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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Shanahan, MW, Zhao, PRD 101 (2020)

Shanahan, MW, Zhao, PRD 102 (2020)

Shanahan, MW, Zhao, PRD 104 (2021)
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Quark TMDs
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Our knowledge of proton structure has 
historically focused on collinear PDFs

Hadrons further contain rich 3D structure 
encoded in TMDPDFs

fi(x,~bT ) =

Z
d2kT ei

~kT ·~bT fi(x,~kT )
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3D hadron structure

TMDPDFs are needed to describe cross-sections for 
SIDIS and the Drell-Yan process

SIDIS Drell-Yan

COMPASS, EIC, Fermilab, HERMES, JLab, LHC, RHIC, …
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The W boson mass
Precise measurement of         from CDF 

disagrees at 7 sigma with         obtained 
from electroweak precision fits

New physics?
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MW

Measurement made by fitting shapes 
of transverse momentum 
distributions to theory predictions 
including resumed and 
nonperturbative QCD effects

Distribution shapes are insensitive to 
many aspects of TMDPDFs but 
are sensitive to flavor dependence 
TMDPDF evolution effects

Robust understanding of all QCD theory 
uncertainties essential

Aaltonen et al [CDF], Science 376 (2022)
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MW

See talks by A. Signori and A. Vicini



Changing hard momentum scales requires evolving TMDPDFs in      and       
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The Collins-Soper kernel
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UV anomalous dimension Collins-Soper kernel

(rapidity anomalous 
dimension)

Evolution in     is perturbative as long as     is large, but evolution in      is always 
nonperturbative for large bT
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TMDPDFs depend on UV renormalization scale      as well as a scale       
associated with the renormalization of rapidity divergences

µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

⇣

<latexit sha1_base64="IzzNffQzHhIhftrNvfcagc9+GOQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtoQ9lsN+3SzSbsToRa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuTaiEQ94DjlQUwHSkSCUbSS333iSHvlilt15yCrxMtJBXI0euWvbj9hWcwVMkmN6XhuisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3ZKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMw+J32hOUM5toQyLeythA2ppgxtPiUbgrf88ippXlS9WvXyvlap3+RxFOEETuEcPLiCOtxBA3xgIOAZXuHNUc6L8+58LFoLTj5zDH/gfP4A6xaOxA==</latexit>

µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

<latexit sha1_base64="sSYoBLsfTkQSi/VYAgcZYQ3zip0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lsN+3SzSbsToRa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuTaiEQ94DjlQUwHSkSCUbSS333iSHvlilt15yCrxMtJBXI0euWvbj9hWcwVMkmN6XhuisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3ZKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMw+J32hOUM5toQyLeythA2ppgxtPiUbgrf88ippXlS9y2rtvlap3+RxFOEETuEcPLiCOtxBA3xgIOAZXuHNUc6L8+58LFoLTj5zDH/gfP4A62yOxQ==</latexit>

⇣µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

fi(x,~bT , µ, ⇣) = fi(x,~bT , µ0, ⇣0)

<latexit sha1_base64="3LEelp0jNBhzHMyy6RT8xmiwCNI=">AAACKHicbVDLSgMxFM34rPVVdekmWIQWSpmRim7EohuXFfqCThky6Z02NPMgyRTr0M9x46+4EVGkW7/E9AFq64GQwznnktzjRpxJZZpjY2V1bX1jM7WV3t7Z3dvPHBzWZRgLCjUa8lA0XSKBswBqiikOzUgA8V0ODbd/O/EbAxCShUFVDSNo+6QbMI9RorTkZK49h+UeCvYAaOKOnGrB9uOC/QiK5PEVnpn4x8Xadkx9TRKOmcdOJmsWzSnwMrHmJIvmqDiZN7sT0tiHQFFOpGxZZqTaCRGKUQ6jtB1LiAjtky60NA2ID7KdTBcd4VOtdLAXCn0Chafq74mE+FIOfVcnfaJ6ctGbiP95rVh5l+2EBVGsIKCzh7yYYxXiSWu4wwRQxYeaECqY/iumPSIIVbrbtC7BWlx5mdTPilapeH5fypZv5nWk0DE6QTlkoQtURneogmqIoif0gt7Rh/FsvBqfxngWXTHmM0foD4yvbyDcpCQ=</latexit>

⇣

<latexit sha1_base64="IzzNffQzHhIhftrNvfcagc9+GOQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtoQ9lsN+3SzSbsToRa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuTaiEQ94DjlQUwHSkSCUbSS333iSHvlilt15yCrxMtJBXI0euWvbj9hWcwVMkmN6XhuisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3ZKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMw+J32hOUM5toQyLeythA2ppgxtPiUbgrf88ippXlS9WvXyvlap3+RxFOEETuEcPLiCOtxBA3xgIOAZXuHNUc6L8+58LFoLTj5zDH/gfP4A6xaOxA==</latexit>



5

CS kernel phenomenology
Fits to SIDIS and Drell-Yan data with multiple energy scales are sensitive to 

evolution effects and therefore the CS kernel

CS kernel can be extracted along with TMDPDF in global fits
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Modeling significant for

bT & 0.2 fm
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(nonperturbative region)

SV19 - Scimemi and Vladimirov, JEHP 06 (2020) Pavia19 - Bacchetta et al, JEHP 07 (2020)

(582 SIDIS + 457 DY data points) (353 DY data points)
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CS kernel phenomenology
Fits to SIDIS and Drell-Yan data with multiple energy scales are sensitive to 

evolution effects and therefore the CS kernel

CS kernel can be extracted along with TMDPDF in global fits
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SV19 - Scimemi and Vladimirov, JEHP 06 (2020)

Pavia19 - Bacchetta et al, JEHP 07 (2020)

