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From sum rules to integral From sum rules to integral 
transforms: transforms: 

a personal tribute in memory of a personal tribute in memory of 

Renzo LeonardiRenzo Leonardi
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and
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OutlineOutline

 a personal memory of a personal memory of Renzo LeonardiRenzo Leonardi, a key person , a key person 
in our both national  and international  nuclear in our both national  and international  nuclear 
physics community, an eclectic personality as well as physics community, an eclectic personality as well as 
my "scientific father". my "scientific father". 

 I will try to trace a common thread between his first I will try to trace a common thread between his first 
works on works on "sum rules""sum rules" and the recent actvity on  and the recent actvity on 
“integral transforms” “integral transforms” of the Trento group. of the Trento group. 

OutlineOutline
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Renzo Leonardi passed away on  Saturday, July 6 2019
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Tuenno 

Lago di Tovel

Renzo Leonardi was Born in Tuenno (Val Renzo Leonardi was Born in Tuenno (Val 
di Non) on 24.06.1940di Non) on 24.06.1940
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HIS MAIN HERITAGE: “...non chi comincia ma chi persevera”

1990: First idea and proposal

Oct 1992: recommendations of the 
"community meeting"  held at Orsay 
(France) to place it in Trento

1993: operative 

1997: ESF - NUPECC recognition

ECT*
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2002: first idea and proposal

2009: the contract is undersigned 
for its construction 

2014:  consigned to Azienda 
Provinciale Servizi Sanitari 
(now about 300 patients/y)

Protontherapy 
Center - Trento

Cyclotron beam: 70-228 MeV
                             1-320 nA
                             50% duty-cycle
                             2 lines to gantries
                             1 line tp exp.hall 

HIS MAIN HERITAGE: “...non chi comincia ma chi persevera”
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R. Leonardi
“La Crucifixion de van Eyck et l'étonnante lune du retable 
de Gand”
Revue de l'art Paris 55(1):51-57 · March 2007

AN ECLECTIC PEARSONALITY...
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R. Leonardi
“La Crucifixion de van Eyck et l'étonnante lune du retable 
de Gand”
Revue de l'art Paris 55(1):51-57 · March 2007

Abstract

When Van Eyck painted the mountainous landscape in the 
background of Met's panel of the Crucifixion, he most 
probably was inspired by the view of the Alps offered to 
the voyager coming from the north by the road crossing the 
Col de la Faucille between Chalonsur-Saône and Geneva. 
This confirms Van Eyck's trip in the Savoie. In this 
painting Van Eyck has also painted the moon at the very 
beginning of its declining phase. It is the first time that the 
moon is represented in Western painting as an astronomical 
rather than symbolic object. Its declining phase is 
undoubtedly linked to the fact that the Crucifixion took place 
right after the full moon of the Jewish Passover. Other 
examples are cited which suggest that Van Eyck's lenticular 
faithfulness went so far as to treat the moon like an 
astronomical object in coherence with the painted subject.

...WITH A PECULIAR APPROACH TO ART
1440
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R. Leonardi
“La Crucifixion de van Eyck et l'étonnante lune du retable 
de Gand”
Revue de l'art Paris 55(1):51-57 · March 2007

Abstract

When Van Eyck painted the mountainous landscape in the 
background of Met's panel of the Crucifixion, he most 
probably was inspired by the view of the Alps offered to the 
voyager coming from the north by the road crossing the Col 
de la Faucille between Chalonsur-Saône and Geneva. This 
confirms Van Eyck's trip in the Savoie. In this painting Van 
Eyck has also painted the moon at the very beginning of its 
declining phase. It is the first time that the moon is 
represented in Western painting as an astronomical 
rather than symbolic object. Its declining phase is 
undoubtedly linked to the fact that the Crucifixion took place 
right after the full moon of the Jewish Passover. Other 
examples are cited which suggest that Van Eyck's lenticular 
faithfulness went so far as to treat the moon like an 
astronomical object in coherence with the painted subject.

...WITH A PECULIAR APPROACH TO ART

Painted in 1440
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In 2016 he broke his neck and got 
almost blind, but never lost his good mood
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December 2018
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Physics heritage:Physics heritage:
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“Sum Rules  provide useful yardsticks for 
measuring quantitatively the degree of 
collectivity of a given excited state” 
                            D.Rowe in “Nuclear Collective motion” 1970 
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From J. Ahrens et al. 1975

 Typical example: Photoabsorption cross section

.

