu1Z2BLBMvJxXIUe+Wvzq9mKURSsME1brtuYkJMqoMZwInpU6qMaFsRAfYtlTSCHWQzY6dkBOr9Eg/VrakITP190RGI63HUWg7I2qGetGbiv957dT0r4KMyyQ1KNl8UT8VxMRk+jnpcYXMiLEllClubyVsSBVlxuZTsiF4iy8vk8ZZ1buoug/nldpNHkcRjuAYTsGDS6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0RXjaw=</latexit>

N = 0
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N = 1
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Theoretical framework - first order expansion
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Theoretical framework - first order expansion
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Theoretical framework - Coulomb potential
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Theoretical framework - observables

Scattering observables

N δΩ

N ~ 
dσ
dΩ

δΩ
σ(θ) =

dσ
dΩ

∼ 〈k′|U|ψk〉

+θ

−θ

σ(+θ)=σ(−θ)

L

L
S

S

U (r) + L  S U (r)c so

σ(+θ)

σ(−θ)
L

L S<0−

+ S>0 Ay (θ) =
σ(+θ)−σ(−θ)

σ(+θ)+σ(−θ)

Arellano Bauge (U Chile & CEA/DAM/DIF) CNR*11 - The unabridged... 16 / 21

M(k0, ✓) = A(k0, ✓) + � · N̂ C(k0, ✓)

A(✓) =
1

2⇡2

1X

L=0

⇥
(L+ 1)F+

L (k0) + LF�
L (k0)

⇤
PL(cos ✓)

C(✓) =
i

2⇡2

1X

L=1

⇥
F+
L (k0)� F�

L (k0)
⇤
P 1
L(cos ✓)

FLJ(k0) = � A

A� 1
4⇡2µ(k0)T̂LJ(k0, k0;E)

d�

d⌦
(✓) = |A(✓)|2 + |C(✓)|2

Ay(✓) =
2Re[A⇤(✓)C(✓)]

|A(✓)|2 + |C(✓)|2

Q(✓) =
2Im[A(✓)C⇤(✓)]

|A(✓)|2 + |C(✓)|2

Differential cross section

Analyzing power

Spin rotation

Spin-flip amplitude

Rotation of the spin vector in the 
scattering plane, i.e. protons polarised 
along the +x axis have a finite 
probability of having the spin polarised 
along the ± z axis after the collision 



Theoretical inputs

Our ”optical potential” machinery

NN (and also NNN) 
potentials to describe the 
interaction between the 
projectile and the target 

Ab-initio (whenever is 
possible) description  of 

the target

NCSM

SCGF

OBSERVABLES



Chiral NN potentials
Advantages Features

• QCD symmetries 
are consistently 
respected


• Systematic 
expansion (order 
by order you know 
exactly the terms to 
be included) 


• Theoretical errors


• Two- and three- 
body forces belong 
to the same 
framework

• Many-body data 
needed and many-
body forces 
inevitable


• Exploit divergences 
(cutoff dependence 
as tool)


• Power counting 
determines diagrams 
and truncation error


We employed both Machleidt and Epelbaum NN potentials at N3LO and N4LO order 

Chiral effective field theory and nuclear forces, Phys. Rep. 503 (2011) 1-75

Modern Theory of Nuclear Forces, Rev. Mod. Phys. 81 (2009) 1773-1825

Included as 2body density 
dependent potentials
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Chiral NN potentials

We employed both Machleidt and Epelbaum NN potentials at N3LO and N4LO order 

Included as 2body density 
dependent potentials

+... +... +...

+...

2N Force 3N Force 4N Force

LO

(Q/Λχ)0

NLO

(Q/Λχ)2

NNLO

(Q/Λχ)3

N3LO
(Q/Λχ)4

• NN t matrix computed with the addition of a 
density-dependent interaction


• Nuclear density computed with NN + 3N 
interaction

+r12
r12

r23

r13

V =

+r12

r12 ⇢v =

NN DDNN

NN 3N Chiral effective field theory and nuclear forces, Phys. Rep. 503 (2011) 1-75

Modern Theory of Nuclear Forces, Rev. Mod. Phys. 81 (2009) 1773-1825



Target descriptions
No-Core Shell Model

in collaboration with P. Navratil and M. Gennari (TRIUMF)

Unified approach to bound & continuum states; 
to nuclear structure & reactions 

•  Ab initio no-core shell model 
–  Short- and medium range correlations 
–  Bound-states, narrow resonances 

1max += NN

NCSM 

Unknowns 
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r )∫ Âν

ν

∑ ,ν

Harmonic oscillator basis 

Barrett et al., Ab initio no core shell model, PPNP 69 (2013) 131-181
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Figure 1. Hierarchy of nuclear forces in chiral perturbation theory (ChPT). Solid lines represent
nucleons and dashed lines pions. Small dots, large solid dots, solid squares, triangles, diamonds, and
stars denote vertices of index D = 0, 1, 2, 3, 4, and 6, respectively. Further explanations are given in
the text.

The reason why we talk of a hierarchy of nuclear forces is that two- and many-nucleon forces are
created on an equal footing and emerge in increasing number as we go to higher and higher orders.
At NNLO, the first set of nonvanishing three-nucleon forces (3NF) occur [28,29], cf. column “3N Force”
of Figure 1. In fact, at the previous order, NLO, irreducible 3N graphs appear already, however, it has
been shown by Weinberg [14] that these diagrams all cancel. Since nonvanishing 3NF contributions
happen first at order (Q/Lc)3, they are very weak as compared to the 2NF which starts at (Q/Lc)0.

More 2PE is produced at n = 4, next-to-next-to-next-to-leading order (N3LO), of which we show
only a few symbolic diagrams in Figure 1. There is a large attractive one-loop 2PE contribution (the
bubble diagram with two large solid dots ⇠ c2

i ), which is slightly over-doing the intermediate-range
attraction of the 2NF. Two-loop 2PE graphs show up for the first time and so does three-pion exchange
(3PE) which necessarily involves two loops. 3PE was found to be negligible at this order [30,31]. Most
importantly, 15 new contact terms ⇠ Q4 arise and are represented by the four-nucleon-leg graph with
a solid diamond. They include a quadratic spin-orbit term and contribute up to D-waves. Mainly due
to the increased number of contact terms, a quantitative description of the two-nucleon interaction up
to about 300 MeV lab. energy is possible, at N3LO [15,32]. Besides further 3NF, four-nucleon forces
(4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading

• NN-N4LO + 3Nlnl  (12C, 16O)

- N4LO   Entem et al., Phys. Rev. C 96, 024004 (2017)
- 3Nlnl  Navrátil, Few-Body Syst. 41, 117 (2007)
- cD & cE Kravvaris et al., Phys. Rev. C 102, 024616 (2020)

• NN-N3LO + 3Nlnl  (9,13C, 6,7Li, 10B)

- N3LO   E&M, Phys. Rev. C 68, 041001(R) (2003)
- 3Nlnl   Navrátil, Few-Body Syst. 41, 117 (2007)
- cD & cE Somà et al., Phys. Rev. C 101, 014318 (2020)



Self-consistent Green’s functions

Density functional theory

in collaboration with C. Barbieri (Milano) and V. Somà (Paris)

in collaboration with D. Vretenar and T. Niksic (Zagreb)

Somà, SCGF Theory for Atomic Nuclei, Frontiers 8 (2020) 340   

For heavier nuclei there are alternative 
approaches…

Target descriptions
No-Core Shell Model

in collaboration with P. Navratil and M. Gennari (TRIUMF)

Short- and medium range correlations 

1max += NN

NCSM 

Harmonic oscillator basis 

Barrett et al., Ab initio no core shell model, PPNP 69 (2013) 131-181
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Theoretical optical potential derived from nucleon-nucleon chiral potentials
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Background: Elastic scattering is probably the main event in the interactions of nucleons with nuclei. Even if this
process has been extensively studied over the last years, a consistent description, i.e., starting from microscopic
two- and many-body forces connected by the same symmetries and principles, is still under development.
Purpose: In this work we study the domain of applicability of microscopic two-body chiral potentials in the
construction of an optical potential.
Methods: We basically follow the Kerman, McManus, and Thaler approach [Ann. Phys. (NY) 8, 551 (1959)] to
build a microscopic complex optical potential, and then we perform some test calculations on 16O at different
energies.
Results:. Our conclusion is that a particular set of potentials with a Lippmann–Schwinger cutoff at relatively
high energies (above 500 MeV) reproduces best the scattering observables.
Conclusions: Our work shows that building an optical potential within chiral perturbation theory is a promising
approach for describing elastic proton scattering; in particular, in view of the future inclusion of many-body
forces that naturally arises in such a framework.

DOI: 10.1103/PhysRevC.93.034619

I. INTRODUCTION

Elastic proton scattering has been extensively studied over
many decades, both experimentally and theoretically, and
there now exist extensive measurements of cross sections and
polarization observables for the elastic scattering of protons
from a wide variety of stable nuclei over a wide range of
energies. A suitable and successful framework to describe
the nucleon-nucleus (NA) interaction in elastic scattering
is provided by the nuclear optical potential [1]. With this
instrument we can compute the scattering observables, such as
the differential cross section, the analyzing power, and the spin
rotation, for the elastic NA scattering across wide regions of
the nuclear landscape. The use of the optical potential has been
extended to calculations of inelastic scattering and to generate
the distorted waves for the analysis of the cross sections for a
wide variety of nuclear reactions. For instance, in quasi-elastic
electron scattering, an optical potential is commonly used to
describe the final-state interaction between the emitted nucleon
and the residual nucleus in the exclusive (e,e′p) [2] and in the
inclusive (e,e′) reactions [3,4].

The optical potential can be obtained in different ways.
It can be obtained phenomenologically [5,6], by assuming
a form of the potential and a dependence on a number of
adjustable parameters for the real and imaginary parts that
characterizes the shape of the nuclear density distribution and
that varies with the nucleon energy and with the nucleus
mass number. These parameters are adjusted to optimize
the fit to the experimental data of elastic NA scattering.
The optical potential has an imaginary part that takes into
account the absorption of the reaction flux from the elastic
channel to the nonelastic reaction channels. Alternatively and
more fundamentally, the optical potential can be obtained
microscopically. The calculation requires, in principle, the
solution of the full nuclear many-body problem, which is
beyond present capabilities. In practice, some approximations
must necessarily be adopted. With suitable approximations,

microscopic optical potentials are usually derived from two
basic quantities: the nucleon-nucleon (NN) t matrix and the
matter distribution of the nucleus. All these models based
on the NN interaction are nonrelativistic (see Ref. [7] for a
detailed review). Because microscopic optical potentials do
not contain adjustable parameters, we expect that they have
a greater predictive power when applied to situations where
experimental data are not yet available, such as, for instance,
to the study of unstable nuclei.

The theoretical justification for the NA optical potential
built in terms of underlying NN scattering amplitudes was
given for the first time by Chew [8] and Watson et al. [9,10]
more than 60 years ago. Successively, Kerman, McManus, and
Thaler (KMT) [11] developed the Watson multiple scattering
approach expressing the NA optical potential by a series
expansion in terms of the free NN scattering amplitudes.
Several years later, with the development of high-accuracy
NN potentials, there has been a renewed interest in finding a
rigorous treatment of the NA scattering theory in momentum
space. Such potentials permit us to generate the NN interaction
directly in momentum space, which is thus chosen as the
working space in which to develop the NA optical potential
and to compute the elastic scattering observables. Several
authors contributed to the development of multiple scattering
theory and, with a series of papers [12–32], to calculations of
microscopic optical potentials. The present work is framed in
this context.

The NN potential is an essential ingredient in the NA
scattering theory and its off-shell properties play an important
role. To obtain a good description of these properties, the
optical potential models have always employed “realistic”
potentials, in which the experimental NN phase shifts are
reproduced with a χ2 per data "1. The most commonly
used NN potentials are those given by groups from Nijmegen
[33], Paris [34], Bonn [35], and Argonne [36]. In contrast,
with recent advances in lattice quantum chromodynamics

2469-9985/2016/93(3)/034619(13) 034619-1 ©2016 American Physical Society
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process has been extensively studied over the last years, a consistent description, i.e., starting from microscopic
two- and many-body forces connected by the same symmetries and principles, is still under development.
Purpose: In this work we study the domain of applicability of microscopic two-body chiral potentials in the
construction of an optical potential.
Methods: We basically follow the Kerman, McManus, and Thaler approach [Ann. Phys. (NY) 8, 551 (1959)] to
build a microscopic complex optical potential, and then we perform some test calculations on 16O at different
energies.
Results:. Our conclusion is that a particular set of potentials with a Lippmann–Schwinger cutoff at relatively
high energies (above 500 MeV) reproduces best the scattering observables.
Conclusions: Our work shows that building an optical potential within chiral perturbation theory is a promising
approach for describing elastic proton scattering; in particular, in view of the future inclusion of many-body
forces that naturally arises in such a framework.