Universal function, non-universal notation

Bury, Hautmann, Leal-Gomez, Scimemi, Vladimirov, 
Zurita, arXiv:2201.07114

See talk by P. Zurita

�1

2
�q
⇣ (bT , µ = 2 GeV) =
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Lattice QCD
Lattice QCD enables nonperturabtive calculations of QCD path integrals numerically

hOi =

Z
DUDqDq e�SQCD(U,q,q)

O(U, q, q)
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O(Ui)
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Quark fields integrated out 
analytically, propagators 
obtained with matrix inversion

Monte Carlo sample 
gluon fields with 
probability

109 ⇥ 109
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(Dirac matrix size ~ )
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/ e�S

<latexit sha1_base64="0G4BY3p9+x9SK/hAwjGq7WyoMVg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL+IpAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6NvjNc=</latexit>

J
<latexit sha1_base64="r+H7QPtZOfcOYB6njyZSnYvTeco=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaWDabSbp0dxN2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1kmmKLRowhPVDYgGziS0DDMcuqkCIgIOnWB0M/U7T6A0S+S9GafgCxJLFjFKjJUe2GM/JHEMalCtuXV3BrxMvILUUIHmoPrVDxOaCZCGcqJ1z3NT4+dEGUY5TCr9TENK6IjE0LNUEgHaz2cHT/CJVUIcJcqWNHim/p7IidB6LALbKYgZ6kVvKv7n9TITXfk5k2lmQNL5oijj2CR4+j0OmQJq+NgSQhWzt2I6JIpQYzOq2BC8xZeXSfus7l3Uz+/Oa43rIo4yOkLH6BR56BI10C1qohaiSKBn9IreHOW8OO/Ox7y15BQzh+gPnM8fyo+Qag==</latexit>

i†
<latexit sha1_base64="cpgTHUkooHR9kKIJxOghwkv0PTE=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1INI0Yt4qmA/oAlls920SzfZsDsRSuzVi3/FiwdFvPoPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWFxaXimultbWNza37O2dhpapoqxOpZCqFRDNBI9ZHTgI1koUI1EgWDMYXI395j1Tmsv4DoYJ8yPSi3nIKQEjdWzsCRbCOQ7xA74xxbGneK8PF9hLlExAduyyU3EmwPPEzU kZ5ah17C+vK2kasRioIFq3XScBPyMKOBVsVPJSzRJCB6TH2obGJGLazyafjPCBUbo4lMpUDHii/p7ISKT1MApMZ0Sgr2e9sfif104hPPMzHicpsJhOF4WpwCDxOBbc5YpREENDCFXc3IppnyhCwYRXMiG4sy/Pk8ZRxT2pHN8el6uXeRxFtIf20SFy0SmqomtUQ3VE0SN6Rq/ozXqyXqx362PaWrDymV30B9bnD1gkmOA=</latexit>

hf |J |ii /

Operators involving timelike separations 
can’t be calculated straightforwardly

<latexit sha1_base64="OpNdFuUL9ZgF+zBJUTHja08tq9Y=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwODYzMzm5mZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1FipgQ8pv5t0iyW37M5AlomXkRJkqHWLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ9dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6l37KZZwYlGy+qJ8IYiIyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSeOs7J2XK7eVUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZEzovz7nzMW3NONnMIf+B8/gCubo82</latexit>

eiS leads to a “sign problem”
Kanwar and MW, PRD 104 (2021)

Alexandru et al, PRL 117 (2016)

Methods to efficiently mitigate this sign 
problem under study (not this talk)
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Quasi PDFs

Bringewatt et al [JAM], PRD 103 (2021)

Large momentum effective theory connects light-cone PDFs to Euclidean matrix 
elements that can be calculated using lattice QCD 

<latexit sha1_base64="z2GHEkoH4GBkEXqSKT1WKwqobMo="></latexit>

eq(x, Pz) =

Z 1

�1

dz

4⇡
e�ixzPz hh(Pz)|q(z)�4W (z, 0)q(0)|h(PZ)iQuasi PDF:

Review: Ji et al, Rev. Mod. Phys. 93, 35005 (2021)

For large       , quasi PDFs can be related 
to light-cone PDFs by perturbative 
matching coefficients

<latexit sha1_base64="I52zt47W1g8BlWpEWb6hVkD0sEo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTSfb331CtX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5F9fzuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w9AUo3K</latexit>

Pz

Several LQCD groups are performing 
increasingly refined quasi PDF 
calculations

For e.g. isovector polarized nucleon 
PDFs, LQCD results provide 
significant improvements to global fits

See Snowmass white paper arXiv:2202.07193
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Quasi TMDPDFs
The construction of quasi TMDPDFs is more complicated

TMDPDF products appearing in e.g. Drell-Yan can be expressed as convolutions of 
“beam functions” and “soft functions”

⌘

<latexit sha1_base64="5OH5Yik+VWjMdJ4a0VOPKM2jT54=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d1m/erisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5Awt6jkA=</latexit>

Quasi beam functions can be constructed that are related to light-cone beam 
functions by a Lorentz boost

<latexit sha1_base64="OgiW4fA42ys9IKAY04DgBrQJuA4="></latexit>

eq(x, bT , Pz) = lim
⌘!1

Z 1

�1

dz

4⇡
e�ixzPz

D
h(Pz)|q(bT )�4W (bT , ⌘ + bT )W

†
T (⌘ + bT , ⌘)W

†
z (⌘, 0)q(0)|h(PZ)

E

Ji, PRL 110 (2013)

Ebert, Stewart, Zhao, JHEP 1909 (2019)
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The soft function
TMDPDF products in Drell-Yan also involve a soft function that depends on the light-

like momenta of both hadrons

Soft function cannot be related to a matrix element of equal-time operator product by 
a Loretnz boost

Recent progress relates light-cone soft 
function to a large-momentum form 
factor that can be calculated with LQCD

