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Why jets

 Jets are constructed as IR-safe final state distributions: The jet perturbative expansion is  highly 

convergent


 Several important nuances can be  considered to improve convergence or phenomenological analysis (Standard 
Axis, WTA, grooming, thrust..)
 One can use jets in combination with hadronic distributions  (hadrons inside jets, hadron + jets, 

vector boson + jets,..)


 It is possible to encounter new hadronic distributions that have never been classified



 The TMD evolution kernel and jets
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R(b,Q, µ) =

✓
Q2

⇣µ[D(b, µ)]

◆�2D(b,µ)
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D(b, µ) = Dpert(b, µ) + dNP(b)
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The TMD evolution is  per-se a relevant hadronic distribution that can be extracted from data, lattice and also 
appears in factorization theorem with jets:
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How many jets?

 At EIC/Belle there is probably an energy limitation of 2 jets for a single process …


 At LHC one can achieve processes with many more jets


 Can one build a factorization theorem for differential distributions for any number of jets (when 

some energy scale becomes very small?)?



The di-jet (DJ) and heavy hadron pair (HHP)

dijet LO process:

heavy meson pair at LO:

(�⇤g)
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qµ =
Qp
2
(nµ � n̄µ) = (0, 0, 0, Q)
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kµ =
⇠p
2x

Qn̄µ =
⇠

2x
(Q, 0, 0,�Q)
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`+ h ! `0 + J1 + J2 +X
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pT 2 [5, 40], central rapidityEIC:
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Observables
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d�

dxd⌘1d⌘2dpT drT
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rT = p1T + p2T , pT =
|p1T |+ |p2T |

2

All transverse quantities are referred to the beam axis in the Breit frame

Small transverse momentum condition on the imbalance momentum
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|rT | ⌧ pT
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p1T

p2T



Kinematics in the Breit frame
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Q2 = �q2; x =
Q2

2P · q ; qµ = (0, 0, 0, Q); Pµ =
1

2x
(Q, 0, 0,�Q); ⇠ =

k+

P+

⌘± =
⌘1 ± ⌘2

2
Q = 2pT cosh(⌘�) exp(⌘+); ⇠ = 2x cosh(⌘+) exp(�⌘+)
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parton

target hadron
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ŝ = (q + k)2 = +4p2T cosh2(⌘�) ,

t̂ = (q � p2)
2 = �4p2T cosh(⌘�) cosh(⌘+) exp(⌘1) ,

û = (q � p1)
2 = �4p2T cosh(⌘�) cosh(⌘+) exp(⌘2) ,

ŝ+ t̂+ û = �Q2

Mandelstam variables
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This variable enters TMD



EIC coverage
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d�

d⇧drT
= rT

Z 1

0

b db

2⇡
J0(rT b)

Z +⇡

�⇡
d�b


d�̃U (b)

d⇧db
� cos 2�b

2

d�̃L(b)

d⇧db

�

Phenomenology: di-jet case
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d⇧ = dxd⌘1d⌘2dpT

For the moment we consider the phenomenology of
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d�U = d�U (�⇤f) + d�U (�⇤g)
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d�L = d�L(�⇤g)
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Unpolarized and linearly polarized gluons can contribute



JET: Collinear soft  and jet functions NEW soft function

Factorization

A new soft function appears

TMD

/2310
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0

X
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�⇤f!gf̄ (ŝ, t̂, û, µ)

Z
d
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(2⇡)2
exp(ib · rT ) ff

1 (⇠, b, µ, ⇣1)

⇥S�f (b, ⌘1, ⌘2, µ, ⇣2)(Cg(b, R, µ)Jg(pT , R, µ))
�
Cf̄ (b, R, µ)Jf̄ (pT , R, µ)

�
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Z
d
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exp(ib · rT ) fg

1 (⇠, b, µ, ⇣1)
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A new (measureable?) soft function
<latexit sha1_base64="Lb93p47ejr65zjFItk6ycKaS38g="> </latexit>

Ŝ�g(b) =
1

CFCA
h0|S†

n(b,�1)ca0Tr
h
Sv2(+1, b)T a0

S†
v1(+1, b)Sv1(+1, 0)T aS†

v2
(+1, 0)

i
Sn(0,�1)ac|0i.

