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Outlook

® CSS formalism
® Potential issues in phenomenology
® "Bottom-up” approach to phenomenology.

® Final remarks.



CSS formalism

Consider
X
5 doB
dza dzp dga
— Hjj(:uQ; 02) /deAT d2kBT Dj/A (ZA, ZAICAT;ILLQ, QQ) D}/B (ZB, ZBkZBT; HQ , QZ) 5(2) (QT — kAT — kBT) +
YA (1, Qs i) + O (m/Q) (9)

Large qT Corrections
important but focus on W for now.



W term

2y . - i
W(qT7Q) — H(QS(MQ%CZ)/ﬁ € qr-br DA(ZAabT;ILLQ()?Qg) DB(ZB7bT;/'LQ07Q(2))

3 2 p / 2
X exp {K(bT;,uQO) In (g_%) 4+ /M: dluﬁf [27(043(#’); 1) —In %’YK(O@(M’))] } :

At Q0=Q resembles parton model picture



W term (with pQCD constraints from WOPE)

2bp i
W(qr, @) :H(@s(MQ)§C2)/ (277)1; e "0 D g (24, b1 10y, Q) Di(2B, br; 110y, Q)

3 2 p / 2
X exp {K(bT; 1o, ) In (%%) 4+ /M: dluﬁf [27(043(#’); 1) —In %’YK(OAS(M’))] } :

. WOPE (pQCD)
W(QTa Q) — H(MQ? CZ) / (27_‘_)2 6_iqT.bTIDA(ZA7 b*7 b, s M%* )[)B (ZBv b*a b, s MZ*)

~

HQ 2
X exXP < 2/ i/ lv(as(u’); 1) —In QIVK((XS(/J/))] + In Q—QK([?*;/%*)}
wy, M H My,

X exp 4 —ga(za,br) — gB(2B,br) — gk (bT)In (—2) } :

\



Further step: Constraints to small bT behaviour

by - i
W(qr, @) :H(Oés(MQ)502)/ (2#)2 e "0 D g (24, b1 10y, Q) Di(2B, br; 110y, Q)

 exp {fqu; jigo) In (Q—) -/ A ) - Q—,Z’YK(%(M’))] } .

Q% Qo H X

by . - i
W(QTaQ):H<MQ7c’2)/(2ﬂ_; e "7 bTDA(ZAab*;:ubw:u%*)DB(zBab*;:ub*nu%*)

~

HQ ) 2
X exp « 2/ TM’ [W(Oés(ul);l) —In %VK(%(M/))] + In %K(b*mb*)}
Hob b

*

X exp s}—ga(z4,br) — 9B(2B,b1) —

Models characterizing
nonperturbative behaviour




Further step: Constraints to small bT behaviour

2bp i
W(qr, @) :H(@s(MQ)§C2)/ (277)1; e "0 D g (24, b1 10y, Q) Di(2B, br; 110y, Q)

3 2 p / 2
X exp {K(bT; 1o, ) In (%%) 4+ /M: dluﬁf [27(043(#’); 1) —In %’YK(OAS(M’))] } :

by - .
W(QTaQ):H<MQ7CZ)/(2ﬂ_)2 e T bTDA(ZA7b*;ubwug*)DB(ZB?b*;:ub*muz*)

~

HQ ) 2
X exp « 2/ TM’ [W(Oés(//);l) —In %VK(%(M/))] + In %K(b*Wb*)}
Hob b

*

X exp 4 —ga(za,br) — gB(2B,br) — gk (bT)In (—2) } :

\

Transition from small to large bT b*(bT) — \/1 12 /b2

Scale setting in the OPE up, = Ch /by .



Exact definition of W does not
depend on the shape of b* nor on
the value of bmax

i ~

gr (br) = K(by, ) — K(br, 1) —ga(z,br) =1n (

Da(z,br; g, Q3)
DA(Z7 b*7 :qua Q%)



Exact definition of W does not
depend on the shape of b* nor on
the value of bmax

DA(Z, bT; HQo > Q(2))>

b E.f( b* _K b ) _gA(Zij) =In b
g (br) = K(bs, p) — K(br, 1) (DA(Zab*§MQ07Q(2))

When modelling g-functions, should only allow for mild dependence
on b* and bmax



Potential issues in phenomenology

At lower energies, more sensitivity to b*, bmax

Note that this dependence is due to a lack of constraints on g-functions
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A. V. Konychev and P. M. Nadolsky, Phys. Lett. B633, 710 (2006), arXiv:hep-ph/0506225



In both cases, using WOPE

Example: e+e- —> h h
Qo = 2GeV z=10.3 Qo = 2GeV z2=0.3

e RPN bma (GeV L)
- 100 -
_— 0.25
0.10

N\

/) NN
() =10 GeV \\\\: ........