Ji, Liu, and Liu, Nucl Phys B 955 (2020)

Zhang et al [LPC], PRL 125 (2020)

Proof of principle demonstration that LQCD 
can predict TMDPDFs
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The CS kernel from LQCD

Ebert, Stewart, Zhao, PRD 99 (2019)

Ratios of TMDPDFs free from soft factors and can be calculated with LQCD

CS kernel determination using quasi-TMDPDFs suggested

Yoon et al, PRD 96 (2017)Musch et al, PRD 85 (2012) Engelhardt et al, PRD 93 (2016)

Euclidean quasi-beam 
function �q,MS

⇣ (bT , µ) = 2⇣
d

d⇣
ln fMS

q (x, bT , µ, ⇣)
<latexit sha1_base64="k0glnNUHlFnsLf83M/9FI+auYxU="></latexit>

Ji, Sun, Xiong, Yuan PRD 91 (2015)

Method concretely relating CS kernel to quasi TMDPDF ratios proposed and derived

=
1

ln(P z
1 /P

z
2 )

ln
CMS

TMD(µ, xP
z
2 )

R
dbzeib

zxP z
1 eBMS

q (bz, bT , ⌘, µ, P z
1 )

CMS
TMD(µ, xP

z
1 )

R
dbzeibzxP

z
2 eBMS

q (bz, bT , ⌘, µ, P z
2 )

<latexit sha1_base64="kJ0aZnj7vIXs6HGfE08kBq/kq20="></latexit>
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Quenched LQCD exploration

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

CS kernel property of QCD vacuum, 
independent of hadronic state

m⇡ ⇠ 1.2 GeV
<latexit sha1_base64="EQknpcKHjoG3NPAPc4ruxSSYvHo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsJuFPQY9KDHCOYB2RBmJ51kyMzuMtMrhiV48Ve8eFDEq1/hzb9x8jhoYkFDUdVNd1cQS2HQdb+dzNLyyupadj23sbm1vZPf3auZKNEcqjySkW4EzIAUIVRRoIRGrIGpQEI9GFyN/fo9aCOi8A6HMbQU64WiKzhDK7XzB6rtx4L6RijqFUs+wgOm9Bpqo3a+4BbdCegi8WakQGaotPNffifiiYIQuWTGND03xlbKNAouYZTzEwMx4wPWg6alIVNgWunkhRE9tkqHdiNtK0Q6UX9PpEwZM1SB7VQM+2beG4v/ec0EuxetVIRxghDy6aJuIilGdJwH7QgNHOXQEsa1sLdS3meacbSp5WwI3vzLi6RWKnqnRff2rFC+nMWRJYfkiJwQj5yTMrkhFVIlnDySZ/JK3pwn58V5dz6mrRlnNrNP/sD5/AG385ZZ</latexit>

Allows high precision with only 400 quark propagator sources

35,660 bare matrix elements - 
robust automated fitting essential

Calculate using pion state

In quenched (             ) QCD, exact results 
calculable using heavy quark probe

Nf = 0

<latexit sha1_base64="oKpcO3bpjd2541YbeL4O9GbF0Uk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IsniWAekIQwO+lNhszOrjOzQljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVMunGgWXWDfcCGzFCmnoC2z6o5up33xCpXkkH8w4xm5IB5IHnFFjpdZdLyBXxCW9YsktuzOQZeJlpAQZar3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ/dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBZTflMk4MSjZfFCSCmIhMnyd9rpAZMbaEMsXtrYQNqaLM2IgKNgRv8eVl0jgre5Xy+X2lVL3O4sjDERzDKXhwAVW4hRrUgYGAZ3iFN+fReXHenY95a87JZg7hD5zPHxUUjrI=</latexit>

All 16 Dirac structures and 
staple geometries       andbT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

bz

<latexit sha1_base64="dHV9VPHX8kEtaa356F4KkW6aodE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd8HDU7dYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGWdmrlM9vK6XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AWeON2g==</latexit>

P z 2 [1.3, 2.6] GeV

<latexit sha1_base64="K0WAxZOPdD1Q9/Uf7JKyz6WBIlQ=">AAACCHicbVC5TsNAEF1zE64AJQUrIiQKZNncJYICyiCRECk20XozgVXWa2t3jAhWShp+hYYChGj5BDr+hs1RcD1ppKf3ZjQzL0qlMOh5n87I6Nj4xOTUdGFmdm5+obi4VDVJpjlUeCITXYuYASkUVFCghFqqgcWRhIuofdzzL25AG5Goc+ykEMbsSomW4Ayt1Ciuli/vaCAUrfvu9mZAt9y9MKABwi3mJ1DtNoolz/X6oH+JPyQlMkS5UfwImgnPYlDIJTOm7nsphjnTKLiEbiHIDKSMt9kV1C1VLAYT5v1HunTdKk3aSrQthbSvfp/IWWxMJ45sZ8zw2vz2euJ/Xj3D1kGYC5VmCIoPFrUySTGhvVRoU2jgKDuWMK6FvZXya6YZR5tdwYbg/375L6luuf6Ou3u2Uzo8GsYxRVbIGtkgPtknh+SUlEmFcHJPHskzeXEenCfn1XkbtI44w5ll8gPO+xdKD5ej</latexit>