DOI: 10.1103/PhysRevC.93.034619

I. INTRODUCTION

Elastic proton scattering has been extensively studied over
many decades, both experimentally and theoretically, and
there now exist extensive measurements of cross sections and
polarization observables for the elastic scattering of protons
from a wide variety of stable nuclei over a wide range of
energies. A suitable and successful framework to describe
the nucleon-nucleus (NA) interaction in elastic scattering
is provided by the nuclear optical potential [1]. With this
instrument we can compute the scattering observables, such as
the differential cross section, the analyzing power, and the spin
rotation, for the elastic NA scattering across wide regions of
the nuclear landscape. The use of the optical potential has been
extended to calculations of inelastic scattering and to generate
the distorted waves for the analysis of the cross sections for a
wide variety of nuclear reactions. For instance, in quasi-elastic
electron scattering, an optical potential is commonly used to
describe the final-state interaction between the emitted nucleon
and the residual nucleus in the exclusive (e,e′p) [2] and in the
inclusive (e,e′) reactions [3,4].

The optical potential can be obtained in different ways.
It can be obtained phenomenologically [5,6], by assuming
a form of the potential and a dependence on a number of
adjustable parameters for the real and imaginary parts that
characterizes the shape of the nuclear density distribution and
that varies with the nucleon energy and with the nucleus
mass number. These parameters are adjusted to optimize
the fit to the experimental data of elastic NA scattering.
The optical potential has an imaginary part that takes into
account the absorption of the reaction flux from the elastic
channel to the nonelastic reaction channels. Alternatively and
more fundamentally, the optical potential can be obtained
microscopically. The calculation requires, in principle, the
solution of the full nuclear many-body problem, which is
beyond present capabilities. In practice, some approximations
must necessarily be adopted. With suitable approximations,

microscopic optical potentials are usually derived from two
basic quantities: the nucleon-nucleon (NN) t matrix and the
matter distribution of the nucleus. All these models based
on the NN interaction are nonrelativistic (see Ref. [7] for a
detailed review). Because microscopic optical potentials do
not contain adjustable parameters, we expect that they have
a greater predictive power when applied to situations where
experimental data are not yet available, such as, for instance,
to the study of unstable nuclei.

The theoretical justification for the NA optical potential
built in terms of underlying NN scattering amplitudes was
given for the first time by Chew [8] and Watson et al. [9,10]
more than 60 years ago. Successively, Kerman, McManus, and
Thaler (KMT) [11] developed the Watson multiple scattering
approach expressing the NA optical potential by a series
expansion in terms of the free NN scattering amplitudes.
Several years later, with the development of high-accuracy
NN potentials, there has been a renewed interest in finding a
rigorous treatment of the NA scattering theory in momentum
space. Such potentials permit us to generate the NN interaction
directly in momentum space, which is thus chosen as the
working space in which to develop the NA optical potential
and to compute the elastic scattering observables. Several
authors contributed to the development of multiple scattering
theory and, with a series of papers [12–32], to calculations of
microscopic optical potentials. The present work is framed in
this context.

The NN potential is an essential ingredient in the NA
scattering theory and its off-shell properties play an important
role. To obtain a good description of these properties, the
optical potential models have always employed “realistic”
potentials, in which the experimental NN phase shifts are
reproduced with a χ2 per data "1. The most commonly
used NN potentials are those given by groups from Nijmegen
[33], Paris [34], Bonn [35], and Argonne [36]. In contrast,
with recent advances in lattice quantum chromodynamics
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FIG. 6. Scattering observables (differential cross section dσ/d",
analyzing power Ay , and spin rotation Q) as a function of the
center-of-mass scattering angle θ for elastic proton scattering on
16O computed at 100 MeV (laboratory energy). On the left panel we
employ the set of EM potentials [39–41,43] while in the right panel
we show the EGM potentials [44]. All potentials are denoted by the
value of the LS cutoff. Coulomb distortion is included as explained
in Sec. II E. Data are taken from Refs. [65,66].

differences are rather small, potentials with the largest cutoff
($ = 600 MeV) seem to provide the best description of Ay .

A similar result is obtained in Fig. 7, where we display the
scattering observables calculated at 135 MeV. In this case all
sets of potentials reproduce very well the experimental cross
section and globally describe the shape of Ay but are unable
to reproduce its magnitude for angles larger than 20◦.

In Fig. 8 we plot the results obtained at 200 MeV. At this
energy, it is clear that potentials obtained with the lower cutoffs
(EM-450 and EGM-450) cannot be employed any further: in
both cases, the differential cross sections are not satisfactorily
reproduced and the behavior of Ay and Q as a function of
θ is in clear disagreement with the empirical one. On the
other hand, the remaining sets of potentials well describe the
experimental cross sections and the analyzing powerAy , which
is reasonably described not only for small scattering angles but
also for values larger than the minimum value up to about 45◦.
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FIG. 7. The same as is Fig. 6 but for an energy of 135 MeV. Data
are taken from Refs. [65,66].
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FIG. 8. The same as is Fig. 6 but for an energy of 200 MeV. Data
are taken from Refs. [65,66].

On the basis of all these results for 16O we can draw
two conclusions: (1) Potentials with lower cutoffs cannot
reproduce experimental data at energies close to 200 MeV.
(2) There is no appreciable difference in using 500 or 600 MeV
as LS cutoffs, even if the EM-600 and EGM-600 potentials
seem to have a slightly better agreement with empirical data;
in particular looking at polarization observables.

For energies above 200 MeV, this behavior changes and
the agreement with the experimental data begins to fail. This
failure becomes larger as the energy increases. As an example,
in Fig. 9 we display the results for the scattering observables on
16O computed at 318 MeV, an energy for which experimental
data are available. We clearly see that, at this energy, all
potentials are unable to describe the data. A somewhat better
description is given by the EM-600 potential, which is able
to reproduce the global shape of the experimental results and
the position of the minima, but the general agreement is poor.
However, we stress that ChPT is a low-momentum expansion
and its goal should be to perform calculations at lower energies.

In Fig. 10 we repeat the same order by order analysis (NLO,
N2LO, and N3LO) of the convergence pattern performed
in Sec. III for the NN amplitudes. The results confirm the

10-310-210-1100101102103104

dσ
/d

Ω
 [m

b/
sr

]

EM-450
EM-500
EM-600

EGM-450
EGM-600
EGM-550

-1

-0.5

0

0.5

1

A
y

0 10 20 30 40 50 60
θ [deg]

-1

-0.5

0

0.5

1

Q

0 10 20 30 40 50 60
θ [deg]

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 9. The same as is Fig. 6 but for an energy of 318 MeV. Data
are taken from Refs. [65,66].
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FIG. 10. Scattering observables as a function of the center-of-
mass scattering angle θ for elastic proton scattering on 16O computed
at 200 MeV (laboratory energy) with the EGM potential [44] at
different orders: red bands are the NLO results, green and blue bands
are respectively the N2LO and N3LO results. Data are taken from
Refs. [65,66].

conclusion drawn looking at the NN amplitudes, i.e., that it
is mandatory to use potentials at order N3LO. At orders NLO
and N2LO our theoretical predictions not only underestimate
or overestimate empirical data but also miss the overall shapes.
The order-by-order convergence suggests that there is space
for improvement going to higher orders (N4LO) [45].

In order to understand why some potentials provide a better
description of certain scattering data than other potentials, in
Figs. 11 and 12 we plot the relevant components, Eqs. (64) and
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FIG. 11. Contributions, in terms of the amplitudes A (64) and C

(65), to the scattering observables (differential cross section dσ/d#

and asymmetry parameter Ay) for elastic proton scattering on 16O
computed at 200 MeV (laboratory energy) using two EGM potentials
with {$,$̃} = {600,600},{600,700}. Coulomb distortion is included.
Data are taken from Refs. [65,66].
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FIG. 12. L components (92) for the C amplitude for two EGM po-
tentials with the following cutoffs: {$,$̃} = {600,600}, {600,700}.

(65), for the differential cross section and the analyzing power
computed at 200 MeV. We have chosen, as a test case, two
EGM potentials, with {$,$̃} = {600,600}, {600,700}, that
reproduce differential cross sections with the same accuracy
but give different predictions for the analyzing power. In the
upper panels of Fig. 11 we plot, for both potentials, the total
differential cross section (proportional to the sum |A|2 + |C|2)
with a red line, and the single contributions |A|2 and |C|2
with green and blue lines, respectively. The two potentials
give similar results for |A|2 while significant differences
around the minima are obtained for |C|2. These differences,
however, do not affect the final cross section, which is clearly
dominated by the contribution proportional to |A|2. The two
potentials give relevant differences for the analyzing power
Ay , which is plotted in the lower panels. In this case we cannot
disentangle single contributions because Ay is proportional to a
combination of A and C (Ay ∼ Re[A∗(θ )C(θ )]). Nonetheless,
a connection between |C|2 in the upper blue curves and Ay

seems to be plausible. To test if the first minimum of Ay is
really determined by the behavior of the C amplitudes, in
Fig. 12 we plot the L components of C, defined as

CL = [F+
L (k0) − F−

L (k0)]P 1
L(cos θ ), (92)

evaluated at the angle θ = 27◦ corresponding to the minimum
position. The two potentials give close results for the real parts
and large differences for the imaginary parts of the L compo-
nents. With both potentials the real part of the C amplitude
is almost canceled in the sum C(θ ) = i/(2π2)

∑
L CL. For

the imaginary part, the sum gives a contribution that is small
for {$,$̃} = {600,600} and sizable for {$,$̃} = {600,700}.
As a consequence, in the case {$,$̃} = {600,600} the C
amplitude is very small and the analyzing power and the
|C|2 contribution to the differential cross section develop
well-defined minima, while in the case {$,$̃} = {600,700},
where the C amplitude is larger, the corresponding minima are
not deep enough and the disagreement with the experimental
Ay is more pronounced.
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FIG. 6. Scattering observables (differential cross section dσ/d",
analyzing power Ay , and spin rotation Q) as a function of the
center-of-mass scattering angle θ for elastic proton scattering on
16O computed at 100 MeV (laboratory energy). On the left panel we
employ the set of EM potentials [39–41,43] while in the right panel
we show the EGM potentials [44]. All potentials are denoted by the
value of the LS cutoff. Coulomb distortion is included as explained
in Sec. II E. Data are taken from Refs. [65,66].

differences are rather small, potentials with the largest cutoff
($ = 600 MeV) seem to provide the best description of Ay .

A similar result is obtained in Fig. 7, where we display the
scattering observables calculated at 135 MeV. In this case all
sets of potentials reproduce very well the experimental cross
section and globally describe the shape of Ay but are unable
to reproduce its magnitude for angles larger than 20◦.

In Fig. 8 we plot the results obtained at 200 MeV. At this
energy, it is clear that potentials obtained with the lower cutoffs
(EM-450 and EGM-450) cannot be employed any further: in
both cases, the differential cross sections are not satisfactorily
reproduced and the behavior of Ay and Q as a function of
θ is in clear disagreement with the empirical one. On the
other hand, the remaining sets of potentials well describe the
experimental cross sections and the analyzing powerAy , which
is reasonably described not only for small scattering angles but
also for values larger than the minimum value up to about 45◦.
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FIG. 7. The same as is Fig. 6 but for an energy of 135 MeV. Data
are taken from Refs. [65,66].
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On the basis of all these results for 16O we can draw
two conclusions: (1) Potentials with lower cutoffs cannot
reproduce experimental data at energies close to 200 MeV.
(2) There is no appreciable difference in using 500 or 600 MeV
as LS cutoffs, even if the EM-600 and EGM-600 potentials
seem to have a slightly better agreement with empirical data;
in particular looking at polarization observables.

For energies above 200 MeV, this behavior changes and
the agreement with the experimental data begins to fail. This
failure becomes larger as the energy increases. As an example,
in Fig. 9 we display the results for the scattering observables on
16O computed at 318 MeV, an energy for which experimental
data are available. We clearly see that, at this energy, all
potentials are unable to describe the data. A somewhat better
description is given by the EM-600 potential, which is able
to reproduce the global shape of the experimental results and
the position of the minima, but the general agreement is poor.
However, we stress that ChPT is a low-momentum expansion
and its goal should be to perform calculations at lower energies.

In Fig. 10 we repeat the same order by order analysis (NLO,
N2LO, and N3LO) of the convergence pattern performed
in Sec. III for the NN amplitudes. The results confirm the
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from the higher-order extensions in the NN sector, but it could
be interesting to see what happens with NN potentials at N5LO
[40,41].

IV. CONCLUSIONS

In a previous paper [2] we derived a new microscopic
optical potential for elastic pA scattering from NN chiral
potentials at fourth order (N3LO) [4,5], with the purpose to
study the domain of applicability of microscopic two-body
chiral potentials in the construction of an optical potential.
In the present work a microscopic optical potential has been
derived, within the same theoretical framework and adopting
the same approximations as in Ref. [2], from NN chiral
potentials at fifth order (N4LO) based on the recent works
of Epelbaum et al. [6,7] and Entem et al. [8,9]. Our main
aims were to check the convergence of the ChPT perturbative
expansion, assessing theoretical errors associated with the
truncation of the chiral expansion, and to compare the results
produced by the different NN chiral potentials and their
different regularizations on elastic NA scattering observables.