Only one rapidity regulator needed because we measure only momenta transverse to n 
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No rapidity 
divergences  
in this graph



Re-organization, zero-bin, ..
<latexit sha1_base64="RIcCSalky0rE/zYkrEz6sspv+KY="></latexit>

B̂i(⇠, b, µ, k
��+) =

Bun.
i (⇠, b, µ, k�/��)

S(b, µ,
p
�+��)

The zero-bin subtracted TMD
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S(b, µ,
p
�+��) = S

1
2 (b, µ, �+⌫)S

1
2 (b, µ, ��/⌫)DY/SIDIS soft-function as  a product

Re-organization of the product of beam function and soft function in TMD and subtracted 
soft-function
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Re-organization, zero-bin, ..

Re-organization of the product of beam function and soft function in TMD and subtracted 
soft-function

<latexit sha1_base64="hZbVUl17gC6Wz4RznhZdY0uc+PU="></latexit>

S�i(b, µ, ⇣2) =
Ŝ�i(b, µ,

p
An �+)

S
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�����
⌫/

p
2An!

p
⇣2
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⇣1 ⇣2 =
û t̂

ŝ
= p2T ! ⇣1 = p2T ; ⇣2 = 1
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An =
v1 · v2

2(n · v1)(n · v2)
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f i(⇠, b, µ, ⇣1) =
Bun.

i (⇠, b, µ, k�/��)

S
1
2 (b, µ, ��/⌫)

�����p
2 k�/⌫!

p
⇣1
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B̂i(⇠, b, µ, k
��+)Ŝ�i(b, µ,

p
An �+) = f i(⇠, b, µ, ⇣1) S�i(b, µ, ⇣2)

We have a condition similar to DY case



Evolution

<latexit sha1_base64="hGfD3VFFAHvsZ8y2doygGEeSAhI="></latexit>

d

d lnµ
S�i(b, ⇣, µ) = �S�i(b, µ, ⇣)S�i(b, ⇣, µ),

d

d ln ⇣
S�i(b, ⇣, µ) = �Di(µ, b)S�i(b, ⇣, µ),
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�i(b, µ) = �cusp[↵s] (ci 2 ln | cos�b|� c0i i⇡⇥(�b)) + other �b independent terms
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ci =
X

i

c0i = 0
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⇥(�b) =

(
+1 : �⇡/2 < �b < ⇡/2

�1 : otherwise
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The anomalous dimensions now depend non-trivially on angles and develop imaginary parts: 

the two facts are connected

<latexit sha1_base64="dfSxBPPkdwsMtyc+f1N3qLBHp34="></latexit>

vj · b = vjb cb ,with cb ⌘ cos�b



New AD property

The sum of all anomalous dimensions cancel as usual but 
Imaginary parts  and angle dependence in the anomalous dimensions must be treated 

carefully. 
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�[1]
S�g

= 4
�
�CA ln ⇣2 + 2CF

⇥
ln(Bµ2 e2�E )� ln ŝ+ ln p2T + ln(4c2b)

⇤ 

�[1]
S�f

= 4

⇢
(CF + CA)

⇥
ln(Bµ2e2�E )� ln ŝ+ ln p2T + ln(4c2b)

⇤
+ (CF � CA)


ln

✓
t̂

û

◆
� i⇡

�
� CF ln ⇣2

�

�[1]
Ci

= 4Ci

⇥
� ln

�
Bµ2 e2�E

�
+ lnR2 � ln(4c2b) + i⇡cb

⇤
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Evolution: -prescription (for new soft matrix element)ζ

<latexit sha1_base64="XdHYFhfUx6CT4Rq24sHddwv0iGo="></latexit>

S�i (b, µf , ⇣2,f ) = exp

Z µf

µ0

⇣
��
S�i

(�)d lnµ
⌘�

exp

Z

P

�
�̄S�i(b, µ, ⇣2)d lnµ�Di(µ, b)d ln ⇣2

��
S�i (b, µ0, ⇣2,0)

= R�
S�i

RS�i S�i (b, µ0, ⇣2,0)
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d

d lnµ
R�

S�i
= ��

S(�)R
�
S�i

,
d

d ln ⇣
R�

S�i
= 0

d

d lnµ
RS�i = �̄SRS�i ,

d

d ln ⇣
RS�i = �D

The objective of -prescription is to define scale-independent matrix elements, re-absorbing the 
evolution in a factor. Here we need a further step because of angular dependence