⌘ 2 [0.6, 0.8] fm

<latexit sha1_base64="cVj0AL3CfVBa4GAFdiPRv9/DOHw=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwkONOoqYM2lhGMCrkjrC3mUsW9/aO3TkxHClt/Cs2ForY+hPs/DduYgq/Hgw83pthZl6USWHQ8z6cqemZ2bn50kJ5cWl5ZbWytn5h0lxzaPFUpvoqYgakUNBCgRKuMg0siSRcRtcnI//yBrQRqTrHQQZhwnpKxIIztFKnshUAMhoIRduee7gXUM+thwENEG6xiJNhp1L1XG8M+pf4E1IlEzQ7lfegm/I8AYVcMmPavpdhWDCNgksYloPcQMb4NetB21LFEjBhMX5kSHes0qVxqm0ppGP1+0TBEmMGSWQ7E4Z989sbif957RzjelgIleUIin8tinNJMaWjVGhXaOAoB5YwroW9lfI+04yjza5sQ/B/v/yXXOy7fs09OKtVG8eTOEpkk2yTXeKTI9Igp6RJWoSTO/JAnsizc+88Oi/O61frlDOZ2SA/4Lx9ArCol+Q=</latexit>

Shanahan, MW, Zhao, PRD 102 (2020)
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Fourier transform challenges
Fourier transform truncation effects: challenging systematic uncertainties to quantify

Broadening of the (physical) beam 
function with increasing      
leads to larger truncation 
effects

bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

Modeling of beam functions outside 
region with LQCD results 
necessary to cover region where 
Fourier transform integrand matters

Renormalization issues?

Finite volume effects?

Unexpected asymmetry visible 
at large bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

Briceño, Guerrero, Hansen, and Monahan, 
PRD 99 (2018)

Shanahan, MW, Zhao, PRD 102 (2020)
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Quenched LQCD results

CS kernel determined precisely 
for        extending into 
nonperturbative regime

bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

Shanahan, MW, Zhao, PRD 102 (2020)

Fourier transform truncation 
effects challenging to quantify, 
two different models used to 
extrapolate beam functions 
outside range of data

m⇡ = 1.2 GeV

<latexit sha1_base64="b9vCiPiQZ7Qfvs8EiaXV1W/ajgc=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuQkQbIWihZQSTCMlx7G0myZK9D3bnxHCk8a/YWChi68+w89+4Sa7QxAcDj/dmmJnnx1JotO1vK7e0vLK6ll8vbGxube8Ud/eaOkoUhwaPZKTufaZBihAaKFDCfayABb6Elj+8mvitB1BaROEdjmJwA9YPRU9whkbyigeB14kFvaBOuUI7CI+Y0mtojr1iyS7bU9BF4mSkRDLUveJXpxvxJIAQuWRatx07RjdlCgWXMC50Eg0x40PWh7ahIQtAu+n0gTE9NkqX9iJlKkQ6VX9PpCzQehT4pjNgONDz3kT8z2sn2Dt3UxHGCULIZ4t6iaQY0UkatCsUcJQjQxhXwtxK+YApxtFkVjAhOPMvL5JmpexUy6e31VLtMosjTw7JETkhDjkjNXJD6qRBOBmTZ/JK3qwn68V6tz5mrTkrm9knf2B9/gBk1JUD</latexit>

P z 2 {1.3, 1.9, 2.6} GeV

<latexit sha1_base64="V+mt2pQu6rzkPVVgoTByA0MkDts=">AAACEHicbVC7TgMxEPTxJrwClDQWEYICne4gvDoEBZRBIiFSLkQ+ZxOs+Hwnew8RTvkEGn6FhgKEaCnp+BuckILXSLsazezK3gkTKQx63oczMjo2PjE5NZ2bmZ2bX8gvLlVMnGoOZR7LWFdDZkAKBWUUKKGaaGBRKOEi7Bz3/Ytr0EbE6hy7CdQj1laiJThDKzXy66XLWxoIRYPMd7c3A+q7B7ZvubtBjwYIN5jRE6j0GvmC53oD0L/EH5ICGaLUyL8HzZinESjkkhlT870E6xnTKLiEXi5IDSSMd1gbapYqFoGpZ4ODenTNKk3airUthXSgft/IWGRMNwrtZMTwyvz2+uJ/Xi3F1n49EypJERT/eqiVSoox7adDm0IDR9m1hHEt7F8pv2KacbQZ5mwI/u+T/5LKlusX3Z2zYuHwaBjHFFkhq2SD+GSPHJJTUiJlwskdeSBP5Nm5dx6dF+f1a3TEGe4skx9w3j4BwxSZ7w==</latexit>

⌘  0.8 fm

<latexit sha1_base64="fC69B4vcxO/JuHsW7O3oXiI0ODI=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJGLKoI1lBPMBuRD2NnPJkr0Pd+fEcKTxr9hYKGLrz7Dz37hJrtDEBwOP92aYmefFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6Hlja6nfusBlBZReIfjGLoBG4TCF5yhkXrFIxeQUVfCPbXLVRfhEVPqB5NesWSX7RnoMnEyUiIZ6r3il9uPeBJAiFwyrTuOHWM3ZQoFlzApuImGmPERG0DH0JAFoLvp7IEJPTVKn/qRMhUinam/J1IWaD0OPNMZMBzqRW8q/ud1EvSr3VSEcYIQ8vkiP5EUIzpNg/aFAo5ybAjjSphbKR8yxTiazAomBGfx5WXSPC87lfLFbaVUu8riyJNjckLOiEMuSY3ckDppEE4m5Jm8kjfryXqx3q2PeWvOymYOyR9Ynz9xN5Wv</latexit>

L = 32a = 1.92 fm

<latexit sha1_base64="olZXS/qnOaLo++Wo+vqbi10mAQ4=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiMxgEq2U3RtRCCNpYWEQwD0iWMDuZTYbMPpi5K4Yl2PgrNhaK2PoVdv6Nk2QLTTxwL4dz7mXmHi8WXIFtfxu5hcWl5ZX8amFtfWNzy9zeqasokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zhDa7GfuOeScWj8A6GMXMD0gu5zykBLXXMvRt8gY9LRHfHOi/hNrAHSLEfjDpm0bbsCfA8cTJSRBmqHfOr3Y1oErAQqCBKtRw7BjclEjgVbFRoJ4rFhA5Ij7U0DUnAlJtOThjhQ610sR9JXSHgifp7IyWBUsPA05MBgb6a9cbif14rAf/MTXkYJ8BCOn3ITwSGCI/zwF0uGQUx1IRQyfVfMe0TSSjo1Ao6BGf25HlSL1lO2Tq5LRcrl1kcebSPDtARctApqqBrVEU1RNEjekav6M14Ml6Md+NjOpozsp1d9AfG5w8IzZSv</latexit>
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Dynamical LQCD setup