Numerical results have been presented for the pp and np
Wolfenstein amplitudes (a and c), that are employed in the
calculation of the optical potential to compute the NN t
matrix, and for the observables (the unpolarized differential
cross section dσ/d#, the analyzing power Ay , and the spin
rotation Q) of elastic proton scattering from 12C, 16O, and 40Ca
nuclei. A single proton energy of 200 MeV has been chosen
for all the calculations. The chosen energy value is rather
high, in order to enlarge the differences between the different
potentials, that increase with increasing energy, but within

the limit of applicability for chiral potentials. It was indeed
shown in Ref. [2] that for energies larger than 200 MeV the
agreement between the results from chiral potentials and data
gets worse and it is plausible to believe that ChPT is no longer
applicable.

The experimental pp and np a and c amplitudes are globally
very well reproduced by both NN chiral potentials, with
the only exception of the real part of the cpp amplitude,
which is anyhow extremely small and provides a practically
negligible contribution to the optical potential. Theoretical
errors associated with the truncation of the chiral expansion
are generally very small, indicating that a robust convergence
has already been reached at N4LO. The results for elastic pA
scattering observables show that the different chiral potentials
give, for all three nuclei considered, very similar cross sections,
in a generally good agreement with the experimental data.
Polarization observables are more sensitive to the differences
in the NN interaction. For 16O the numerical results, in
particular with the EKM potential, are in fair agreement with
the experimental spin rotation (empirical data are not available
for 12C and 40Ca). For all three nuclei both EKM and EMN
potentials describe the overall behavior of the experimental
analyzing power but the size is somewhat overestimated at
larger scattering angles.

The bands associated with the theoretical errors due to
the truncation of the chiral expansion are small for the cross
sections and larger for the polarization observables. The bands
are somewhat larger for the EMN potential, suggesting a
stronger control of theoretical errors at N4LO for the EKM
potential. The order-by-order convergence pattern (an example
was presented for 16O with the EKM potential) is clear and
we can conclude that convergence has been reached at N4LO
and we do not expect large contributions from the higher-order
extensions in the NN sector. Anyhow, it will be interesting to
discuss in a forthcoming paper the results with NN potentials
at N5LO [40,41].

The agreement of the present results with empirical data is
comparable with (but in general not better than) the agreement
obtained in Ref. [2] with chiral potentials at fourth order
(N3LO). A better agreement would require improving or
reducing the approximations adopted in the calculation of the
optical potential. As possible improvements, in the future we
plan to include three-body forces and nuclear-medium effects
and to go beyond the optimum factorization approximation
and calculate the optical potential from a full-folding integral.

In addition, we plan to extend our investigation to N != Z
nuclei. In particular for these nuclei, proton and neutron
densities from ab initio calculations would improve the
microscopic character and the predictive power of the optical
potential.
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Background: Elastic scattering is probably the main event in the interactions of nucleons with nuclei. Even if
this process has been extensively studied in the past years, a consistent description, i.e., starting from microscopic
two- and many-body forces connected by the same symmetries and principles, is still under development.
Purpose: In a previous paper [M. Vorabbi, P. Finelli, and C. Giusti, Phys. Rev. C 93, 034619 (2016)] we derived
a theoretical optical potential from NN chiral potentials at fourth order (N3LO). In the present work we use NN

chiral potentials at fifth order (N4LO), with the purpose to check the convergence and to assess the theoretical
errors associated with the truncation of the chiral expansion in the construction of an optical potential.
Methods: Within the same framework and with the same approximations as the previous paper [M. Vorabbi,
P. Finelli, and C. Giusti, Phys. Rev. C 93, 034619 (2016)], the optical potential is derived as the first-order
term within the spectator expansion of the nonrelativistic multiple scattering theory and adopting the impulse
approximation and the optimum factorization approximation.
Results: The pp and np Wolfenstein amplitudes and the cross section, analyzing power, and spin rotation of
elastic proton scattering from 16O, 12C, and 40Ca nuclei are presented at an incident proton energy of 200 MeV.
The results obtained with different versions of chiral potentials at N4LO are compared.
Conclusions: Our results indicate that convergence has been reached at N4LO. The agreement with the
experimental data is comparable with the agreement obtained in the previous paper [M. Vorabbi, P. Finelli,
and C. Giusti, Phys. Rev. C 93, 034619 (2016)]. We confirm that building an optical potential within chiral
perturbation theory is a promising approach for describing elastic proton-nucleus scattering.
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I. INTRODUCTION

Elastic scattering is probably the main event in the interac-
tion of nucleons with nuclei. A wealth of detailed information
on nuclear properties has been obtained from the existing
measurements of cross sections and polarization observables
for the elastic scattering of protons from a wide variety of stable
nuclei over a wide range of energies. A suitable and successful
framework to describe elastic nucleon-nucleus (NA) scattering
is provided by the nuclear optical potential [1]. With the optical
potential it is possible to compute the scattering observables
across wide regions of the nuclear landscape and to extend
calculations to inelastic scattering and to a wide variety of
nuclear reactions.

The optical potential can be derived phenomenologically
or, alternatively and more fundamentally, microscopically.
Phenomenological optical potentials are obtained assuming a
form and a dependence on a number of adjustable parameters
for the real and the imaginary parts that characterize the shape
of the nuclear density distribution and that vary with the
nuclear energy and the nuclear mass number. The parameters
are obtained through a fit to data of elastic proton-nucleus
(pA) scattering data. The calculation of a microscopic optical
potential requires, in principle, the solution of the full many-
body nuclear problem for the incident nucleon and the A
nucleons of the target, which is beyond present capabilities.
In practice, with suitable approximations, microscopic optical
potentials are usually derived from two basic quantities: the

nucleon-nucleon (NN ) t matrix and the matter distribution of
the nucleus.

The NN potential is an essential ingredient in the NA
scattering theory where its off-shell properties play an impor-
tant role. To obtain a good description of these properties
microscopic optical potentials are usually derived employ-
ing“realistic” NN potentials, which are able to reproduce the
experimental NN phase shifts with χ2/datum ! 1.

In a previous paper of ours [2] a new microscopic optical
potential for elastic pA scattering was obtained employing
microscopic two-body chiral potentials, i.e., NN potentials
derived from first principles. The purpose of our work was just
to study the domain of applicability of chiral potentials in the
construction of an optical potential. The theoretical framework
basically follows the approach of Ref. [3], where the Watson
multiple scattering theory was developed expressing the NA
optical potential by a series expansion in terms of the free
NN scattering amplitudes. In the calculations of Ref. [2]
the expansion is truncated at the first-order term, medium
effects are neglected in the interaction between the projectile
and the target nucleon, and in the impulse approximation
the interaction is described by the free NN t matrix. In
addition, the optimum factorization approximation is adopted,
where the optical potential is given by the factorized product
of the free NN t matrix and the nuclear density. For the
NN interaction, in Ref. [2] two different versions of chiral
potentials at fourth order (N3LO) in the chiral expansion are
used, developed by Entem and Machleidt [4] and Epelbaum,
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Background: Elastic scattering is probably the main event in the interactions of nucleons with nuclei. Even if
this process has been extensively studied in the past years, a consistent description, i.e., starting from microscopic
two- and many-body forces connected by the same symmetries and principles, is still under development.
Purpose: In a previous paper [M. Vorabbi, P. Finelli, and C. Giusti, Phys. Rev. C 93, 034619 (2016)] we derived
a theoretical optical potential from NN chiral potentials at fourth order (N3LO). In the present work we use NN

chiral potentials at fifth order (N4LO), with the purpose to check the convergence and to assess the theoretical
errors associated with the truncation of the chiral expansion in the construction of an optical potential.
Methods: Within the same framework and with the same approximations as the previous paper [M. Vorabbi,
P. Finelli, and C. Giusti, Phys. Rev. C 93, 034619 (2016)], the optical potential is derived as the first-order
term within the spectator expansion of the nonrelativistic multiple scattering theory and adopting the impulse
approximation and the optimum factorization approximation.
Results: The pp and np Wolfenstein amplitudes and the cross section, analyzing power, and spin rotation of
elastic proton scattering from 16O, 12C, and 40Ca nuclei are presented at an incident proton energy of 200 MeV.
The results obtained with different versions of chiral potentials at N4LO are compared.
Conclusions: Our results indicate that convergence has been reached at N4LO. The agreement with the
experimental data is comparable with the agreement obtained in the previous paper [M. Vorabbi, P. Finelli,
and C. Giusti, Phys. Rev. C 93, 034619 (2016)]. We confirm that building an optical potential within chiral
perturbation theory is a promising approach for describing elastic proton-nucleus scattering.
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I. INTRODUCTION

Elastic scattering is probably the main event in the interac-
tion of nucleons with nuclei. A wealth of detailed information
on nuclear properties has been obtained from the existing
measurements of cross sections and polarization observables
for the elastic scattering of protons from a wide variety of stable
nuclei over a wide range of energies. A suitable and successful
framework to describe elastic nucleon-nucleus (NA) scattering
is provided by the nuclear optical potential [1]. With the optical
potential it is possible to compute the scattering observables
across wide regions of the nuclear landscape and to extend
calculations to inelastic scattering and to a wide variety of
nuclear reactions.

The optical potential can be derived phenomenologically
or, alternatively and more fundamentally, microscopically.
Phenomenological optical potentials are obtained assuming a
form and a dependence on a number of adjustable parameters
for the real and the imaginary parts that characterize the shape
of the nuclear density distribution and that vary with the
nuclear energy and the nuclear mass number. The parameters
are obtained through a fit to data of elastic proton-nucleus
(pA) scattering data. The calculation of a microscopic optical
potential requires, in principle, the solution of the full many-
body nuclear problem for the incident nucleon and the A
nucleons of the target, which is beyond present capabilities.
In practice, with suitable approximations, microscopic optical
potentials are usually derived from two basic quantities: the

nucleon-nucleon (NN ) t matrix and the matter distribution of
the nucleus.

The NN potential is an essential ingredient in the NA
scattering theory where its off-shell properties play an impor-
tant role. To obtain a good description of these properties
microscopic optical potentials are usually derived employ-
ing“realistic” NN potentials, which are able to reproduce the
experimental NN phase shifts with χ2/datum ! 1.

In a previous paper of ours [2] a new microscopic optical
potential for elastic pA scattering was obtained employing
microscopic two-body chiral potentials, i.e., NN potentials
derived from first principles. The purpose of our work was just
to study the domain of applicability of chiral potentials in the
construction of an optical potential. The theoretical framework
basically follows the approach of Ref. [3], where the Watson
multiple scattering theory was developed expressing the NA
optical potential by a series expansion in terms of the free
NN scattering amplitudes. In the calculations of Ref. [2]
the expansion is truncated at the first-order term, medium
effects are neglected in the interaction between the projectile
and the target nucleon, and in the impulse approximation
the interaction is described by the free NN t matrix. In
addition, the optimum factorization approximation is adopted,
where the optical potential is given by the factorized product
of the free NN t matrix and the nuclear density. For the
NN interaction, in Ref. [2] two different versions of chiral
potentials at fourth order (N3LO) in the chiral expansion are
used, developed by Entem and Machleidt [4] and Epelbaum,
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FIG. 2. Scattering observables (differential cross section dσ/d",
analyzing power Ay , and spin rotation Q) as a function of the
center-of-mass scattering angle θ for elastic proton scattering on 16O
computed at 200 MeV (laboratory energy). We employ one of the
EKM [6,7] potentials (red bands determined by R = 0.9 fm) and one
of the EMN [8,9] potentials (cyan bands) which uses a momentum
cutoff $ = 500 MeV. To estimate theoretical errors, we used Eq. (8)
with $b = 600 MeV. Coulomb distortion is included as explained in
Ref. [2]. Empirical data are taken from Refs. [42,43].

at fourth order (N3LO), the present results in Fig. 2 give a
comparable, and in general not particularly better, description
of the experimental data. From this point of view, they confirm
our previous results of Ref. [2]. The aim of our investigation
was not to obtain perfect agreement with the data (although
not perfect, the agreement can be considered reasonable if we
bear in mind the approximations of our model), but to study
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FIG. 3. The same as in Fig. 2 for 12C at an energy of 200 MeV.
Empirical data are taken from Refs. [42,43].
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FIG. 4. The same as in Fig. 2 for 40Ca at an energy of 200 MeV.
Empirical data are taken from Refs. [42,43].

the applicability of microscopic two-body chiral potentials in
the construction of an optical potential. More specifically, in
this work, our aim is to check the convergence of the ChPT
perturbative expansion and the sensitivity of the results to the
choice of the NN potential and to the adopted regularization
prescription. Different NN potentials, able to give equivalently
good descriptions of NN elastic-scattering data, may have
a different off-shell behavior, and it is this behavior, that
cannot be tested in the comparison with NN scattering data,
that can produce different results when the NN potentials
are used to calculate the optical potential for elastic NA
scattering.

Also for 12C in Fig. 3 all sets of NN potentials give
very close results for the calculated differential cross sections
and somewhat larger, although not crucial, differences for the
analyzing power Ay and the spin rotation Q. The experimental
cross section is well described by our results for angles up to
θ ! 45◦ and somewhat underestimated at larger angles. Our
calculations are able to describe the behavior (the shape better
than the size) of the experimental Ay . No empirical data are
available for Q.

For 40Ca in Fig. 4 all sets of NN potentials give very close
results and a generally good description of the experimental
cross section. The experimental analyzing power Ay is
somewhat overestimated (but for small angles), in particular
around the minima.