Explicitly constraining g-functions Unconstrained g-functions



Example: e+e- —> h h

Qo = 2GeV z=0.3
N N bmaX(GeV_l)_
- —— 1.00 .
—_ 0.25

0.10

-
e

M = 0.20 GeV
B mp = 0.30 GeV
~ my = 0.10 GeV

Explicitly constraining g-functions

WOPE not enough to constraint
large qT (smII bT)

M = 0.20 GeV
mp = 0.30 GeV
mr = 0.10 GeV

Unconstrained g-functions




Another important consideration

Consider sensitivity of bT at different energy scales
A. V. Konychev and P. M. Nadolsky, Phys. Lett. B633, 710 (2006), arXiv:hep-ph/0506225
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Recall TMD evolution involves a Fourier transform,
thus, knowledge of full bT range needed

A. V. Konychev and P. M. Nadolsky, Phys. Lett. B633, 710 (2006), arXiv:hep-ph/0506225
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A good strategy for pheno is to look at
smaller energy scale observables
(more information on long distance behaviour)

by . - i
W(QT7Q):H(NQ7CQ)/(27T)’2 e "7 bTDA(ZAab*;:ub*alu%*)DB(szb*;ub*aug*)

b H lub

%

HQ ) 2
X exp 4 2/ i/ [7(043(//); 1) —1In %’}/K(as(ul))] +In Q—QK(b*;,ub*)}
7

( 2
X exp § —ga(za,br) — gB(2B,b1) — 9K (bT) In (Q—2> } :
\ 0
bt
Transition from small to large bT b.(br) = \/1 T 02 /b2
T/ Ymax

Scale setting in the OPE up, = C1/by .



A good strategy for pheno is to look at
smaller energy scale observables
(more information on long distance behaviour)

==

Must ensure models smoothly transition from
small bT (predicted by pQCD) to large bT

by . - i
W(QTaQ):H(IuQ7CQ)/(2ﬂ_)T; e "7 bTDA(ZAab*;:ub*alu%*)DB(szb*;ub*au%*)

~

HQ ) Q Q’
X exp 2/ i/ lv(as(u’); 1) —In —/VK(ozS(,u’))] + In —2K(b*;ub*>}

(

2
< exp 4|94 (za,b1) — g5(21,br) — gxc (b | (Q—Z)} |

Transition from small to large bT b*(bT) — \/1 T2 /b2

Scale setting in the OPE up, = C1/by .



A good strategy for pheno is to look at
smaller energy scale observables
(more information on long distance behaviour)

==

Must ensure models smoothly transition from
small bT (predicted by pQCD) to large bT

Integral relation very important:

HQ
de(2; Q) = 2%22/ dkr krD(z, zkT; 1, Q°)
0

M = 0.20 GeV
20 | mp = 0.30 GeV

BN

my = 0.10 GeV

We used these in obtaining Fig. on the left



A good strategy for pheno is to look at
smaller energy scale observables
(more information on long distance behaviour)

==

Must ensure models smoothly transition from
small bT (predicted by pQCD) to large bT

M = 0.20 GeV
20 | mp = 0.30 GeV

BN

mg = 0.10 GeV

Integral relation very important:

HQ
de(2; Q) = 27‘(’22/ dkr krD(z, zkT; 1, Q°)
0

HQ
2#22/ dkr krD(z, zkt; ug, Q%) = d.(2; 1)
0

+ AR a(1g)) + O (. aulig) ™)

+

These corrections may be important
at moderate energy scales



A good strategy for pheno is to look at
smaller energy scale observables
(more information on long distance behaviour)

==

Must ensure models smoothly transition from
small bT (predicted by pQCD) to large bT

This motivates our
“bottom-up” approach



bottom-up approach

Work with this form of CSS

But work in momentum space when possible



model building

Choose models for smallest scale Qo at which factorization is trusted &
constrain models using pQCD at kT~Q, Integral relation, etc.

Qo = 2GeV z=0.3
2.0 - | | -
N\ - - Gaussian
'S ! \ (1,dvrs)
S 15 E SN = D (ke gy, QF) -
5 / h
) 1.0 + ,/'l “\\ .
<2 I " M = 0.20 GeV
N " A\
& 05 L \ mp = 0.30 GeV .
Q j A\,
e Q-
~= 00 b R -

I I \
0.0 1.0 2.0 T 3.0

kr(GeV) Behaviour needed
Also for “matching” i.e.
Y term



* Choose models for smallest scale Qo at which factorization is trusted &
constrain models using pQCD at kT~Q, Integral relation, etc.