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

Mixed action:                                MILC ensembles with ~physical quark masses

Wilson valence quarks with tree-level clover improvement, 
Wilson flow               used as smearing in valence action<latexit sha1_base64="d5d6Usq54ff+AteETqjbWIlSFA8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgKSRS1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa3Tdb6u0tr6xuVXeruzs7u0fVA+PWjrJFGU+TUSiOiHRTHDJfOQoWCdVjMShYO1wfDfz209MaZ7IR5ykLIjJUPKIU4JG8vHGc9x+teY67hz2KvEKUoMCzX71qzdIaBYziVQQrbuem2KQE4WcCjat9DLNUkLHZMi6hkoSMx3k82On9plRBnaUKFMS7bn6eyInsdaTODSdMcGRXvZm4n9eN8PoOsi5TDNkki4WRZmwMbFnn9sDrhhFMTGEUMXNrTYdEUUomnwqJgRv+eVV0rpwvEun/lCvNW6LOMpwAqdwDh5cQQPuoQk+UODwDK/wZknrxXq3PhatJauYOYY/sD5/AK8YjfU=</latexit>

t = 1.0
<latexit sha1_base64="TnCjbJF6JcZDi+DKVUnKaACTbd0=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCvIQZjZqLEPTiRYhgFkhC6OlUkiY9C901YhiCF3/FiwdFvPoV3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVe1BaBP4dDkJoeqzri47gDI3USu95rUYo6AU9PSlknaMGwgPG9AYqw1Y6Y+fsMeg8caYkQ6YotdJfjXbAIw985JJpXXfsEJsxUyi4hGGqEWkIGe+zLtQN9ZkHuhmPXxjSQ6O0aSdQpnykY/X3RMw8rQeeazo9hj09643E/7x6hJ1CMxZ+GCH4fLKoE0mKAR3lQdtCAUc5MIRxJcytlPeYYhxNaikTgjP78jypHOecs1z+Np8pXk7jSJJ9ckCyxCHnpEiuSYmUCSeP5Jm8kjfryXqx3q2PSWvCms7skj+wPn8Ab7uVjw==</latexit>

m⇡ = 538(1) MeV

<latexit sha1_base64="92jfbbPa99NSFNPwQKKBNU3uzvM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBKJTdUtSLUPTiSSrYVmmXkk2zbWiSXZKsUJb+Ci8eFPHqz/HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jpKFGENknEI/UQYE05k7RpmOH0IVYUi4DTdjC6nvrtJ6o0i+S9GcfUF3ggWcgINlZ6vO2Fl9WyV/Z6xZJbcWdAy8TLSAkyNHrFr24/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nR08QSdW6aMwUrakQTP190SKhdZjEdhOgc1QL3pT8T+vk5jwwk+ZjBNDJZkvChOOTISm36M+U5QYPrYEE8XsrYgMscLE2IwKNgRv8eVl0qpWvLNK7a5Wql9lceThCI7hFDw4hzrcQAOaQEDAM7zCm6OcF+fd+Zi35pxs5hD+wPn8AcU3jxc=</latexit>

Nf = 2 + 1 + 1

<latexit sha1_base64="v3ZxTkSbP8td9yiFp831HqGdmNo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5CUol6EohePFewHtKFstpt26W4SdifSEvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCARXIPrfluFjc2t7Z3ibmlv/+DwyD4ut3ScKsqaNBax6gREM8Ej1gQOgnUSxYgMBGsH47u5335iSvM4eoRpwnxJhhEPOSVgpL5dJvgGu45X7QGbQIZDOevbFddxF8DrxMtJBeVo9O2v3iCmqWQRUEG07npuAn5GFHAq2KzUSzVLCB2TIesaGhHJtJ8tbp/hc6MMcBgrUxHghfp7IiNS66kMTKckMNKr3lz8z+umEF77GY+SFFhEl4vCVGCI8TwIPOCKURBTQwhV3NyK6YgoQsHEVTIheKsvr5NW1fEundpDrVK/zeMoolN0hi6Qh65QHd2jBmoiiiboGb2iN2tmvVjv1seytWDlMyfoD6zPH+ABkxM=</latexit>

a = 0.12 fm
<latexit sha1_base64="8bXO9ToKB45/sVA9CM16Oqgam9I=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVsuuxJhGCNpYWEQwD0iWMDuZTYbMPpi5K4ZlG3/FxkIRWz/Dzr9xkmyhiQfu5XDOvczc48WCK7Dtb2NpeWV1bb2wUdzc2t7ZNff2mypKJGUNGolItj2imOAhawAHwdqxZCTwBGt5o+uJ33pgUvEovIdxzNyADELuc0pASz3z8BZf4nKV6H5uVbrAHiHFfpD1zJJt2VPgReLkpIRy1HvmV7cf0SRgIVBBlOo4dgxuSiRwKlhW7CaKxYSOyIB1NA1JwJSbTg/I8IlW+tiPpK4Q8FT9vZGSQKlx4OnJgMBQzXsT8T+vk4BfdVMexgmwkM4e8hOBIcKTNHCfS0ZBjDUhVHL9V0yHRBIKOrOiDsGZP3mRNM8sp2KV78ql2lUeRwEdoWN0ihx0gWroBtVRA1GUoWf0it6MJ+PFeDc+ZqNLRr5zgP7A+PwBRmiUUg==</latexit>