Generally speaking, red bands are narrower than cyan
ones, suggesting a stronger control of theoretical errors at
N4LO for the EKM potentials. Concerning the order-by-order
convergence pattern (N2LO, N3LO, N4LO) for the scattering
observables of elastic proton scattering on 16O, an example
calculated with the EKM potential is presented in Fig. 5.
The error bands and therefore the theoretical uncertainties
are clearly reduced from N2LO to N4LO, the convergence
pattern is clear, and we can conclude that convergence has
been reached at N4LO. We do not expect large contributions

044001-6

MATTEO VORABBI, PAOLO FINELLI, AND CARLOTTA GIUSTI PHYSICAL REVIEW C 96, 044001 (2017)

10-2
10-1
100
101
102
103
104

dσ
/d
Ω

 [m
b/

sr
]

EKM
EMN

-0.5

0

0.5

1
A

y

0 10 20 30 40 50 60
θ [deg]

-0.5

0

0.5

1

Q

(a)

(b)

(c)

FIG. 2. Scattering observables (differential cross section dσ/d",
analyzing power Ay , and spin rotation Q) as a function of the
center-of-mass scattering angle θ for elastic proton scattering on 16O
computed at 200 MeV (laboratory energy). We employ one of the
EKM [6,7] potentials (red bands determined by R = 0.9 fm) and one
of the EMN [8,9] potentials (cyan bands) which uses a momentum
cutoff $ = 500 MeV. To estimate theoretical errors, we used Eq. (8)
with $b = 600 MeV. Coulomb distortion is included as explained in
Ref. [2]. Empirical data are taken from Refs. [42,43].
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comparable, and in general not particularly better, description
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not perfect, the agreement can be considered reasonable if we
bear in mind the approximations of our model), but to study

10-3
10-2
10-1
100
101
102
103
104

dσ
/d
Ω

 [m
b/

sr
]

EKM
EMN

-0.5

0

0.5

1

A
y

0 10 20 30 40 50 60
θ [deg]

-0.5

0

0.5

1

Q

(a)

(b)

(c)

FIG. 3. The same as in Fig. 2 for 12C at an energy of 200 MeV.
Empirical data are taken from Refs. [42,43].

10-210-1100101102103104105

dσ
/d
Ω

 [m
b/

sr
]

EKM
EMN

-1

-0.5

0

0.5

1

A
y

0 10 20 30 40 50 60
θ [deg]

-1

-0.5

0

0.5

1

Q

(a)

(b)

(c)

FIG. 4. The same as in Fig. 2 for 40Ca at an energy of 200 MeV.
Empirical data are taken from Refs. [42,43].

the applicability of microscopic two-body chiral potentials in
the construction of an optical potential. More specifically, in
this work, our aim is to check the convergence of the ChPT
perturbative expansion and the sensitivity of the results to the
choice of the NN potential and to the adopted regularization
prescription. Different NN potentials, able to give equivalently
good descriptions of NN elastic-scattering data, may have
a different off-shell behavior, and it is this behavior, that
cannot be tested in the comparison with NN scattering data,
that can produce different results when the NN potentials
are used to calculate the optical potential for elastic NA
scattering.

Also for 12C in Fig. 3 all sets of NN potentials give
very close results for the calculated differential cross sections
and somewhat larger, although not crucial, differences for the
analyzing power Ay and the spin rotation Q. The experimental
cross section is well described by our results for angles up to
θ ! 45◦ and somewhat underestimated at larger angles. Our
calculations are able to describe the behavior (the shape better
than the size) of the experimental Ay . No empirical data are
available for Q.

For 40Ca in Fig. 4 all sets of NN potentials give very close
results and a generally good description of the experimental
cross section. The experimental analyzing power Ay is
somewhat overestimated (but for small angles), in particular
around the minima.

Generally speaking, red bands are narrower than cyan
ones, suggesting a stronger control of theoretical errors at
N4LO for the EKM potentials. Concerning the order-by-order
convergence pattern (N2LO, N3LO, N4LO) for the scattering
observables of elastic proton scattering on 16O, an example
calculated with the EKM potential is presented in Fig. 5.
The error bands and therefore the theoretical uncertainties
are clearly reduced from N2LO to N4LO, the convergence
pattern is clear, and we can conclude that convergence has
been reached at N4LO. We do not expect large contributions
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Scattering observables for  16O computed at 200 
MeV with the EKM potential at different orders: 
green bands are the N2LO results, and blue and 
red bands are the N3LO and N4LO results, 
respectively.
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To guarantee more stable results from a numerical point of
view, n = 6 is the adopted value. Five available choices of
R are available: 0.8, 0.9, 1.0, 1.1, and 1.2 fm, leading to
five potentials with different χ2/datum. As shown in Table 3
of Ref. [7], they are almost equivalent for energies below
200 MeV, with larger discrepancies for higher energies, in
particular for the softest (1.2 fm) and the hardest cases
(0.8 fm).

2. The EMN approach

However, Machleidt et al. [8,9] pursued a slightly more
conventional approach to develop a NN potential at N4LO.
They employed a SFR with a cutoff "̃ = 700 MeV (while, at
lower orders, "̃ = 650 MeV) in order to regularize the loop
contributions. The long-range parts are constrained by a recent
Roy-Steiner (RS) analysis by Hoferichter et al. [35,36]. With
RS equations the LECs can be extracted from the subthreshold
point in πN scattering data with extremely low uncertainties
(see Table II of Ref. [9] for more details). As a last step, to
deal with infinities in the LS equation, a conventional regulator
function [Eq. (5)] is employed, with " = 450, 500, and
550 MeV as available choices, and m = 2 and 4 for multipion
and single-pion exchange contributions, respectively. For all
details we refer the reader to Refs. [8,9]. The N4LO potential
produced with the previous approach is able to reproduce a
very large NN database (see Sec. III A of Ref. [9]) with a
“realistic” χ2/datum ∼1.15.

It is therefore very interesting to compare these two
different approaches and to study the differences produced
on elastic NA scattering observables by the different NN
potentials and their regularizations. In particular, our goal is
to study what regularization prescription is more suitable and
successful in reproducing empirical data. In the following,
results are presented and compared for the NN Wolfenstein
amplitudes and for elastic proton-scattering observables on
12C, 16O, and 40Ca nuclei.

III. RESULTS

A. N N amplitudes

In this section we present and discuss the theoretical results
for the pp and pn Wolfenstein amplitudes [37,38]. For the
J = 0+ nuclei we are interested in in the present work, only a
and c amplitudes survive and they are connected to the central
and the spin-orbit part of the NN t matrix, respectively (more
details can be found, e.g., in Sec. II B of Ref. [2]).

All calculations are performed with one of the EKM [6,7]
potentials (red bands in Fig. 1), corresponding to R = 0.9
fm, and with the EMN [8,9] potential (cyan bands in Fig. 1),
which employs a momentum cutoff regularization with
" = 500 MeV.

In both cases we plot bands and not just lines because, for
this class of chiral potentials, it is possible to assess theoretical
errors associated with the truncation of the chiral expansion. To
estimate the size of these theoretical uncertainties, we follow
the same approach proposed in Refs. [6,7]. Given an observ-
ableO(p) as a function of the center-of-mass momentum p, the
uncertainty $On(p) at order n is given by the size of neglected

higher-order terms. For example, at N4LO order we have

$ON4LO(p) = max (Q6 × |OLO(p)|,
×Q4 × |OLO(p) − ONLO(p)|,

×Q3|ONLO(p) − ON2LO(p)|,

×Q2 × |ON2LO(p) − ON3LO(p)|,

×Q|ON3LO(p) − ON4LO(p)|), (8)

where Q is defined as

Q = max
(

p

"b

,
Mπ

"b

)
, (9)

and "b = 600 MeV is an optimal choice [6,7,39]. Concerning
error estimates, other prescriptions can be used [39]. For
example, the simplest one would be to explore cutoff
dependencies. We have performed some preliminary
calculations and, in our opinion, the method introduced in
Refs. [6,7] seems to be the best choice.

We also tested that predictions based on different values
of R and "b are quite close and consistent with each other
(as remarked in Ref. [6], larger values of R are probably
less accurate due to a larger influence of cutoff artifacts). We
are therefore confident that for our present purposes showing
results with only a single potential of the EKM set will not
affect our conclusions in any way. The same assumption can
be made about the EMN potentials: changing the cutoffs does
not lead to sizable differences in χ2/datum (see Table VIII
in Ref. [9]) and it is safe to perform calculations with only a
single potential.

In Fig. 1 the theoretical results for the real and imaginary
parts of the pp and pn amplitudes (a and c), computed at
an energy of 200 MeV, are shown as functions of the center-
of-mass NN angle φ and compared with the experimental
amplitudes, which have been extracted from the experimental
NN phase shifts [24]. We have chosen a rather high energy for
our calculations in order to enlarge the differences among the
potentials employed. As shown in Figs. 1 and 2 of Ref. [2], no
appreciable differences are given by different NN potentials
at lower energies. In Fig. 1 the experimental data are globally
very well reproduced by the theoretical results, with the only
remarkable exception of the real part of the cpp amplitude that
is overestimated. It must be considered, however, that cpp is
a very small quantity, i.e., two orders of magnitude smaller
than the respective imaginary part, and it will only provide a
very small contribution to the optical potential. We do not find
appreciable differences with respect to the choice of the NN
potential; in fact the cyan bands largely overlap the red bands
for any amplitudes. In both cases, the bands are very narrow,
maybe with mild exceptions for the real part of app and the
imaginary components of cpp and cpn. As a consequence, we
can conclude that the NN sector has already reached a robust
convergence at N4LO and we do not expect large contributions
from the N5LO extension [40,41].

B. Elastic proton-nucleus scattering observables

In this section we present and discuss our numerical results
for the pA elastic scattering observables calculated with the
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To guarantee more stable results from a numerical point of
view, n = 6 is the adopted value. Five available choices of
R are available: 0.8, 0.9, 1.0, 1.1, and 1.2 fm, leading to
five potentials with different χ2/datum. As shown in Table 3
of Ref. [7], they are almost equivalent for energies below
200 MeV, with larger discrepancies for higher energies, in
particular for the softest (1.2 fm) and the hardest cases
(0.8 fm).

2. The EMN approach

However, Machleidt et al. [8,9] pursued a slightly more
conventional approach to develop a NN potential at N4LO.
They employed a SFR with a cutoff "̃ = 700 MeV (while, at
lower orders, "̃ = 650 MeV) in order to regularize the loop
contributions. The long-range parts are constrained by a recent
Roy-Steiner (RS) analysis by Hoferichter et al. [35,36]. With
RS equations the LECs can be extracted from the subthreshold
point in πN scattering data with extremely low uncertainties
(see Table II of Ref. [9] for more details). As a last step, to
deal with infinities in the LS equation, a conventional regulator
function [Eq. (5)] is employed, with " = 450, 500, and
550 MeV as available choices, and m = 2 and 4 for multipion
and single-pion exchange contributions, respectively. For all
details we refer the reader to Refs. [8,9]. The N4LO potential
produced with the previous approach is able to reproduce a
very large NN database (see Sec. III A of Ref. [9]) with a
“realistic” χ2/datum ∼1.15.

It is therefore very interesting to compare these two
different approaches and to study the differences produced
on elastic NA scattering observables by the different NN
potentials and their regularizations. In particular, our goal is
to study what regularization prescription is more suitable and
successful in reproducing empirical data. In the following,
results are presented and compared for the NN Wolfenstein
amplitudes and for elastic proton-scattering observables on
12C, 16O, and 40Ca nuclei.

III. RESULTS

A. N N amplitudes

In this section we present and discuss the theoretical results
for the pp and pn Wolfenstein amplitudes [37,38]. For the
J = 0+ nuclei we are interested in in the present work, only a
and c amplitudes survive and they are connected to the central
and the spin-orbit part of the NN t matrix, respectively (more
details can be found, e.g., in Sec. II B of Ref. [2]).

All calculations are performed with one of the EKM [6,7]
potentials (red bands in Fig. 1), corresponding to R = 0.9
fm, and with the EMN [8,9] potential (cyan bands in Fig. 1),
which employs a momentum cutoff regularization with
" = 500 MeV.

In both cases we plot bands and not just lines because, for
this class of chiral potentials, it is possible to assess theoretical
errors associated with the truncation of the chiral expansion. To
estimate the size of these theoretical uncertainties, we follow
the same approach proposed in Refs. [6,7]. Given an observ-
ableO(p) as a function of the center-of-mass momentum p, the
uncertainty $On(p) at order n is given by the size of neglected

higher-order terms. For example, at N4LO order we have

$ON4LO(p) = max (Q6 × |OLO(p)|,
×Q4 × |OLO(p) − ONLO(p)|,

×Q3|ONLO(p) − ON2LO(p)|,

×Q2 × |ON2LO(p) − ON3LO(p)|,

×Q|ON3LO(p) − ON4LO(p)|), (8)

where Q is defined as

Q = max
(

p

"b

,
Mπ

"b

)
, (9)

and "b = 600 MeV is an optimal choice [6,7,39]. Concerning
error estimates, other prescriptions can be used [39]. For
example, the simplest one would be to explore cutoff
dependencies. We have performed some preliminary
calculations and, in our opinion, the method introduced in
Refs. [6,7] seems to be the best choice.