ζ

 and  do not mix in AD’sζ ϕb

-prescription is independent from  integrationζ ϕb /2316



Evolution and angular integrations

<latexit sha1_base64="0syE7gffv2i90nwvzhrh430Crnw="></latexit>

d�̃(b) ⇠ | cos�b|2A (cos(B⇡)� i⇥(�b) sin(B⇡))R({µk} ! µ)

2

41 +
X

k2{h,j,s,cs}

as(µk)f
[1]
k (b, cos�b)

3

5

All imaginary parts cancel AFTER b-angle integrations

Caveat: Scale choice must respect the integration condition   
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2A > �1
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Fixed order



Scale prescriptions: di-jet
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d�
U (�⇤

g)

d⇧ drT
=

X

f

�
gU
0 H

U
�⇤g!ff̄ (ŝ, t̂, û, µ = pT )Jf (pT , R, µJ)Jf̄ (pT , R, µJ)

⇥
Z +1

0
bdb J0(brT )f1(⇠,b)Rg

�
({µk}, ⇣1,0, ⇣2,0) ! (pT , p

2
T , 1)

�
�̂
U
g (b, R, {µi})
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Rg

�
({µk}, ⇣1,0, ⇣2,0) ! (pT , p

2
T , 1)

�
= RJf (µJ ! pT )

2RCf (µC ! pT )
2Rg

F

�
(µ0, ⇣1,0) ! (pT , p

2
T )

�
Rq

S ((µ0, ⇣2,0) ! (pT , 1))

Scale independent  gluon TMD 
Defined on non-perturbative saddle point in scale space
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Scale choices and non-perturbative models

<latexit sha1_base64="zfmfFH3B2ZpzdiJYb/1ZExdXURE="></latexit>

µJ = pTR

µC = 2e��E

✓
1

b
+

1

bmax

◆
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C(b, R; pT ) = RC(b, R; pT , µC)Cpert(b, R;µC)f
NP
C (b, R),

S�i(b; pT , 1) = RS({µ0, ⇣0} ! {pT , 1})Spert
�i (b;µ0, ⇣0)f

NP
S (b)
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fNP
i (b) = exp

✓
� b2

(Bi
NP )

2

◆
, i = J , C, S



Plot for di-jet production

/2320

TMD from Artemide: 

LPG are negligible because 
Matching to gluon  
PDF is suppressed  

JHEP 11 (2019)121)



Plot for heavy di-hadron production
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TMD from Artemide: 

LPG are negligible because 
Matching to gluon  
PDF is suppressed  

JHEP 11 (2019)121)



 angular modulation at LP for di-jetcos(2ϕ)
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 angular modulation at LP for di-hadroncos(2ϕ)
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Several features of di-jets



Conclusion

✤ We have shown the factorization  of two processes involving gluon TMD. A new soft 
function appears, whose properties has been studied. This is a vacuum-to-vacuum 
matrix element that cannot be reabsorbed in other functions. Is this problematic? 

✤ We have solved a problem of resummation with angular dependent complex  anomalous 
dimensions. All functions coded in Artemide. 

✤ Unpolarized and linearly polarized gluons appear together, but the latter has a  
suppressed matching coefficient, and they are negligible 

✤ Angular modulation asymmetries around 5% 
✤ Testing on H1?Similar processes?Higher perturbative orders?
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Phase space at EIC

Typical phase space in central rapidity region
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The  gluon TMD quest

Gluon Polarization
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✤ Much effort in using unpolarized targets, unpolarized and linearly polarized gluons appear 

together 
✤ The only  color neutral particle available for this search is the Higgs  
✤ Perturbative calculations at NNLO for unpolarized nucleon distributions, D. Gutierrez-Reyes, S. Leal-

Gomez, et al. JHEP 1911 (2019) 121, M.-X Luo, et al. JHEP 2001 (2020) 040

See Feng Yuan talk!
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Scales and bHQET
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Matching bHQET to massive SCET

βμ is the collinear velocity of the heavy hadron and vμ is the lightlike vector along the direction of the boosted quark. 
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Fragmentation Shape function/bHQET  Jet 
function connection
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Soft function AD up to 3-loops
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