L = 48a = 5.6 fm

<latexit sha1_base64="NvzAqDKbNuyuum/rNJHMNxmv3jI=">AAACAHicbVDJSgNBEO2JW4zbqAcPXhqD4CnMSDAeg148RjALZELo6dQkTXoWu2vEMOTir3jxoIhXP8Obf2NnOWjig4LHe1VU1fMTKTQ6zreVW1ldW9/Ibxa2tnd29+z9g4aOU8WhzmMZq5bPNEgRQR0FSmglCljoS2j6w+uJ33wApUUc3eEogU7I+pEIBGdopK595AEy6km4p26p4iE8YkaDcNy1i07JmYIuE3dOimSOWtf+8noxT0OIkEumddt1EuxkTKHgEsYFL9WQMD5kfWgbGrEQdCebPjCmp0bp0SBWpiKkU/X3RMZCrUehbzpDhgO96E3E/7x2isFlJxNRkiJEfLYoSCXFmE7SoD2hgKMcGcK4EuZWygdMMY4ms4IJwV18eZk0zkvuRal8Wy5Wr+Zx5MkxOSFnxCUVUiU3pEbqhJMxeSav5M16sl6sd+tj1pqz5jOH5A+szx9xj5Ww</latexit>

⌘  1.7 fm

<latexit sha1_base64="9y4PWCs1xBKoKtZ3yqjKkSFmA+U=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgKiRSHxuh6MZlBfuAJobJdNoOnZmEmYlYQ3Hjr7hxoYhbv8Kdf+O0zUJbD1w4nHMv994TJYwq7brf1tz8wuLScmGluLq2vrFpb23XVZxKTGo4ZrFsRkgRRgWpaaoZaSaSIB4x0oj6lyO/cUekorG40YOEBBx1Be1QjLSRQnvXJxrB6u1DmPmSQ47uh/AcemXnOLRLruOOAWeJl5MSyFEN7S+/HeOUE6ExQ0q1PDfRQYakppiRYdFPFUkQ7qMuaRkqECcqyMYvDOGBUdqwE0tTQsOx+nsiQ1ypAY9MJ0e6p6a9kfif10p15yzIqEhSTQSeLOqkDOoYjvKAbSoJ1mxgCMKSmlsh7iGJsDapFU0I3vTLs6R+5HgnTvm6XKpc5HEUwB7YB4fAA6egAq5AFdQABo/gGbyCN+vJerHerY9J65yVz+yAP7A+fwDZP5XJ</latexit>

⌘P z
max = 14.5

<latexit sha1_base64="lsvvry/GPNflo0+nsuoAcFL0s64=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyGRom6EohuXFewD2hgm00k7dGYSZiZiDcWNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtOt+W4WFxaXlleJqaW19Y3PL3t5pqDiVmNRxzGLZCpEijApS11Qz0kokQTxkpBkOLsd+845IRWNxo4cJ8TnqCRpRjLSRAnuvQzSCtduHIOtIDjm6H8Fz6HmOG9hl13EngPPEy0kZ5KgF9lenG+OUE6ExQ0q1PTfRfoakppiRUamTKpIgPEA90jZUIE6Un01eGMFDo3RhFEtTQsOJ+nsiQ1ypIQ9NJ0e6r2a9sfif1051dOZnVCSpJgJPF0UpgzqG4zxgl0qCNRsagrCk5laI+0girE1qJROCN/vyPGkcO96JU7mulKsXeRxFsA8OwBHwwCmogitQA3WAwSN4Bq/gzXqyXqx362PaWrDymV3wB9bnD80ZlcE=</latexit>

⌘P z
max = 11.0

Larger volumes enable larger 
staple extents than in 
quenched calculation

vs quenched

Bazavov et al [MILC] PRD 87 (2013)


Shanahan, MW, Zhao, PRD 104 (2021)
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Renormalization and mixing

Shanahan, MW, Zhao, PRD 101 (2020)

Nonperturbative operator mixing significant for 
operators with large staples

Much smaller mixing 
observed e.g. for local 
quark bilinears:

Nonlocal quark bilinear operators with 
stapled shaped Wilson lines 
renormalized using high-momentum 
quark vertex function (RI/MOM scheme)

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

NLO (one-loop) matching used to convert to       
scheme:

MS

<latexit sha1_base64="exvSv5fIpiavsp/FujHP+jz+zOA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KolUdFl040aoaB/QhDKZTtqhk0yYuRFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7h3jh9zpsC2v42FxaXlldXSWnl9Y3Nr29zZbSmRSEKbRHAhOz5WlLOINoEBp51YUhz6nLb90WXut++pVExEdzCOqRfiQcQCRjBoqWfuu0LbeTp1gT5Aen2bZT2zYlftCax54hSkggo0euaX2xckCWkEhGOluo4dg5diCYxwmpXdRNEYkxEe0K6mEQ6p8tLJ9Zl1pJW+FQipXwTWRP2dSHGo1Dj09WSIYahmvVz8z+smEJx7KYviBGhEpouChFsgrLwKq88kJcDHmmAimb7VIkMsMQFdWFmX4Mx+eZ60TqpOrXp6U6vUL4o6SugAHaJj5KAzVEdXqIGaiKBH9Ixe0ZvxZLwY78bHdHTBKDJ76A+Mzx+FYJXs</latexit>

Ebert, Stewart, Zhao, JHEP 099 (2020)

O
q
�(b

µ, ⌘) = q(bµ)
�

2
Wẑ(b

µ; ⌘ � bz)

<latexit sha1_base64="/z06DRxUi2WzE5n4nuSK6XhR75k="></latexit>

⇥W †
T (⌘ẑ; bT )W

†
ẑ (0; ⌘)q(0)