We also tested that predictions based on different values
of R and "b are quite close and consistent with each other
(as remarked in Ref. [6], larger values of R are probably
less accurate due to a larger influence of cutoff artifacts). We
are therefore confident that for our present purposes showing
results with only a single potential of the EKM set will not
affect our conclusions in any way. The same assumption can
be made about the EMN potentials: changing the cutoffs does
not lead to sizable differences in χ2/datum (see Table VIII
in Ref. [9]) and it is safe to perform calculations with only a
single potential.

In Fig. 1 the theoretical results for the real and imaginary
parts of the pp and pn amplitudes (a and c), computed at
an energy of 200 MeV, are shown as functions of the center-
of-mass NN angle φ and compared with the experimental
amplitudes, which have been extracted from the experimental
NN phase shifts [24]. We have chosen a rather high energy for
our calculations in order to enlarge the differences among the
potentials employed. As shown in Figs. 1 and 2 of Ref. [2], no
appreciable differences are given by different NN potentials
at lower energies. In Fig. 1 the experimental data are globally
very well reproduced by the theoretical results, with the only
remarkable exception of the real part of the cpp amplitude that
is overestimated. It must be considered, however, that cpp is
a very small quantity, i.e., two orders of magnitude smaller
than the respective imaginary part, and it will only provide a
very small contribution to the optical potential. We do not find
appreciable differences with respect to the choice of the NN
potential; in fact the cyan bands largely overlap the red bands
for any amplitudes. In both cases, the bands are very narrow,
maybe with mild exceptions for the real part of app and the
imaginary components of cpp and cpn. As a consequence, we
can conclude that the NN sector has already reached a robust
convergence at N4LO and we do not expect large contributions
from the N5LO extension [40,41].

B. Elastic proton-nucleus scattering observables

In this section we present and discuss our numerical results
for the pA elastic scattering observables calculated with the
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16O at 200 MeV

40Ca at 200 MeV

• The bands associated with the 
theoretical errors due to the 
truncation of the chiral expansion 
are small for the cross sections and 
larger for the polarization 
observables.


• The order-by-order convergence 
pattern is clear and we can conclude 
that convergence has been reached 
at N4LO and we do not expect large 
contributions from the higher-order 
extensions in the NN sector. 
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Background: Elastic scattering is a very important process to understand nuclear interactions in finite nuclei.
Despite decades of efforts, the goal of reaching a coherent description of this physical process in terms of
microscopic forces is still far from being completed.
Purpose: In previous papers we derived a nonrelativistic theoretical optical potential from nucleon-nucleon
chiral potentials at fourth (N3LO) and fifth order (N4LO). We checked convergence patterns and established
theoretical error bands. With this work we study the performances of our optical potential in comparison with
those of a successful nonrelativistic phenomenological optical potential in the description of elastic proton
scattering data on several isotopic chains at energies around and above 200 MeV.
Methods: We use the same framework and the same approximations as adopted in our previous papers, where
the nonrelativistic optical potential is derived at the first-order term within the spectator expansion of the multiple
scattering theory and adopting the impulse approximation and the optimum factorization approximation.
Results: The cross sections and analyzing powers for elastic proton scattering off calcium, nickel, tin, and lead
isotopes are presented for several incident proton energies, exploring the range 156 ! E ! 333 MeV, where
experimental data are available. In addition, we provide theoretical predictions for 56Ni at 400 MeV, which is of
interest for the future experiments at EXL.
Conclusions: Our results indicate that microscopic optical potentials derived from nucleon-nucleon chiral
potentials at N4LO can provide reliable predictions for the cross section and the analyzing power both of stable
and exotic nuclei, even at energies where the reliability of the chiral expansion starts to be questionable.
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I. INTRODUCTION

The scattering process of an incident nucleon off a target
nucleus is a widespread experimental tool for investigating,
with specific nuclear reactions, the different properties of
a nuclear system. Elastic scattering is probably the main
event occurring in the nucleon-nucleus (NA) scattering and
measurements of cross sections and polarization observables
in elastic proton-nucleus (pA) scattering have provided a lot
of detailed information on nuclear properties [1,2].

A huge amount of experimental data has been collected
over the last years concerning stable nuclei (usually with
proton or neutron numbers corresponding to some magic
configurations), but nowadays one of the most active areas of
research in nuclear physics is to understand the properties of
nuclei far from the beta-stability line. A number of radioactive
ion-beam facilities will be used in next years for this purpose.
In particular, we would like to mention the FAIR project, with
the section dedicated to electromagnetic and light hadronic
probes (EXL) [3,4], where the structure of unstable exotic
nuclei in light-ion scattering experiments at intermediate en-
ergies will be extensively studied. Some preliminary mea-
surements have already been performed by investigating the
reaction 56Ni(p, p)56Ni at an energy of 400 MeV/u in inverse

kinematics [5]. The authors of Ref. [5] claim that the prelimi-
nary results are very promising and demonstrate the feasibility
of the intended program of EXL. This result strongly supports
the need of a reliable description of the interaction of a
nucleon with stable and unstable nuclei. Unfortunately, such
processes are characterized by many-body effects that make
their theoretical description an extremely hard task.

A very useful framework to achieve this goal is provided
by the theoretical concept of the optical potential (OP), where
the complicated nature of the NA interaction is described
introducing a complex effective potential whose real part
describes the average interaction between the projectile and
the target, and the imaginary part describes the effect of all
inelastic processes which tend to deplete the flux in the elastic
channel [6]. The OP was originally employed to analyze the
NA elastic-scattering data, but its use has been afterwards
extended to inelastic scattering and to a wide variety of
nuclear reactions.

Different OPs for elastic NA scattering have been de-
rived either by phenomenological analyses of experimen-
tal data or by a more fundamental microscopic calculation.
Phenomenological OPs are obtained assuming an analytical
form of the potential which depends on some free parameters
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not lead to sizable differences in the χ2/datum (see Table VIII
in Ref. [21]) and it is safe to perform calculations with only
two potentials. Because we want to explore elastic scattering
at energies around and above 200 MeV, we exclude the EKM
potentials with R = 1.1 and 1.2 fm and the EMN potential
with ! = 450 MeV. We are confident that for our present
purposes showing results with only a limited set of NN chiral
potentials will not affect our conclusions in any way.

B. Phenomenological potentials

One of the most recent and successful phenomenological
OPs was developed by Koning et al. [10]. As quoted in the
original paper, the authors provided a phenomenological OP
able to challenge the best microscopic approaches in terms of
predictive power.

The phenomenological OP Vopt for proton-nucleus scatter-
ing is usually defined as [10]

Vopt = −VV (r, E) − iWV (r, E) − iWD (r, E)

+VSO (r, E)l · s + iWSO (r, E)l · s + VC (r, E), (4)

where VV,SO and WV,D,SO are the real and imaginary com-
ponents of the volume-central (V ), surface-central (D), and
spin-orbit (SO) potentials, respectively, and E is the labo-
ratory energy of the incident particle. All the components
are separated in energy-dependent well depths and energy-
independent shape functions as V (r, E) ∼ Ṽ (E)f (r ) and
W (r, E) ∼ W̃ (E)f (r ), where the radial functions usually
resemble a Woods–Saxon shape (in the volume case) and the
radial derivative of a Woods–Saxon shape (in the other cases).
The Coulomb term VC is usually given by that of a uniformly
charge sphere.

The potential of Ref. [10] is a so-called “global” OP,
which means that the free adjustable parameters are fit for a
wide range of nuclei (24 ! A ! 249) and of incident energies
(1 keV ! E ! 200 MeV) with some parametric dependence
of the coefficients in terms of the target mass number A and
of the incident energy E. An alternative choice, not adopted
in Ref. [10], would be to produce an OP for each single target
nucleus. We refer the reader to Ref. [10] for more details.
Recently, an extension of the OP of Ref. [10] up to 1 GeV
has been proposed [11]. It is generally believed that above
∼180 MeV the Schrödinger picture of the phenomenological
OP should be taken over by a Dirac approach [42], but the
extension was done just with the aim to test at which energy
the validity of the predictions of the nonrelativistic OP fails.
We are aware that above 200 MeV an approach based on the
Dirac equation would probably be a more consistent choice,
but since we are interested in testing the limit of applicability
of our (nonrelativistic) microscopic OP we will use such an
extension to perform some benchmark calculations at center-
of-mass energies close to 300 MeV. All the calculations have
been performed by ECIS-06 [43] as a subroutine in the TALYS
software [42,44].

III. RESULTS

The aim of the present paper is to investigate and compare
the predictive power of our microscopic OP derived from the
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FIG. 1. Ratio of the differential cross section to the Rutherford
cross section as a function of the center-of-mass scattering angle
θ for elastic proton scattering off 16O. Calculations are performed
at E = 200 MeV (laboratory energy) with the microscopic OPs
derived from the EKM [17,19] (EKM, red band) and EMN [20,21]
(EMN, green band) NN chiral potentials at N4LO and with the
phenomenological global OP of Ref. [42] (KD, violet line). The
interpretation of the bands is explained in the text. Experimental data
are from Refs. [45,46].

EKM [17,19] and EMN [20,21] chiral potentials at N4LO and
of the phenomenological global OP KD derived by Koning
et al. [10,11] in comparison with available data of elastic
pA scattering. To this aim, in this section we present and
discuss the predictions of the different OPs for the differential
cross section dσ

d"
, presented as a ratio to the Rutherford cross

section, dσ
d"

/ dσ
d" Ruth, and analyzing power Ay of proton elastic

scattering over a wide range of nuclei and isotope chains,
from oxygen to lead, and for proton energies between 156 and
333 MeV, for which experimental data are available.

The energy range considered for our investigation was
chosen on the basis of the assumptions and approximations
adopted in the derivation of the theoretical OP. In particular,
the impulse approximation does not allow us to use our mi-
croscopic OP with enough confidence at much lower energies,
where we can expect that the phenomenological KD potential
is able to give a better agreement with the experimental data.
The upper energy limit is determined by the fact that the
EKM and EMN chiral potentials are able to describe NN
scattering observables up to 300 MeV [17,19–21]. The phe-
nomenological global KD potential was originally constructed
for energies up to 200 MeV [10] and it was then extended
up to 1 GeV [11]. It can therefore be interesting to test and
compare the validity of the predictions of both microscopic
and phenomenological OPs up to about 300 MeV.

In Ref. [9] we compared the results obtained with different
versions of EKM and EMN chiral potentials at N4LO for
the pp and pn Wolfenstein amplitudes and for the scattering
observables of elastic proton scattering off 12C, 16O, and
40Ca nuclei at an incident proton energy E = 200 MeV. For
the sake of comparison with our previous work, we show
in Fig. 1 the ratio of the differential cross section to the
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FIG. 2. The same as in Fig. 1 for 40,42,44,48Ca isotopes at 200 MeV. Experimental data are from Refs. [45,46].

Rutherford cross section for elastic proton scattering off 16O
at E = 200 MeV. The results obtained with the EKM and
EMN potentials and with the KD optical potential are com-
pared with the experimental data taken from Refs. [45,46].
The EKM and EMN results correspond to the results shown
in Fig. 2 of Ref. [9] for the differential cross section (of
course with a different meaning of the bands) and give a
reasonable, although not perfect, agreement with data. The
experimental ratio is slightly overestimated at lower angles
and somewhat underestimated for θ ! 50◦. The differences
between the EKM and EMN results are small and not cru-
cial, EKM gives a smaller cross section around the maxima
and therefore a somewhat better agreement with the data
in this region. The bands, representing the uncertainties on
the regularization of the NN chiral potentials, are generally
small and not influential for the comparison with data. The
KD result gives a good description of the experimental cross
section for θ " 20◦ and underpredicts the data for larger
angles. We point out, to be honest, that KD was obtained
for nuclei in the mass range 24 " A " 209 while 16O is
below this range. We present the result only for the sake of
comparison.

The ratios of the differential cross section to the Ruther-
ford cross section for elastic proton scattering off calcium,
nickel, tin, and lead isotopes are shown in Figs. 2–5. The
results are compared with the experimental data taken from
Refs. [45,46].

All the results for 40,42,44,48Ca isotopes in Fig. 2 are for
an incident-proton energy of 200 MeV. The experimental
database used to generate the KD potential includes 40Ca
at E = 200 MeV. In Fig. 2 KD gives indeed an excellent
agreement with 40Ca data, and a good agreement also for the
other isotopes. The results with the EKM and EMN potentials
are very close to each other, the uncertainty bands are narrow,
and the agreement with data, which is reasonable and of about
the same quality for all the isotopes, is however somewhat
worse than with KD, in particular at larger angles. At lower

angles the EKM and EMN results well reproduce the behavior
of the experimental cross section, which is sometimes a bit
overestimated by the calculations. A better agreement with
data would presumably be obtained by improving or reducing
the approximations adopted in the calculation of the micro-
scopic OP.