(17d?") o 2 —_ 1 1 d’r‘
Dinput (Z7ZkT7:uQO7 QO) o 27_‘_2,2 I‘C% ‘I‘ m2D [A( )(ZMLLQ())
2 C(d"“) 27.2 2
_|_B(dr)(27 ILLQO) In k% —I—Om%} | Y e~ ki /M
KW (kripo.) = os(pg,)Cr 1
input » Qo 0 - C (5(2) kt).
T2 k4 4+ m2 K0 (k)




1,d,
Di(nput) (Z7 ZkT; HQo Qg)

1 1 .
T ona2 k3 4+ m4 {A( T)(z;,uQO)

_I_B(dr)(zluQ )ln (2) ] C(dr) 6_Z2k’2I‘/M2
B TM?

f

Pheno model: here a gaussian
but any other model to be tested
can go here



Constraints for kT ~QO0
Depend on collinear function

5 , C(dr) €—z2k%/M2
wM?

T Related to OPE in
| usual presentation

Of CSS formula
40 50 = 217y, ol




1,d,
D (2, 2hors gy, Q)

1 1
— Aldr) (.
22 ki + mi, { 45 HQu)
Q5 } Odr) &

ez%?f /M
k% + m% M ?

_ Integral relation

+B'%)(z; pg, ) In

27 2 /MQO dkT kTD.(n’dr)(Z 2kt 1 Q2)
Input ) » Qo 0
_O (n.dy) /. Note C coefficient
=d; (25 Qo) - not independent from A,B.
Integral relation reduces
Number of parameters.

€14 = 1)z pq,) ~ A% (s g ) n 222 )

mp

2
. B(dr)(z’lu@o) In (MQO) In ( QO >
mp HQoT D




HQq
2 (n,d) , 2
22 /0 dkr kr Dy, )¢ (2, 2kTs Qe QF) cannot be neglected.

= ™" (25 1g,)

+ kT~QO0 constraints guarantee:

D) (2 zkr; pg, Q%) = [Cg)(ZkT) ® dr] (#;4Q)  used in usual treatment,
Not enough to guarantee
Integral relation

Not the other way around



o
9 o2 / 0 dker ko Dfnput>( 2, zkr; pay, Q) This (and other) constraints
0 Implied in usual CSS formula

= 40" (1)

2by . )
W(QTaQ):H(NQ3C2)/ =TT D)y (24, b o, , 12 ) D (28, b fin, 112

(27)?
[ reQ dy/ ) Q_2 |
X exp < 2/%* " [7(%(#),1) In M,VK(%(M))] + In i K(b*yub*)}

. 2
X exp{ —ga(za,br) — gB(2B,br) — 9K (bT) In Q )} -

T

Must not forget to include constraints explicitly.



- use RG improvements in result for kT>QO0 region.

Use scale transformation that satisfies

O (br) — {Cl/bT br < C1/Qo,

Qo otherwise,

T Input scale



Example: Interpolates smoothly
_ Between C1/bT and QO
QO (bT7 CI,)

C,
= 2. 1—11-—
0 GeV { ( (2.0 GeV)bT> N

T Input scale (Q0 = 2 GeV here)

Compare to

bt
V1403 /b2,

po, = C1/bs .

b.(br) =



Example: Interpolates smoothly
_ Between C1/bT and QO
Q() (bT7 CL)

o
= 2. 1—11-— |
) Gel { ( (2.0 GeV)bT> N

T Input scale (Q0 =2 GeV here)

Compare to

br | . RG improvement and interpolation
1+ 0302 Between large and small bT
not disentangled

b, (by) =

b, = Cl/b* .



Ci/br by < C1/Qo,

Qolbr) = {Qo otherwise,

HQqo dlu/ (n)

= K (brs o) — /M —7 K

D

~(n,d, —2
— Di(nput)<z7 bT; Ma()? QO) exp {/
7

(n,d;)

a M

(Z7 bT7 HQq s Q%)

Qo

At input scale QO, either of
“input” or “underlined” should work
since W term is not relevant at kT>Q0

But to evolve to Q>>Q0, one needs to use

(as(i)) . RG improve version

HQq d,u/ n Q (N
— ['Y( )(ozs(,u/); 1) —In —vg (048(:“/)) +In QOKi(np)ut(bT;'qu)}

/



Cl/bT :
- HQo |
a=2GeV
E 101 L a =4GeV .
0o (by) — Ci/br br < C1/Qo, > - g
0T Qo otherwise , - -
~ (n) . ) — ] : P : —
K (anqu) % 30 -
~ (n HQo d,u/ n o 10 F .
sznguth;ua)—/ —yi (s (u)) - B —ee NN,
0
pg, M
S
3
:
Dependence on scale =
transformation is a higher |