<latexit sha1_base64="m8AyDnRO4wRLM8AlHFiTzDkJCWQ="></latexit>

Assumes nonlocal operators renormalize analogous to local operators
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Trouble with RI/MOM

Asymmetry visible in beam functions for large volume after RI/MOM renormalization

Bare

RI/MOM

Shanahan, MW, Zhao, PRD 104 (2021)
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Beam function asymmetry
Asymmetry visible after RI/MOM 

renormalization could arise from state-
dependence of static quark potential

State dependence of static quark potential 
also visible in previous calculations

Correction for difference in static quark 
potentials applied

<latexit sha1_base64="17dL5rNWxnlZ/mJ39UdUJkMPtf4="></latexit>

BMS;corr
�4

(bz, bT ) = e�(bT )|bz|BMS
�4

(bz, bT )

Roughly linear trend in         observed

<latexit sha1_base64="yiWk6KsDxUKWJutGyb9NNwKiBfQ="></latexit>

�(bT ) = V (bT )quark � V (bT )pion ⇠ � bT

<latexit sha1_base64="RJJ2aDbV3FGDIV7zhWZm8T76CII=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9a6qlw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAiJo22</latexit>

bT

Huo et al [LPC], Nucl. Phys. B 969 (2021)

Zhang et al [  QCD], PRD 104 (2021)χ

Shanahan, MW, Zhao, PRD 104 (2021)
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Asymmetry correction
After correcting for state dependence of static quark potential, expected 

(anti)symmetrization of beam function emerges

Extrapolation to large       (by a constant) and averaging over choice of        used 
in renormalization performed after correcting for asymmetry

<latexit sha1_base64="GVNo8m7/g9yOIZnX4KRu5RJSRDs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5AwvQjkE=</latexit>⌘
<latexit sha1_base64="hQRMNva4kHBlp7J9HL233wrOIBY=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNUY9ELx7RsEACK+mWLjR0u5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789hNTmseyaSYJ8yMylDzklBgreUG/+fjQL1ecqjMHXiVuTiqQo9Evf/UGMU0jJg0VROuu6yTGz4gynAo2LfVSzRJCx2TIupZKEjHtZ/Njp/jMKgMcxsqWNHiu/p7ISKT1JApsZ0TMSC97M/E/r5ua8NrPuExSwyRdLApTgU2MZ5/jAVeMGjGxhFDF7a2Yjogi1Nh8SjYEd/nlVdK6qLqX1dp9rVK/yeMowgmcwjm4cAV1uIMGeECBwzO8whuS6AW9o49FawHlM8fwB+jzB3lPjno=</latexit>

bRT

Shanahan, MW, Zhao, PRD 104 (2021)
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Large-distance extrapolation
Fits performed independently for each                 to analytic model in order to 

extrapolate to larger

Untruncated Fourier transformations performed analytically after fitting

Improvement from quenched calculation: modeling in coordinate space instead 
of momentum space permits      dependent extraction of CS kernel and 
NLO quasi/light-cone matching

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="/vPf7UL6KrUyxgXomtbtSRX8dZ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeqx6MVjhX5Ju5Zsmm1Dk+ySZIW69Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDP1W49UaRbJuhnH1Bd4IFnICDZWug969bMuqj089Yolt+zOgJaJl5ESZKj1il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrNJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4ZWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZFWwI3uLLy6R5XvYuypW7Sql6ncWRhyM4hlPw4BKqcAs1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wfJSY/C</latexit>

bT , P z
<latexit sha1_base64="YfYywOLh/uQl9v/fDn+sOCgi9N0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd8HDU7dYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGWdk7L1duK6XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AWjmN2w==</latexit>

bz

Shanahan, MW, Zhao, PRD 104 (2021)
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CS kernel systematics
Discrete Fourier transform leads to 

significant         dependence of 
(asymptotically flat) CS kernel estimate

Differences between estimates with 
different momentum pairs visible

Fourier transforming the 
analytically extrapolated model 
leads to smaller (though still 
visible)      and       dependence

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="LY98nRvs/k+TsHotVdTVhqxodtk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd7WHp26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Xq7cVkrVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4APs2NyQ==</latexit>

P z

“Plateau region” identified by 
automated search for overlap 
between different        pairs

<latexit sha1_base64="LY98nRvs/k+TsHotVdTVhqxodtk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd7WHp26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Xq7cVkrVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4APs2NyQ==</latexit>

P z

Fits of            artifacts also attempted
<latexit sha1_base64="sJ2SC3nnr+TcFRqK0VDNJeTUKD4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcNUY9ELx4xcYEEVtItXWjotpu2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCPWJ5FK1Q6wpZ4L6hhlO24miOA45bYWjm6nfeqRKMynuzTihQYwHgkWMYGMl3ztrPDz1yhW36s6AlomXkwrkaPTKX92+JGlMhSEca93x3MQEGVaGEU4npW6qaYLJCA9ox1KBY6qDbHbsBJ1YpY8iqWwJg2bq74kMx1qP49B2xtgM9aI3Ff/zOqmJroKMiSQ1VJD5oijlyEg0/Rz1maLE8LElmChmb0VkiBUmxuZTsiF4iy8vk+Z51buo1u5qlfp1HkcRjuAYTsGDS6jDLTTABwIMnuEV3hzhvDjvzse8teDkM4fwB87nDxt/jj0=</latexit>

1/P z

Shanahan, MW, Zhao, PRD 104 (2021)
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CS kernel results
Plateau regions of      -dependent CS kernel used to give final results and 

(bootstrap confidence interval) uncertainties

Results computed using both        and         , difference used to estimate 
systematics due to finite    

<latexit sha1_base64="LY98nRvs/k+TsHotVdTVhqxodtk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd7WHp26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Xq7cVkrVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4APs2NyQ==</latexit>