In Fig. 3 we show the results for 58Ni at E = 192 and
295 MeV, 60Ni at E = 178 MeV, and 62Ni at E = 156 MeV.
The experimental database used to generate the KD potential
includes 58Ni up to 200 MeV and 60Ni up to 65 MeV. For 58Ni
KD gives a good description of the data at 192 MeV, while
a much worse agreement is obtained at the higher energy of
295 MeV, where only the overall behavior of the experimental
cross section is reproduced by the phenomenological OP. The
EKM and EMN results give a better and reasonable descrip-
tion of the data at 295 MeV, up to θ ∼ 40◦. At 192 MeV
the microscopic OP can roughly describe the shape of the
experimental cross section, but the size is somewhat overesti-
mated. KD gives only a poor description of the data for 60Ni at
178 MeV and a very good agreement for 62Ni at 156 MeV. The
microscopic OP gives a better and reasonable agreement with
the 60Ni data, over all the angular distribution, while for 62Ni
the results are a bit larger than those of the KD potential. The
EKM and EMN results are always very close to each other
and the bands are generally narrow.

The results for 116,118,120,122,124Sn isotopes at 295 MeV and
for 120Sn at 200 MeV are displayed in Fig. 4. In this case
all the OPs give qualitatively similar results and a reasonable
agreement with data, in particular, for θ " 20◦. The agree-
ment generally declines for larger angles. KD gives a better
description of 120Sn data at 200 MeV, where the EKM and
EMN results are a bit larger than the data at the maxima and a
bit lower at the minima. We note that 120Sn is included in the
experimental database for the KD potential for proton energies
up to 160 MeV. At 295 MeV, the microscopic OP gives, in
general, a slightly better agreement with the data than KD for
all the tin isotopes shown in the figure.
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Calculations are performed at E = 200 MeV in comparison 
with the phenomenological global OP of Koning-Delaroche 
(TALYS code)

The agreement of our present 
results with empirical data is 
sometimes worse and 
sometimes better but overall 
comparable to the 
agreement given by the 
phenomenological OP, in 
particular for energies close 
to 200 MeV and above 200 
MeV.
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FIG. 5. The same as in Fig. 1 for Pb isotopes: 208Pb at E = 200 MeV and 204,206,208Pb at E = 295 MeV. Experimental data are from
Refs. [45,46].

microscopic OP, in spite of the approximations made to derive
it, has a comparable and in some cases even better predictive
power in the description of the cross sections on the isotopic
chains and energy range here considered. KD is able to give a
better and excellent description of data in specific situations,
in particular, for data included in the experimental database
used to obtain the parameters of the phenomenological KD
potential and at the lower energies considered. Our micro-
scopic OP is able to give a similar and more homogeneous

description of data for all the nuclei of an isotopic chain and,
for energies above 200 MeV, it gives, in general, a better
agreement with data than the phenomenological KD potential.
This conclusion is confirmed by the results shown in Fig. 6,
where the ratios of the differential cross section to the Ruther-
ford cross section are displayed for elastic proton scattering
off 16O and 40,42,44,48Ca at E = 318 MeV and 58Ni at E = 333
MeV in comparison with the data taken from Refs. [45,46].
The differences between the results of the phenomenological
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FIG. 6. The same as in Fig. 1 for 16O and 40,42,44,48Ca at E = 318 MeV and 58Ni at E = 333 MeV. Experimental data are from Refs. [45,46].
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Background: In a previous series of papers we investigated the domain of applicability of chiral potentials to the
construction of a microscopic optical potential (OP) for elastic nucleon-nucleus scattering. The OP was derived
at the first order of the spectator expansion of the Watson multiple scattering theory and its final expression
was a folding integral between the nucleon-nucleon (NN) t matrix and the nuclear density of the target. In the
calculations NN and three-nucleon (3N) chiral interactions were used for the target density and only the NN
interaction for the NN t matrix.
Purpose: The purpose of this work is to achieve another step towards the calculation of a more consistent OP
introducing the 3N force also in the dynamic part of the OP.
Methods: The full treatment of the 3N interaction is beyond our present capabilities. Thus, in the present work
it is approximated with a density dependent NN interaction obtained after the averaging over the Fermi sphere.
In practice, in our model the 3N force acts as a medium correction of the bare NN interaction used to calculate
the t matrix. Even if the 3N force is treated in an approximate way, this method naturally extends our previous
model of the OP and allows a direct comparison of our present and previous results.
Results: We consider as case studies the elastic scattering of nucleons off 12C and 16O. We present results for
the differential cross section and the spin observables for different values of the projectile energy. From the
comparison with the experimental data and with the results of our previous model we assess the importance of
the 3N interaction in the dynamic part of the OP.
Conclusions: Our analysis indicates that the contribution of the 3N force in the t matrix is small for the differen-
tial cross section and it is sizable for the spin observables, in particular, for the analyzing power. We find that the
two-pion exchange term is the major contributor to the 3N force. A chiral expansion order-by-order analysis of
the scattering observables confirms the convergence of our results at the next-to-next-to-next-to-leading-order,
as already established in our previous work.
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I. INTRODUCTION

The optical potential (OP) is a widely used tool developed
in the first instance to describe the elastic nucleon-nucleus
scattering and successively employed in other nuclear reac-
tions. Decades of research work have led to the development
of different phenomenological and microscopic approaches to
derive OPs to be employed in different kinematical regions
and for different reactants. A phenomenological approach is
generally preferred to achieve a more accurate description of
the available experimental data. Despite this accuracy, the pre-
dictive power of phenomenological OPs remains poor when
they are applied to situations for which data are not yet avail-
able, due to their dependence on several free parameters fitted
to reproduce the existing data. A microscopic approach to the
OP still remains the preferred way to make reliable predictions
and to assess the impact of the approximations introduced in

the model, and, recently, several new works have been devoted
to this topic [1–24].

At intermediate energies, the construction of a microscopic
OP based on the Watson multiple scattering theory is particu-
larly appealing, and in the 90’s it produced several theoretical
works [25–32] where realistic nucleon-nucleon (NN) interac-
tions together with nuclear target densities were used as the
input for the calculation of such microscopic OPs.

The development of new NN and three-nucleon (3N)
interactions derived within the framework of the chiral per-
turbation theory (ChPT), together with the modern accurate
many-body techniques, resulted in a renewed interest in the
subject, because of the possibility to achieve a more con-
sistent calculation of the OP using the NN and 3N forces
as the only input for the computation of its dynamic and
structure parts. We note that this choice is not unique and,
recently, a similar OP has been successfully derived [21,22]
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sistent calculation of the OP using the NN and 3N forces
as the only input for the computation of its dynamic and
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Background: In a previous series of papers we investigated the domain of applicability of chiral potentials to the
construction of a microscopic optical potential (OP) for elastic nucleon-nucleus scattering. The OP was derived
at the first order of the spectator expansion of the Watson multiple scattering theory and its final expression
was a folding integral between the nucleon-nucleon (NN) t matrix and the nuclear density of the target. In the
calculations NN and three-nucleon (3N) chiral interactions were used for the target density and only the NN
interaction for the NN t matrix.
Purpose: The purpose of this work is to achieve another step towards the calculation of a more consistent OP
introducing the 3N force also in the dynamic part of the OP.
Methods: The full treatment of the 3N interaction is beyond our present capabilities. Thus, in the present work
it is approximated with a density dependent NN interaction obtained after the averaging over the Fermi sphere.
In practice, in our model the 3N force acts as a medium correction of the bare NN interaction used to calculate
the t matrix. Even if the 3N force is treated in an approximate way, this method naturally extends our previous
model of the OP and allows a direct comparison of our present and previous results.
Results: We consider as case studies the elastic scattering of nucleons off 12C and 16O. We present results for
the differential cross section and the spin observables for different values of the projectile energy. From the
comparison with the experimental data and with the results of our previous model we assess the importance of
the 3N interaction in the dynamic part of the OP.
Conclusions: Our analysis indicates that the contribution of the 3N force in the t matrix is small for the differen-
tial cross section and it is sizable for the spin observables, in particular, for the analyzing power. We find that the
two-pion exchange term is the major contributor to the 3N force. A chiral expansion order-by-order analysis of
the scattering observables confirms the convergence of our results at the next-to-next-to-next-to-leading-order,
as already established in our previous work.
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I. INTRODUCTION

The optical potential (OP) is a widely used tool developed
in the first instance to describe the elastic nucleon-nucleus
scattering and successively employed in other nuclear reac-
tions. Decades of research work have led to the development
of different phenomenological and microscopic approaches to
derive OPs to be employed in different kinematical regions
and for different reactants. A phenomenological approach is
generally preferred to achieve a more accurate description of
the available experimental data. Despite this accuracy, the pre-
dictive power of phenomenological OPs remains poor when
they are applied to situations for which data are not yet avail-
able, due to their dependence on several free parameters fitted
to reproduce the existing data. A microscopic approach to the
OP still remains the preferred way to make reliable predictions
and to assess the impact of the approximations introduced in

the model, and, recently, several new works have been devoted
to this topic [1–24].

At intermediate energies, the construction of a microscopic
OP based on the Watson multiple scattering theory is particu-
larly appealing, and in the 90’s it produced several theoretical
works [25–32] where realistic nucleon-nucleon (NN) interac-
tions together with nuclear target densities were used as the
input for the calculation of such microscopic OPs.

The development of new NN and three-nucleon (3N)
interactions derived within the framework of the chiral per-
turbation theory (ChPT), together with the modern accurate
many-body techniques, resulted in a renewed interest in the
subject, because of the possibility to achieve a more con-
sistent calculation of the OP using the NN and 3N forces
as the only input for the computation of its dynamic and
structure parts. We note that this choice is not unique and,
recently, a similar OP has been successfully derived [21,22]
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FIG. 5. The same as in Fig. 2 but for 12C and for different
energies (122, 160, 200, and 300 MeV). Experimental data from
Refs. [83–87].

100 MeV in Fig. 2 is anyhow reasonably described by the
model. We note that even in the case of the cross section at
100 MeV the impact of the 3N contribution, although small,
does not improve but rather worsens the agreement with the
experimental data.

We conclude the analysis of the results for 16O by showing
in Fig. 4 a comparison of the differential cross section, analyz-
ing power, and spin rotation as functions of the center-of-mass
scattering angle for different combinations of the low-energy
constants cD and cE . The theoretical prediction with only the
pN chiral interaction of Ref. [54] (red lines) are compared
in the figure with the results generated switching on and off
the effective 3N contributions. Since the dependence on cD
and cE is very weak, it is reasonable to state that the main
contribution of the 3N force comes from the 3N-2π exchange
diagrams, that depend only on c1, c3, and c4.

We continue our analysis with the results for 12C: We plot
the differential cross section (Fig. 5) and analyzing power
(Fig. 6) as functions of the center-of-mass scattering angle at
different energies (122, 166, 200, and 300 MeV) in compari-
son with the experimental data [83–87]. No results are shown
for the spin rotation because no experimental data at these
energies are available. In the carbon case we observe the same
pattern as for oxygen and we can draw the same conclusions.
Genuine 3N forces appear to have a very small impact on the
cross sections, for all the considered energies of the projectile

FIG. 6. The same as in Fig. 3 but for 12C and for differ-
ent energies (122, 160, and 200 MeV). Experimental data from
Refs. [83–85].

and clearly improve the description of the experimental data
for polarization observables. The first minimum of Ay is satis-
factorily reproduced both in respect to the angular dependence
and the magnitude.

For the carbon case we also performed an order-by-order
analysis in terms of the chiral order expansion. In Fig. 7 we
show the differential cross sections dσ/d# as functions of the
center-of-mass scattering angle for elastic proton scattering
off 12C at 200 MeV at different orders of the chiral expansion.
Since 3N forces start to appear at N 2LO, at lower orders they
are not included and the predictions are plotted as lines and
not bands. Starting from N 2LO, the bands are obtained when
the matter density at which the 3N contributions are calculated
is allowed to vary in the interval 0.08 fm−3 ! ρ ! 0.13 fm−3.
At each order, we refitted cD and cE to ensure consistency
[80], following the same prescriptions explained in the pre-
vious section. To ensure complete consistency, we used the
same potentials both in the NCSM calculations and in the
projectile-target interaction. The uncertainties from the chiral
expansion at a certain order can be estimated as the difference
between the result at that order and the result at the next order.
The uncertainty at N4LO is estimated as the N3LO−N4LO
difference times Q/%, where Q is some average momentum
(or the pion mass) and % = 500 MeV. From the figure we can
see that the difference between N3LO and N4LO is small and,
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Background: In a previous series of papers we investigated the domain of applicability of chiral potentials to the
construction of a microscopic optical potential (OP) for elastic nucleon-nucleus scattering. The OP was derived
at the first order of the spectator expansion of the Watson multiple scattering theory and its final expression
was a folding integral between the nucleon-nucleon (NN) t matrix and the nuclear density of the target. In the
calculations NN and three-nucleon (3N) chiral interactions were used for the target density and only the NN
interaction for the NN t matrix.
Purpose: The purpose of this work is to achieve another step towards the calculation of a more consistent OP
introducing the 3N force also in the dynamic part of the OP.
Methods: The full treatment of the 3N interaction is beyond our present capabilities. Thus, in the present work
it is approximated with a density dependent NN interaction obtained after the averaging over the Fermi sphere.
In practice, in our model the 3N force acts as a medium correction of the bare NN interaction used to calculate
the t matrix. Even if the 3N force is treated in an approximate way, this method naturally extends our previous
model of the OP and allows a direct comparison of our present and previous results.
Results: We consider as case studies the elastic scattering of nucleons off 12C and 16O. We present results for
the differential cross section and the spin observables for different values of the projectile energy. From the
comparison with the experimental data and with the results of our previous model we assess the importance of
the 3N interaction in the dynamic part of the OP.
Conclusions: Our analysis indicates that the contribution of the 3N force in the t matrix is small for the differen-
tial cross section and it is sizable for the spin observables, in particular, for the analyzing power. We find that the
two-pion exchange term is the major contributor to the 3N force. A chiral expansion order-by-order analysis of
the scattering observables confirms the convergence of our results at the next-to-next-to-next-to-leading-order,
as already established in our previous work.
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I. INTRODUCTION

The optical potential (OP) is a widely used tool developed
in the first instance to describe the elastic nucleon-nucleus
scattering and successively employed in other nuclear reac-
tions. Decades of research work have led to the development
of different phenomenological and microscopic approaches to
derive OPs to be employed in different kinematical regions
and for different reactants. A phenomenological approach is
generally preferred to achieve a more accurate description of
the available experimental data. Despite this accuracy, the pre-
dictive power of phenomenological OPs remains poor when
they are applied to situations for which data are not yet avail-
able, due to their dependence on several free parameters fitted
to reproduce the existing data. A microscopic approach to the
OP still remains the preferred way to make reliable predictions
and to assess the impact of the approximations introduced in

the model, and, recently, several new works have been devoted
to this topic [1–24].