Order correction




_ Ci/br b C
0y (br) = 1/br b < .1/620,
o otherwise,

~ (n,d;)
Q (zabT;MQoan)

~ (n L HQq d /
= Dy (2, bri g Qo) exp {/ M—M,
7’

Qo

Dependence on scale
transformation is a higher
Order correction

Qo = 2GeV z=0.3

80 F— a=2GeV -
S O i =4Gev / )
S 6.0 b 7 _
g /
o 5.0 - / i
)
& 40 f M = 0.20 GeV :
£ 30| mp = 0.30 GeV -
'ﬁ'\
N T mi = 0.10 GeV :
1.0 £ ]
102 1071 10° 10°
br(CGeV™1)
QO n QO ~~(n
@ 51) = 0 Do )| 10 PR, g



Phone at Q~Q0

At input scale QO, either of
“input” or “underlined” should work

0o (by) — Ci/br br < Ci/Qo), _ _
0\"T) =1 0, otherwise , since W term is not relevant at kT>QO0
K" (brs g,

hay 4, But to evolve to Q>>Q0, one needs to use
= K (bripg ) — / M—'If’y%)(as(u’)) . RG improve version

Qo
Q(n,dr) (Z, bT; HQo > Qg)

~(n 9 HQq d / n
= D) (2, br; g, Qo) exp { / Mi [f% Has(p);1) —
Qo

Verify these claims



Examples

Qo = 2 GeV z=0.3

12.0
10.0
8.0
6.0
4.0
2.0
0.0
—2.0
—4.0

This allows for pheno
Close to input scale Q0
With “input” functions

OR

gr WI(Q, qr)/H®

Use existing results from
pheno fits

Need RG improvement for
larger Q



Examp|es Making a case for “bottom-up” approach

Qo = 2GeV z=10.3
102 | | | | |
I? 0 =2GeV @=2bed 4
""" 10 GeV ' Larger sensitivity on non-
10 g 100 GeV 3 perturbative parameters
ST e 1000 GeV : close to Q0 means itis
-2 L S T | harder to predict data
R M =021 Gev At low energies from large
% mp = 0.37012 GeV Energies
E mx = 0.117002 GeV
T 102 | | | | |
S 3 3
o Qo < a <2Qo '
=
10° il E
S e ' Note scale sensitivity
1072 | e . Is much smaller
M =0.2GeV
mp = 0.3 GeV
mg — 0.1 GeV
l l l l l

0.0 2.0 4.0 6.0 8.0 10.0 12.0
qr(GeV)



Examples Comparing to usual formulation

Qo = 2GeV z=20.3
Q0:2G€V : : _—

T i i T T T T T T 4.0_ -1 —
bmax = 0.1 GeV

bmax = 0.1 GeV 1

2.0

L o = e m m— e m— e — o — e — — o — o —
—_— = —

—-— - .
— = = —
-— - =
—_ =
-— -

0.0 F--

-2.0

- In <D(17dM_S)(Z7bT;:UJQ07Q%)> *

-4.0 - (1.dee 8
T In (Q(l’dMS)(ZJ}* ;MQoaQ%))
-6.0 - _g(l,dM—S)(Z7bT;bmaX) ]
} ——————+++] —— 4
4.0 + ~1 |
bmax = 1.0 GeV
2.0
0.0
-2.0
~1.0 + - 40 >
-6.0 ~ .
107! 10° 10 e
-1 0 1
br(GeV—) 10 10 10
br(GeV™1)

In this example by construction W is independent of bmax.
This mimics what the original exact formula Implies



M = 0.20 GeV — M = 0.20 GeV
20 o mp = 0.30 GeV . 20 TN mp = 0.30 GeV .
R mi =0.10GeV TSNy mk =0.10GeV
10 R : 10 + 4 N -
7Q =10 GeV I
O £ | 0 e e
—10 L | | | i —10 | | | | i
0 1 2 3 4 0 1 2 3 4
QT(GGV) qT(GeV)

Using g’s from our Underline functions Unconstrained g’s



Final Remarks

Bottom up approach advantages:

e Allows to use existing pheno models/results

o Easy to constrain nonperturbative models (in relevant region)
 Defined “underlined” functions obey exact evolution equations

(b ) a In Q(n’dr) (Za bT7 /'LQ()) Q(%)
T K — _ (n) O In QO
d ln,u 7K (Oés (:u)) y _ f(—(n)

dK(n)

(bT; :qu) 3
(Z7 br; HQo> Q(%)
dIn pg,

= 7" (s (1go); 1)

- g ().

HQo

d ln D(n’dr)

e Can compare models agains each other:
 a) do pheno at input scale Q0
e b) evolve to larger scales to decide which model is better

This is related to predictive power, the more you can predict, the better
The formulation + models + approximations work






