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Low Energy Physics
Low energy ⇐⇒ Low Temperature

ℓde Broglie =

√
h̄2

2πmKBT
≫ ℓ =

typical
interaction

length

▶ Atomic systems → van der Waal interaction∼ C6

r6

ℓ = ℓvdW = 4

√
C6m

h̄2

▶ Rb (Cold atoms)
ℓvdW = 87

ℓde Broglie@100 nK(≈ 10 peV) = 938.6

▶ Nuclear systems

ℓ ∼ 1/Mπ ≈ 1.5 fm
ℓde Broglie@1MeV(≈ 1010 K) = 197 fm
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a ∼ ℓ Perturbative weak-coupling regime

V (r) ∝ aδ(r)

▶ Gross-Pitaevskii (V (r) ∝ an2) for BEC
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Efimov Effect

E2 ∝
1

a2

@1/a = 0


E0

3 ∝ 1

ℓ2

En
3 → 0 n→∞

En+1
3 /En

3 → 1/515
En

3 ∼ (1/515)nκ2∗

@ a > 0
Finite # E3’s

@ a < 0

Borromean states
@ a = a∗

P3 → P2 + P
@ a = a−

P3 → P + P + P
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Discrete Scale Invariance

Polar coordinates

(H)2 = (E3 + E2)/(h̄
2/m)

tan2 ξ = E3/E2

For each ξ

Hn+1/Hn → 1/22.7

En
3 +

h̄2

ma2
=

h̄2κ2∗
m

e−2(n−n∗)π/s0e∆(ξ)/s0


En

3 /(h̄
2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0 e
−∆(ξ)/2s0

cos ξ
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Discrete Scale Invariance

DSI ⇒ Universal form of observables
Log-periodic functions (cfr. Sornette)

Zero-range interaction (ℓ = 0)
Particle-Dimer Scattering Length

aAD/a = d1 + d2 tan[s0 ln(κ∗a) + d3]

d1, d2, d3 Universal Constants

Recombination Rate at the threshold

K3 =
128π2(4π − 3

√
3)

sinh2(πs0) + cosh2(πs0) cot2[s0 ln(κ∗a) + γ]

h̄a4

m
,

γ Universal Constant
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Natural fine tuning
Atomic Physics - 4He

Schöllkopf and Toennies
J. Chem. Phys. 104, 1155 (1995)

ℓvdW ≈ 10a.u.

a0 ≈ 190 a.u.
E2 ≈ −1.30mK ≈ h̄2/ma20

E
(0)
3 ≈ −126mK and E

(1)
3 ≃ −2.3mK

FIG. 1. Schematic diagram of the apparatus used for diffraction of the

different components in a He cluster beam. Only the vacuum system con-

taining the ionizer is indicated. BF shows the beam flag which intercepts the

incident beam in the stagnation mode measurements. The insert at the bot-

tom right shows a scanning electron microscope picture of the grating

M. Kunitski et al., Science 348, 551 (2015)
Reinhard Doerner - University of Frankfur

 

Fig. S1. Selection of He trimers from the molecular beam by means of matter wave 

B

Ground state

Excited (E"mov) state
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Nuclear Physics

ℓπ = 1.5 fm
a
3s1 = 5.42 fm (p n)

a
1s0 = −23.75 fm (p p, n n, p n)

h̄2/mℓ2π ≈ 27.6MeV
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Finite-range Calculations
N -body calculation using Schrödinger Equation

Finite-range potential

V (r) = V0 e−r2/r20

Tuning of the Scattering Length
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Path toward the Unitary limit
Fine tuning

λ −→ λV (r)

Effective Range Expansion

k cot δ ≈ −1

a
+

1

2
rek

2

Bound (Virtual) State energy

E2 = −
h̄2

ma2B

Close to the Unitary limit

rB = a− aB ∼ constant

are ≈ 2aBrB
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Gaussian Level Function - Universality
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Universality up toN = 16
y(ξ) = κNaB + ΓN
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Spin-Isospin Potential

Efimov ”ingredients”
Efimov physics only s-wave, L = 0

Symmetric spatial wave function
Spin+Isospin = 4 internal degree of freedom

⇒
Possible Efimov scenario up toN = 4

Gaussian Potential

V (r) =
∑

S,T={0,1}

VST e−(r/rST )2PST

Antisymmetry⇒ L+ T + S = odd
V00 = V11 = 0

r01 = r10 = r0 = 1.65 fm
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Spin-Isospin Potential

V (r) = V01 e
−(r/r0)2P01 + V10 e

−(r/r0)2P10
Two control parameters

V01 ←→ a0

V10 ←→ a1
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Nuclear cut a0/a1 = −4.31
N = 3→ T = 1/2 and S = 1/2⇒ 3H and 3He
N = 4→ T = 0 and S = 0⇒ 4He and 4He∗
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Nuclear cut a0/a1 = −4.31
N = 3→ T = 1/2 and S = 1/2⇒ 3H and 3He
N = 4→ T = 0 and S = 0⇒ 4He and 4He∗
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Unitary limit

Scale Invariance
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Nuclear cut a0/a1 = −4.31
N = 6→ T = 1 and S = 0⇒ 6He
N = 6→ T = 0 and S = 1⇒ 6Li
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Nuclear cut a0/a1 = −4.31
N = 6→ T = 1 and S = 0⇒ 6He
N = 6→ T = 0 and S = 1⇒ 6Li
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Physical point
Physics close the unitary limit - Efimov physics

W (ρ) = W0 e
−(r212+r213+r223)/R

2
3

W0(MeV) R3(fm) E3(MeV) E4(MeV) E∗
4 (MeV) 3He(MeV) 4He(MeV) 4He∗(MeV)

0 - -10.2455 -39.843 -11.193 -9.426 -38.789 -10.655
11.922 2.5 -8.48 -28.670 -8.75 -7.722 -27.754
9.072 2.8 -8.48 -29.014 -8.79 -7.718 -28.060
7.8 3.0 -8.48 -29.223 -8.80 -7.715 -28.258

7.638 3.03 -8.48 -29.255 -8.80 -7.714 -28.290
7.612 3.035 -8.48 -29.260 -8.80 -7.714 -28.295
7.6044 3.035 -8.482 -29.269 -8.80 -7.716 -28.305
Experimental Values -8.482 -7.718 -28.296

No 4He∗ state
6He and 6Li go to their thresholds
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Fate of 4He∗
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Fate of 4He∗
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Rôle of p-waves
We fix V10 and V01 with the scattering lengths
We use the 3-body force to fix 3H
We fix V00 from the scattering - Is repulsive
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V11 can bind theN = 6 system !
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Thanks!
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