P z

<latexit sha1_base64="jtLrTZ9zEYW/VRlCeQnD9vmy4GU=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUSKeix68VjBfkAby2S7aZfubuLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLRzdRvPVGlWSzvzTihgcCBZBEjaKzU7g5QCHyo9kplr+LN4C4TPydlyFHvlb66/ZikgkpDOGrd8b3EBBkqwwink2I31TRBMsIB7VgqUVAdZLN7J+6pVfpuFCtb0rgz9fdEhkLrsQhtp0Az1IveVPzP66QmugoyJpPUUEnmi6KUuyZ2p8+7faYoMXxsCRLF7K0uGaJCYmxERRuCv/jyMmmeV/yLSvWuWq5d53EU4BhO4Ax8uIQa3EIdGkCAwzO8wpvz6Lw4787HvHXFyWeO4A+czx+2Ko/E</latexit>

�4
<latexit sha1_base64="IVWNK7hmoD6QOVtrvzoTB9oBE6Q=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+YyCOBlfQOA0yY2V1nZk3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiKKvTSESqFaBmgoesbrgRrBUrhjIQrBmMbqZ+84kpzaPw3oxj5kschLzPKRortToDlBIfzrvFklt2ZyDLxMtICTLUusWvTi+iiWShoQK1bntubPwUleFUsEmhk2gWIx3hgLUtDVEy7aezeyfkxCo90o+UrdCQmfp7IkWp9VgGtlOiGepFbyr+57UT07/yUx7GiWEhnS/qJ4KYiEyfJz2uGDVibAlSxe2thA5RITU2ooINwVt8eZk0zsreRblyVylVr7M48nAEx3AKHlxCFW6hBnWgIOAZXuHNeXRenHfnY96ac7KZQ/gD5/MHtKaPww==</latexit>

�3

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

Shanahan, MW, Zhao, PRD 104 (2021)
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Comparing approximations
NLO matching leads to significant effects on CS kernel determination 

LO results using ratios of                   beam functions or the momentum-space 
models used in quenched calculation are consistent with LO results using 
average over     dependence but give smaller uncertainty estimates<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="uuPMnPOOlNM7Yzk/XWEuRZlGEOo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHCOYByRpmJ5NkyOzsMtMrxCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0c3Ubz5ybUSk7nEccz+kAyX6glG0UjN4eCJXxO0WS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5JNCJzE8pmxEB7xtqaIhN346O3dCTqzSI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPuXfipUnCBXbL6on0iCEZn+TnpCc4ZybAllWthbCRtSTRnahAo2BG/x5WXSOCt75+XKXaVUvc7iyMMRHMMpeHABVbiFGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8f+gqOsA==</latexit>

bz = 0

Shanahan, MW, Zhao, PRD 104 (2021)
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Lattice comparison
Results are broadly consistent with other LQCD calculations (different actions 

and systematics)

Differences with previous LO calculations (SWZ 20, LPC 20, ETMC / PKU 21) 
consistent with differences between Fourier transform schemes

Shanahan, MW, Zhao, PRD 104 (2021)
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Phenomenological comparison
Results can be compared with phenomenology

Warning - no continuum extrapolation, 
unquantified systematics remain

Lattice artifacts at small        ? Underestimated Fourier transform systematics? 
Further studies needed!

<latexit sha1_base64="RJJ2aDbV3FGDIV7zhWZm8T76CII=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9a6qlw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAiJo22</latexit>

bT

Shanahan, MW, Zhao, PRD 104 (2021)
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The CS kernel can also be extracted from ratios of TMD wavefunctions analogous to 
distribution amplitudes

Recent calculations by LPC using TMD 
wavefunctions achieve larger        , smaller 
Fourier transform systematics

Chu et al [LPC], arXiv:2204.00200

 ̃(bz, bT , ⌘, P
z) / h0|O(bz, bT , ⌘)|⇡(P

z)i

<latexit sha1_base64="p+igLLlUluQMU619Birje22/eZs="></latexit>

b · P

<latexit sha1_base64="hm2CK6iz4a+SrA5nQCUIJlQoerE=">AAAB73icbVBNS8NAFHypX7V+VT16WSyCp5JIRY9FLx4r2Fpog2w2m3bpZhN3X4QS+ie8eFDEq3/Hm//GbZuDtg4sDDPz2PcmSKUw6LrfTmlldW19o7xZ2dre2d2r7h90TJJpxtsskYnuBtRwKRRvo0DJu6nmNA4kvw9G11P//olrIxJ1h+OU+zEdKBEJRtFK3aDPwgRJ66Fac+vuDGSZeAWpQQGb/+qHCctirpBJakzPc1P0c6pRMMknlX5meErZiA54z1JFY278fLbvhJxYJSRRou1TSGbq74mcxsaM48AmY4pDs+hNxf+8XobRpZ8LlWbIFZt/FGWSYEKmx5NQaM5Qji2hTAu7K2FDqilDW1HFluAtnrxMOmd1r1E/v23UmldFHWU4gmM4BQ8uoAk30II2MJDwDK/w5jw6L8678zGPlpxi5hD+wPn8AY+sj6o=</latexit>

Stay tuned for CS kernel results with controlled Fourier transform truncation effects 
and other systematic uncertainties

Calculations comparing efficiency of TMD wavefunctions and beam functions 
underway

Towards fully controlled systematics
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Outlook
Nonperturbative QCD input is required to determine the Collins-Soper kernel 

governing TMDPDF evolution and improve precision of SIDIS and Drell-
Yan predictions / TMDPDF extractions

Recent LQCD results by 
several groups 
demonstrate increasing 
control over challenging 
systematics in CS kernel 
calculations

More sophisticated treatment of renormalization (“hybrid renormalization scheme”) 
and Fourier transform systematics needed 


— Reliable LQCD determinations of the CS kernel (and full TMDPDFs) possible