At intermediate energies, the construction of a microscopic
OP based on the Watson multiple scattering theory is particu-
larly appealing, and in the 90’s it produced several theoretical
works [25–32] where realistic nucleon-nucleon (NN) interac-
tions together with nuclear target densities were used as the
input for the calculation of such microscopic OPs.

The development of new NN and three-nucleon (3N)
interactions derived within the framework of the chiral per-
turbation theory (ChPT), together with the modern accurate
many-body techniques, resulted in a renewed interest in the
subject, because of the possibility to achieve a more con-
sistent calculation of the OP using the NN and 3N forces
as the only input for the computation of its dynamic and
structure parts. We note that this choice is not unique and,
recently, a similar OP has been successfully derived [21,22]
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FIG. 5. The same as in Fig. 2 but for 12C and for different
energies (122, 160, 200, and 300 MeV). Experimental data from
Refs. [83–87].

100 MeV in Fig. 2 is anyhow reasonably described by the
model. We note that even in the case of the cross section at
100 MeV the impact of the 3N contribution, although small,
does not improve but rather worsens the agreement with the
experimental data.
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(Fig. 6) as functions of the center-of-mass scattering angle at
different energies (122, 166, 200, and 300 MeV) in compari-
son with the experimental data [83–87]. No results are shown
for the spin rotation because no experimental data at these
energies are available. In the carbon case we observe the same
pattern as for oxygen and we can draw the same conclusions.
Genuine 3N forces appear to have a very small impact on the
cross sections, for all the considered energies of the projectile

FIG. 6. The same as in Fig. 3 but for 12C and for differ-
ent energies (122, 160, and 200 MeV). Experimental data from
Refs. [83–85].

and clearly improve the description of the experimental data
for polarization observables. The first minimum of Ay is satis-
factorily reproduced both in respect to the angular dependence
and the magnitude.

For the carbon case we also performed an order-by-order
analysis in terms of the chiral order expansion. In Fig. 7 we
show the differential cross sections dσ/d# as functions of the
center-of-mass scattering angle for elastic proton scattering
off 12C at 200 MeV at different orders of the chiral expansion.
Since 3N forces start to appear at N 2LO, at lower orders they
are not included and the predictions are plotted as lines and
not bands. Starting from N 2LO, the bands are obtained when
the matter density at which the 3N contributions are calculated
is allowed to vary in the interval 0.08 fm−3 ! ρ ! 0.13 fm−3.
At each order, we refitted cD and cE to ensure consistency
[80], following the same prescriptions explained in the pre-
vious section. To ensure complete consistency, we used the
same potentials both in the NCSM calculations and in the
projectile-target interaction. The uncertainties from the chiral
expansion at a certain order can be estimated as the difference
between the result at that order and the result at the next order.
The uncertainty at N4LO is estimated as the N3LO−N4LO
difference times Q/%, where Q is some average momentum
(or the pion mass) and % = 500 MeV. From the figure we can
see that the difference between N3LO and N4LO is small and,
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Background: In a previous series of papers we investigated the domain of applicability of chiral potentials to the
construction of a microscopic optical potential (OP) for elastic nucleon-nucleus scattering. The OP was derived
at the first order of the spectator expansion of the Watson multiple scattering theory and its final expression
was a folding integral between the nucleon-nucleon (NN) t matrix and the nuclear density of the target. In the
calculations NN and three-nucleon (3N) chiral interactions were used for the target density and only the NN
interaction for the NN t matrix.
Purpose: The purpose of this work is to achieve another step towards the calculation of a more consistent OP
introducing the 3N force also in the dynamic part of the OP.
Methods: The full treatment of the 3N interaction is beyond our present capabilities. Thus, in the present work
it is approximated with a density dependent NN interaction obtained after the averaging over the Fermi sphere.
In practice, in our model the 3N force acts as a medium correction of the bare NN interaction used to calculate
the t matrix. Even if the 3N force is treated in an approximate way, this method naturally extends our previous
model of the OP and allows a direct comparison of our present and previous results.
Results: We consider as case studies the elastic scattering of nucleons off 12C and 16O. We present results for
the differential cross section and the spin observables for different values of the projectile energy. From the
comparison with the experimental data and with the results of our previous model we assess the importance of
the 3N interaction in the dynamic part of the OP.
Conclusions: Our analysis indicates that the contribution of the 3N force in the t matrix is small for the differen-
tial cross section and it is sizable for the spin observables, in particular, for the analyzing power. We find that the
two-pion exchange term is the major contributor to the 3N force. A chiral expansion order-by-order analysis of
the scattering observables confirms the convergence of our results at the next-to-next-to-next-to-leading-order,
as already established in our previous work.
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I. INTRODUCTION

The optical potential (OP) is a widely used tool developed
in the first instance to describe the elastic nucleon-nucleus
scattering and successively employed in other nuclear reac-
tions. Decades of research work have led to the development
of different phenomenological and microscopic approaches to
derive OPs to be employed in different kinematical regions
and for different reactants. A phenomenological approach is
generally preferred to achieve a more accurate description of
the available experimental data. Despite this accuracy, the pre-
dictive power of phenomenological OPs remains poor when
they are applied to situations for which data are not yet avail-
able, due to their dependence on several free parameters fitted
to reproduce the existing data. A microscopic approach to the
OP still remains the preferred way to make reliable predictions
and to assess the impact of the approximations introduced in

the model, and, recently, several new works have been devoted
to this topic [1–24].

At intermediate energies, the construction of a microscopic
OP based on the Watson multiple scattering theory is particu-
larly appealing, and in the 90’s it produced several theoretical
works [25–32] where realistic nucleon-nucleon (NN) interac-
tions together with nuclear target densities were used as the
input for the calculation of such microscopic OPs.

The development of new NN and three-nucleon (3N)
interactions derived within the framework of the chiral per-
turbation theory (ChPT), together with the modern accurate
many-body techniques, resulted in a renewed interest in the
subject, because of the possibility to achieve a more con-
sistent calculation of the OP using the NN and 3N forces
as the only input for the computation of its dynamic and
structure parts. We note that this choice is not unique and,
recently, a similar OP has been successfully derived [21,22]
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FIG. 5. The same as in Fig. 2 but for 12C and for different
energies (122, 160, 200, and 300 MeV). Experimental data from
Refs. [83–87].

100 MeV in Fig. 2 is anyhow reasonably described by the
model. We note that even in the case of the cross section at
100 MeV the impact of the 3N contribution, although small,
does not improve but rather worsens the agreement with the
experimental data.

We conclude the analysis of the results for 16O by showing
in Fig. 4 a comparison of the differential cross section, analyz-
ing power, and spin rotation as functions of the center-of-mass
scattering angle for different combinations of the low-energy
constants cD and cE . The theoretical prediction with only the
pN chiral interaction of Ref. [54] (red lines) are compared
in the figure with the results generated switching on and off
the effective 3N contributions. Since the dependence on cD
and cE is very weak, it is reasonable to state that the main
contribution of the 3N force comes from the 3N-2π exchange
diagrams, that depend only on c1, c3, and c4.

We continue our analysis with the results for 12C: We plot
the differential cross section (Fig. 5) and analyzing power
(Fig. 6) as functions of the center-of-mass scattering angle at
different energies (122, 166, 200, and 300 MeV) in compari-
son with the experimental data [83–87]. No results are shown
for the spin rotation because no experimental data at these
energies are available. In the carbon case we observe the same
pattern as for oxygen and we can draw the same conclusions.
Genuine 3N forces appear to have a very small impact on the
cross sections, for all the considered energies of the projectile

FIG. 6. The same as in Fig. 3 but for 12C and for differ-
ent energies (122, 160, and 200 MeV). Experimental data from
Refs. [83–85].

and clearly improve the description of the experimental data
for polarization observables. The first minimum of Ay is satis-
factorily reproduced both in respect to the angular dependence
and the magnitude.

For the carbon case we also performed an order-by-order
analysis in terms of the chiral order expansion. In Fig. 7 we
show the differential cross sections dσ/d# as functions of the
center-of-mass scattering angle for elastic proton scattering
off 12C at 200 MeV at different orders of the chiral expansion.
Since 3N forces start to appear at N 2LO, at lower orders they
are not included and the predictions are plotted as lines and
not bands. Starting from N 2LO, the bands are obtained when
the matter density at which the 3N contributions are calculated
is allowed to vary in the interval 0.08 fm−3 ! ρ ! 0.13 fm−3.
At each order, we refitted cD and cE to ensure consistency
[80], following the same prescriptions explained in the pre-
vious section. To ensure complete consistency, we used the
same potentials both in the NCSM calculations and in the
projectile-target interaction. The uncertainties from the chiral
expansion at a certain order can be estimated as the difference
between the result at that order and the result at the next order.
The uncertainty at N4LO is estimated as the N3LO−N4LO
difference times Q/%, where Q is some average momentum
(or the pion mass) and % = 500 MeV. From the figure we can
see that the difference between N3LO and N4LO is small and,

024604-7

MATTEO VORABBI et al. PHYSICAL REVIEW C 103, 024604 (2021)

FIG. 7. Differential cross sections dσ/d" as a function of the
center-of-mass scattering angle for elastic proton scattering off 12C
at 200 MeV at different orders of the chiral expansion: LO (brown
curve), NLO (cyan curve), N 2LO (green band), N 3LO (blue band),
and N 4LO (red band). Since 3N forces start to appear at N 2LO, at
lower orders they are not included. The bands are obtained when the
matter density at which the 3N contributions are calculated is allowed
to vary in the interval 0.08 fm−3 ! ρ ! 0.13 fm−3. Experimental
data from Refs. [83–87].

as also shown in our previous papers [34–36], already at order
N 3LO a good degree of convergence is achieved.

Finally, we also checked our approach for neutron elastic
scattering off 12C. In Fig. 8 we show the differential cross
sections dσ/d" as a function of the center-of-mass scattering
angle at different energies (108, 128, 155, 185, and 225 MeV)
in comparison with the experimental data [88]. The agree-
ment with the empirical data is overall good, for all the
energies considered. The inclusion of 3N forces does not
appreciably change the results obtained with only the NN
chiral potential, reinforcing our previous conclusions, drawn
from the results for elastic proton scattering, that genuine
3N forces give only a small contribution to the differential
cross section. They seem to provide sizable contributions only
for observables related to polarized particles. No empirical
polarization data are available for neutron elastic scattering
off 12C and we do not show results for polarization observ-
ables.

IV. CONCLUSIONS

In a previous paper we obtained an intermediate energy
microscopic OP for elastic nucleon-nucleus scattering from
chiral potentials. The OP was derived at the first order term
of the Watson multiple scattering theory and adopting the
impulse approximation. The final expression of the OP [23]
was a folding integral between the NN t matrix and the
one-body density of the target. We used the 3N force only
in the calculation of the target density while the t matrix, that
represents the dynamic part of the OP, was computed with

FIG. 8. Differential cross sections dσ/d" as a function of the
center-of-mass scattering angle for elastic neutron scattering off 12C
at different energies (108, 128, 155, 185, and 225 MeV). The results
were obtained using Eq. (24), where the tnN matrix is computed with
the nN chiral interaction of Ref. [54] supplemented by a density-
dependent NN interaction (with 0.08 fm−3 ! ρ ! 0.13 fm−3) and
the one-body nonlocal density matrices computed with the NCSM
method using NN [54] and 3N [64,79] chiral interactions. Experi-
mental data from Refs. [88].

only the NN interaction. Of course, for a more consistent
calculation, the 3N force should be included in the dynamic
part of the OP as well. Unfortunately, the exact treatment of
the 3N force involves multiple scattering terms of the projec-
tile with the target nucleons that would make the calculation
too difficult for our current capabilities and that have been
neglected.

The goal of the present work is to introduce a suitable
approximation that allows us to include the 3N interaction
also in the dynamic part of the OP already at the level of
single-scattering approximation between the projectile and
the target nucleon. Our technique is based on averaging the
3N force over the Fermi sphere and thus defining a density-
dependent NN interaction which acts as a medium correction
for the bare NN potential. This treatment naturally extends the
previous expression of the OP and allows a direct comparison
of our new and old results.