.

s(w) ~ (w) ~ w) ~ ) ~  S
n
|<n|Q|0>|2  d (w) ~  – E

n
+ E

0
)  

From  A.  Leistenschneider et al. 2001
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From J. Ahrens et al. 1975

Difficulties for many-body ab initio approaches

.

s(w) ~ (w) ~ w) ~ ) ~  S
n
|<n|Q|0>|2  d (w) ~  – E

n
+ E

0
)  

From  A.  Leistenschneider et al. 2001

Many body states in the 
continuum
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Sum rule / momentsSum rule / moments
approaches approaches 
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Sum rule / momentsSum rule / moments
approaches approaches 
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Sum rule / momentsSum rule / moments
approaches approaches 
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kk  
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1) integrate in dw) ~  using delta function
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Sum rule / momentsSum rule / moments
approaches approaches 
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Sum rule / momentsSum rule / moments
approaches approaches 
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Sum rule / momentsSum rule / moments
approaches approaches 

<<00||QQ+ + (H-E(H-E
00
))kk  QQ  |0|0>>m

k
 =

Avoid calculating excited states, avoid the 
many-body continuum problem! 

Bound state 
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ò   s(w) ~ (w) ~ s(w) ~ (w) ~ w) ~ w) ~ ) d) dw) ~ w) ~   =  =  mm
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Avoid calculating excited states, avoid the 
many-body continuum problem! 
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Sum Rules allow to know gross featruresSum Rules allow to know gross featrures
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The knowledge of all “sum rules” (The knowledge of all “sum rules” (moments)moments)
corresponds to the knowledge of the whole corresponds to the knowledge of the whole 

detailed cross section (distribution)detailed cross section (distribution)  

“Theory of moments”: how to reconstruct the 
distribution from a (limited!) number of 

moments (m
0
 m

1
 m

2
 ??) 

 limited because of  problem of the 
existence of the moments 

ò      s(w) ~ (w) ~ w) ~ )s(w) ~ (w) ~ w) ~ )  w) ~ w) ~ kk d dw) ~ w) ~     mm
kk
 = =

high omega behavior of s(w) ~ (w) ~ w) ~ ) ??
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Moments as integral transformMoments as integral transform

òmm
kk
 = = s(w) ~ (w) ~ w) ~ ) w) ~ k dw) ~   
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Moments as integral transform:Moments as integral transform:

òmm
kk
 = = s(w) ~ (w) ~ w) ~ ) w) ~ k dw) ~   

General integral transform:

Φ (w) ~ t) = ∫ dω  K(ω,t) s(w) ~ (ω )
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Moments as integral transformMoments as integral transform

òmm
kk
 = = s(w) ~ (w) ~ w) ~ ) w) ~ k dw) ~   

General integral transform:

Φ (w) ~ t) = ∫ dω  K(ω,t) s(w) ~ (ω )

 
For the moments the kernel is 
K(ω,t) = ωt  with t = k integer 
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Moments as integral transformMoments as integral transform

òmm
kk
 = = s(w) ~ (w) ~ w) ~ ) w) ~ k dw) ~   

Theory of moments: attempt to Theory of moments: attempt to 
invertinvert the integral transform  the integral transform 

(with very limited information!)(with very limited information!)
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a “good” Kernel must allow the calculation 

of the transform ΦΦ  (w) ~ (w) ~ t) t) and allow the 

“reconstruction” of s(w) ~ (w) ~ w) ~ )s(w) ~ (w) ~ w) ~ )

Other kernels??Other kernels??
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Sum rule / integ. Trans.Sum rule / integ. Trans.
approaches approaches 
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Sum rule / Integ. Transf.Sum rule / Integ. Transf.
approaches approaches 
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Sum rule / Integ. Trans.Sum rule / Integ. Trans.
approaches approaches 
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...namely, repeating the ...namely, repeating the 

procedure (procedure (use of completenessuse of completeness))  

ΦΦ  (w) ~ (w) ~ tt) = ) = <<00| | QQ++  K (K (H-EH-E
00
,,tt)) Q Q||00>>  
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Ab initio methods have made great Ab initio methods have made great 
progress in calculating  progress in calculating  |0>|0>

in essentially two ways:in essentially two ways:
1)   1)   GFMCGFMC  (and “variations”)(and “variations”)