We considered 12C and 16O as case studies and we
computed the differential cross section and the polarization
observables for different energies of the incoming protons
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Elastic scattering of antiprotons off 4He, 12C, and 16;18O is described for the first time with a consistent
microscopic approach based on the calculation of an optical potential (OP) describing the antiproton-
target interaction. The OP is derived using the recent antiproton-nucleon (p̄N) chiral interaction to
calculate the p̄N t matrix, while the target densities are computed with the ab initio no-core shell model
using chiral interactions as well. Our results are in good agreement with the existing experimental
data and the results computed at different chiral orders of the p̄N interaction display a well-defined
convergence pattern.
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With the Facility for Antiproton and Ion Research
(FAIR) construction under way [1] and the recent
antiProton Unstable Matter Annihilation (PUMA) proposal
[2,3], scientific interest in new experiments on antiproton
scattering off nuclear targets (nucleons and nuclei) will
experience a renaissance.
In the past, there has been a lot of activity in the

antiproton physics at the Low Energy Antiproton Ring
(LEAR) at CERN as well as at KEK in Japan and
Brookhaven National Laboratory (BNL) in the USA. At
LEAR, in particular, several measurements of cross sec-
tions have been made for antiproton elastic and charge-
exchange scattering reactions at antiproton momenta in the
range 100 MeV=c ≤ p ≤ 2 GeV=c [4–7].
The dominant feature of antiproton-proton scattering at

low energies, i.e., the energy region on which our Letter is
focused, is the annihilation process that, due to its large
cross section, greatly reduces the probability of rescattering
processes. Antiproton-nucleus (p̄A) scattering is thus likely
to be described by simple reaction mechanisms without the
complication of multiple scattering processes, which makes
it a very clean method to study nuclear properties. In fact,
the pronounced diffraction structure of the differential cross
sections (in contrast with elastic proton scattering) is
commonly interpreted as a consequence of the role played
by the strong absorptive potential driven by the annihilation
of nucleons and antinucleons. Antiproton absorption is
surface-dominated [7–9] and is strongly sensitive to nuclear
radii. The exchange mechanism and the antisymmetrization
between the projectile and the target constituents are not
relevant in the p̄A interaction, while the role played by the

three-body forces involving an antiproton and two nucleons
(p̄NN) still remains an open question.
From the theoretical point of view, the description of

antiproton-nucleon (p̄N) processes was mainly based on
long-range meson exchanges, with the addition of phe-
nomenological models for annihilation contributions.
Several approaches have been proposed over the last forty
years. One of the most successful potentials is the model
proposed by Dover and Richard [10,11] who were inspired
by the Paris potential. Other antinucleon-nucleon (N̄N)
interactions, based on the meson theory, were also derived
[12,13], where the N̄N potential of Ref. [13] was used to
study p̄A quasibound states [14]. A more general approach
[15] was also employed to provide a partial-wave analysis
of antiproton-proton data. A similar situation is found for
p̄A scattering processes. In the 80s, several nonrelativistic
and relativistic calculations were performed with different
approaches which made use of an optical potential (OP)
[16] but required some phenomenological input. A sum-
mary of all these calculations can be found in Ref. [17].
Even in recent years new phenomenological models have
been presented [18–21].
Because of the tremendous advances in computational

techniques achieved in the past decades, it is now possible
to compute the OP for p̄A scattering in a fully microscopic
and consistent way. The purpose of this Letter is to
construct the first fully microscopic OP for elastic p̄A
scattering using the most recent techniques in nuclear
physics, in particular, the application of chiral p̄N poten-
tials combined with nuclear densities obtained from ab ini-
tio calculations with chiral two- (NN) and three-nucleon
(3N) interactions. The results for the elastic differential
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conjugation and rotation in isospin space [37]. It connects
the pion-exchange physics, so even in the N̄N case the
long-range physics is completely determined by chiral
dynamics. In Ref. [37], Dai et al. developed a p̄N potential
at N3LO in analogy with the corresponding NN potential
presented in Refs. [38,39,46], with the same power count-
ing and a regularization scheme in the coordinate space. It
seems that such a local scheme could avoid problems with
the long-range part of the interaction due to pion exchange
that, of course, should not be affected by any regularization
procedure. We are aware of the many theoretical aspects
beyond the regularization procedures (see Ref. [47] and
references therein) and more studies will be needed in the
future. In Ref. [37], five different potentials are provided
with different values of the coordinate space cutoff R, that
reproduce with almost the same quality the N̄N phase
shifts. In the present work we employ the R ¼ 0.9 fm
version.
In Fig. 1 our results for the differential cross sections of

elastic antiproton scattering off 4He and 12C, computed at
the antiproton laboratory energy of 180 MeV, and 16;18O at
178 MeV are presented and compared with the experi-
mental data. Our model provides a very good description of
the data for all the target nuclei considered. In particular, it

is remarkable the agreement in correspondence of the first
minimum of the diffraction pattern for all the targets and the
general reproduction of the data for 18O, since this is an sd
nucleus and is on the borderline of applicability of
the NCSM.
One of the advantages of using aNN or a N̄N interaction

in the ChPT scheme is the ability to estimate the theoretical
error associated with the truncation of the potential at a
certain order of the chiral expansion. In Fig. 2 we display
the convergence pattern of the differential cross section for
the 12Cðp̄; p̄Þ12C reaction computed at different chiral
orders. For a consistent comparison, all the calculations
have been performed with the p̄N and NN interactions at
the same order in the chiral expansion. For the calculation
of the density at N2LO and N3LO we included the 3N force
at N2LO with the couplings cD and cE constrained to the
triton half-life and binding energy. This produced two more
fits of these parameters [51], different from those employed
with the NN N4LO interaction, to be used with the NN
interaction at the same chiral order. All these results are
displayed in Fig. 2. As can be seen in the figure, at the
leading order (LO) the calculated cross section is in clear
disagreement with data and has a minimum at about 33°,
which is more than 2 orders of magnitude lower than the
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FIG. 1. Differential cross sections as a function of the center-of-mass scattering angle for elastic antiproton scattering off different
target nuclei. The results were obtained using Eq. (1), where the tp̄N matrix is computed with the p̄N chiral interaction of Ref. [37] and
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PHYSICAL REVIEW LETTERS 124, 162501 (2020)

162501-3

experimental one, which is positioned at about 23°. A bit
better result is obtained at NLO, where the first minimum is
shifted towards smaller angles but the agreement with the
experimental cross section is still poor. At N2LO the
minimum is increased by about 2 orders of magnitude,
close to the experimental value, but in comparison with the
experimental cross section the calculated cross section is
shifted towards larger angles and the agreement with data
remains poor. Only at the N3LO the first minimum is well
reproduced and the general agreement with data is quite
good. It is interesting to note how the differences between
the results at different orders decrease going from LO to
N3LO, which reflects the improvement and confirms a
well-defined convergence pattern. Similar results were
found in Refs. [52,53], where a similar analysis was
performed for pA elastic scattering using several chiral
NN interactions at N3LO and N4LO. The conclusion is
that, for energies around 200 MeV, a good description of
the experimental data is obtained with NN or N̄N inter-
actions up to at least N3LO. However, the choice of a
different fitting procedure [54] can produce an interaction
capable to describe the experimental data already at N2LO,
as recently showed in Ref. [26] for the NA case.
All the results presented so far were obtained with target

densities computed using NN and 3N interactions renor-
malized via the SRG. To assess the impact of the SRG
procedure in our calculations, we display in Fig. 3 the
results for the differential cross section and analyzing
power for 4He computed with the bare NN and 3N
interactions and the same values of Nmax and ℏΩ. The
results are also compared with the ones in Fig. 1. As can be
inferred from the figure, the resulting densities produce
the same results with minor differences at large scattering
angles. Unfortunately, this is the only fully consistent

calculation that we can perform at the moment, since, in
general, the usage of the bare interaction requires higher
values of the Nmax parameter for a complete convergence
of the structure calculations and this is computationally
prohibitive for heavier systems like carbon or oxygen.
Finally, in Fig. 4 we display our predictions for the

analyzing power of 12C and 16;18O, computed at the same
energies and with the same inputs of Fig. 1. We also show
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experimental one, which is positioned at about 23°. A bit
better result is obtained at NLO, where the first minimum is
shifted towards smaller angles but the agreement with the
experimental cross section is still poor. At N2LO the
minimum is increased by about 2 orders of magnitude,
close to the experimental value, but in comparison with the
experimental cross section the calculated cross section is
shifted towards larger angles and the agreement with data
remains poor. Only at the N3LO the first minimum is well
reproduced and the general agreement with data is quite
good. It is interesting to note how the differences between
the results at different orders decrease going from LO to
N3LO, which reflects the improvement and confirms a
well-defined convergence pattern. Similar results were
found in Refs. [52,53], where a similar analysis was
performed for pA elastic scattering using several chiral
NN interactions at N3LO and N4LO. The conclusion is
that, for energies around 200 MeV, a good description of
the experimental data is obtained with NN or N̄N inter-
actions up to at least N3LO. However, the choice of a
different fitting procedure [54] can produce an interaction
capable to describe the experimental data already at N2LO,
as recently showed in Ref. [26] for the NA case.
All the results presented so far were obtained with target

densities computed using NN and 3N interactions renor-
malized via the SRG. To assess the impact of the SRG
procedure in our calculations, we display in Fig. 3 the
results for the differential cross section and analyzing
power for 4He computed with the bare NN and 3N
interactions and the same values of Nmax and ℏΩ. The
results are also compared with the ones in Fig. 1. As can be
inferred from the figure, the resulting densities produce
the same results with minor differences at large scattering
angles. Unfortunately, this is the only fully consistent

calculation that we can perform at the moment, since, in
general, the usage of the bare interaction requires higher
values of the Nmax parameter for a complete convergence
of the structure calculations and this is computationally
prohibitive for heavier systems like carbon or oxygen.
Finally, in Fig. 4 we display our predictions for the

analyzing power of 12C and 16;18O, computed at the same
energies and with the same inputs of Fig. 1. We also show
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Theoretical predictions - unsaturated spin
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Up(q,K) =
X

N=p,n

Z
dP ⌘(q,K,P ) tpN (q,K,P ) ⇢N (q,P )

1.Spin structure of the t matrix

    The t matrix is an operator in the spin space of the projectile only 

2. Nonlocal one-body density

     Dependence on the initial and final values of the spin and its third component


3. The optical potential

• Operator in the spin space of the projectile only

• Depends on 𝜎 and 𝜎’
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Theoretical predictions - unsaturated spin
•The model reproduces the 
experimental data reasonably well


•The differential cross section is better 
reproduced


•The analyzing power is very sensitive 
and extremely difficult to reproduce


•The overall agreement between our 
results and the experimental data is 
of about the same quality as that 
obtained for spin zero targets
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Theoretical predictions - Ca and Ni isotopes8

Figure 8. Di�erential Cross section for proton (or neutron?)
o� 40Ca at 201 MeV laboratory energy compared to experi-
mental data from Ref. []. All results exploit Gorkov-ADC2
densities computed from NNLOsat, while the curves di�er in
the use of the folding two-nucleon force which is eithe NNLOsat
(??? curve) or N4LO (??? curve).

Figure 9. Di�erential Cross section for proton (or neutron?)
o� 48Ca at 201 MeV laboratory energy compared to experi-
mental data from Ref. []. All results exploit Gorkov-ADC2
densities computed from NNLOsat, while the curves di�er in
the use of the folding two-nucleon force which is eithe NNLOsat
(??? curve) or N4LO (??? curve).
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Figure 10. Di�erential Cross section for proton (or neu-
tron?) o� 58Ni at 192 MeV laboratory energy compared to
experimental data from Ref. []. All results exploit Gorkov-
ADC2 densities computed from NNLOsat, while the curves
di�er in the use of the folding two-nucleon force which is eithe
NNLOsat (??? curve) or N4LO (??? curve).

Figure 11. Di�erential Cross section for proton (or neu-
tron?) o� 60Ni at 178 MeV laboratory energy compared to
experimental data from Ref. []. All results exploit Gorkov-
ADC2 densities computed from NNLOsat, while the curves
di�er in the use of the folding two-nucleon force which is eithe
NNLOsat (??? curve) or N4LO (??? curve).
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• In collaboration with 
Barbieri (Milano) and 
Somà (Paris)


• First ab-initio 
description of 
calcium and nickel 
isotopes


• Interesting 
benchmark for 
different realistic 
interactions


•  Useful benchmark to 
test the reliability of 
ab-initio approaches 
to nuclear stricture
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Ab-initio inelastic scattering
The inelastic transition amplitude


Required potentials (DWBA)
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Solve the 
Schrödinger equation

Requires all the NN 
amplitudes
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Ab-initio inelastic scattering
• The t matrix used to calculate 
the 3 potentials only contains 
two terms


• Is the transition density good 
enough to describe the 
excitation?


• Are the distorted waves 
sufficiently precise?
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Extensions, what’s next?

1. Higher order expansion in the derivation of the optical potential 
(to describe data at lower energies)


2. Better evaluation of the theoretical uncertainties


3. Ab-initio description of the single particle propagator 


4. Microscopic description of the inelastic scattering


5. Charge/matter densities from combined analysis with electron 
scattering calculations (unpolarised and PV)