2) 2) diagonalizationdiagonalization on HO or HH  on HO or HH 
basis basis (and “variations”)(and “variations”)
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The same two methods can be used The same two methods can be used 
to calculate accuratelyto calculate accurately

ΦΦ  (w) ~ (w) ~ tt) = ) = <<00| | QQ++  KK ( (H-EH-E
00
,,tt)) Q Q||00>>

for two different for two different KKernelsernels  
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Exponential Kernel:   K(ω,t) = e - ω t  t real 
  

Lorentzian Kernel: K(ω,t) = [(ω – t) (ω – t)*]-1       

 t complex = t
R
 + i t

I 

 easy to invert

 Φ (w) ~  t ) calculated via matrix 
 diagonalization on bound basis functions

  

t
I

t
R

ω

 Φ (w) ~  t ) calculated via GFMC
  requires a big effort to be inverted

1:

2:
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estimation of accuracyestimation of accuracy

Blue line:  Exponential Kernel

Red line:   Lorentzian Kernel: 
S. Bacca, N. Barnea, W. Leidemann, and G. O.
Phys. Rev. C 80, 064001 (2009)

PN. Rocco, W. Leidemann, A. Lovato, G. O.

Phys. Rev. C 97, 055501 (2018) 

Longitudinal (e,e’) response function of 4He
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S. Bacca, N. Barnea, G. Hagen, M. Miorelli, G. O. and T. Papenbrock             
Phys. Rev. C 90, 064619 (2014)

Ex. of result with Ex. of result with LorentzianLorentzian Kernel:  Kernel: 
photoabsorption in halo nucleusphotoabsorption in halo nucleus
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N.Rocco, W.Leidemann, A. Lovato, G.O.  
Phys. Rev. C 97, 055501 (2018) 

Ex. of result with Ex. of result with ExponentialExponential Kernel: Kernel:  
a study of the frame dependence of a study of the frame dependence of 
electronscattering in view of electronscattering in view of nn-exp -exp 

4He
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Are there other kernels Are there other kernels 
suitable for suitable for 

diagonalizationdiagonalization methods?  methods? 
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ò    s(w) ~ s(w) ~ ((w) ~ w) ~ ) ) K(K(ωω,,tt)) d dw) ~ w) ~   =  =  Φ (w) ~ t)  =

<<00| | QQ++  K((w) ~ K((w) ~ H-EH-E
00
,,tt)) Q Q|0|0>>
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Yes, conditions required:

1)

2) 
                 

3) 

      s(w) ~ s(w) ~ ((w) ~ w) ~ ) d) dw) ~ w) ~   <   < ¥¥  ò

ò      s(w) ~ s(w) ~ ((w) ~ w) ~ ) ) K(ω,K(ω,tt)) d dw) ~ w) ~   <   < ¥¥    Φ (w) ~ t)  =

K(ω,t) is a real positive definite function of ω
(or  linear combinations)                                        
e.g. Gaussians, wavelets etc.

mm
0 0 
==    
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More recent activity in Trento:More recent activity in Trento:
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The LIT as ab initio method The LIT as ab initio method with controlled resolutionwith controlled resolution

and the conditions for reliable inversionsand the conditions for reliable inversions

V. D. Efros, W. Leidemann , and V. Yu.  Shalamova                    
Few-Body Syst. 60:35 (2019)

[ W.Leidemann  Phys. Rev. C 91, 054001 (2015) ]
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Conditions for reliable inversion:Conditions for reliable inversion:

SS
ll
    LL(w) ~ (w) ~ ee

ll
,,GG) |) |<<ll|| Q Q|0|0>>||22  Φ  = 

After diagonalization

 
H |l> =  e

l
 |l>
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Conditions for reliable inversion:Conditions for reliable inversion:

SS
ll
    LL(w) ~ (w) ~ ee

ll
,,GG) |) |<<ll|| Q Q|0|0>>||22  Φ  = 

Get enough e
l
, |l> and |<l| Q|0>|2  from the  

diagonalization of H
mn

  in the energy region of interest within 

the “resolution of the kernel” 

e
l

|<l| Q|0>|2

G

Φ
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Conditions for reliable inversion:Conditions for reliable inversion:

SS
ll
    LL(w) ~ (w) ~ ee

ll
,,GG) |) |<<ll|| Q Q|0|0>>||22  Φ  = 

Get enough e
l
, |l> and |<l| Q|0>|2  from the  

diagonalization of H
mn

  in the energy region of interest within 

the “resolution of the kernel” 

e
l

|<l| Q|0>|2

G

Φ

Choice of a suitable basis
for diagonalization!!
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More recent activity in TrentoMore recent activity in Trento
in view of applications of the in view of applications of the Lorentz Lorentz 

Integral TransformIntegral Transform to  to 

 Hypernuclei,Hypernuclei, also with meson exc. based potentials with  also with meson exc. based potentials with 
L-S-ESL-S-ES couplings ( couplings (Sergio Deflorian, Fabrizio Ferrari Ruffino)Sergio Deflorian, Fabrizio Ferrari Ruffino)

 Reactions of astrophysical interestReactions of astrophysical interest within  within cluster cluster 
models models and and EFT potentials EFT potentials e.g.    e.g.    

nn++a+a+a+aa+a+a+a                      99Be + Be + g g  ( (Paolo Andreatta, Elena Filandri)Paolo Andreatta, Elena Filandri)
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Much of the work has been devoted to Much of the work has been devoted to 
modify the  HH basis used for potentials in modify the  HH basis used for potentials in 
configuration space to account for different configuration space to account for different 
masses and symmetries and EFT (p-space) masses and symmetries and EFT (p-space) 

potentials potentials 
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Some ideas have been taken from our Some ideas have been taken from our 
partners of the partners of the I.S. fbsI.S. fbs in Pisa,  in Pisa, 

  (NSHH, p-space HH),   (NSHH, p-space HH), 
  however with   however with variationsvariations  
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Code that deals withCode that deals with
both both mom.mom. and  and conf.conf. space  potentials  space  potentials 

 particles of both  particles of both equalequal and  and different massesdifferent masses  
particles of both particles of both equalequal and   and  different statisticsdifferent statistics      

Sergio Deflorian
Fabrizio Ferrari Ruffino
Paolo Andreatta
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Fabrizio Ferrari Ruffino
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V(p, p’) = λ
 0
 + λ 

1
 (p 2 + p’ 2 ) 

9Be

 Partial wave expansion (a+aa+a l=0  a+an l=1)

 Gaussian regulator (L-S limited by Wigner bounds )

 l
 0
 , l 

1
 from on shell T-matrix with the               

effective range expansion up to k2 order
  

 One gets 2 possible solutions ( + l
 0
 , l 

1
) ( - l

 0
 , l 

1
)

~~

EFT potential:
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Elena Filandri

  Convergence
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Elena Filandri

Convergence
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Cut off dependenceCut off dependence
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Cut off dependenceCut off dependence
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Cut off dependenceCut off dependence
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Cut off dependenceCut off dependence
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                Importance of 3-body forces           Importance of 3-body forces           
    (in progress)    (in progress)

In most cases  values of  In most cases  values of  L-SL-S exist which  exist which 
reproduce exp.  B.E. reproduce exp.  B.E. 

  useful for preliminar useful for preliminar integral transformintegral transform  
results (in progress)  results (in progress)  
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Conclusion Conclusion 
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From sum rules to integral From sum rules to integral 
transforms...transforms...
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Grazie Renzo, da me per Grazie Renzo, da me per 
questo...questo...
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… … e da tutti noi  per e da tutti noi  per 
questo!!!questo!!!
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 If we had to deal with a “confined” system one could 
represent  H on bound states eigenfunctions |n >

áá00||QQ++  K((w) ~ K((w) ~ H-EH-E
00
,,tt)) Q Q|0|0 =  = ΦΦ  (w) ~ t) =(w) ~ t) =

SS
mnmn
 á á00||  QQ++  |m|m á ám|m|  K((w) ~ K((w) ~ HH

mnmn
-E-E

00
,,tt))|n|náán|n| Q Q|0|0  
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After diagonalizing H
mn

 the transform would be simply

  
SS
ll
    K((w) ~ K((w) ~ ee
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( Up to convergence! )
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 THE GOOD NEWS:

The representation of H on b.s. eigenfunctions |n >
and therefore the calculation of the transform via

is allowed for specific kernels K(ω,ω,t)! 

SS
ll
    K((w) ~ K((w) ~ ee

ll
- E- E

00
,,tt) |) |álál|| Q Q|0|0||22  Φ (w) ~ t) = 

No approximation! 
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