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Goal: circumvent lattice issues for TMDs & gain broader insights

Non-perturbative contributions to collider physics
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TMD-PDFs

EFT: typically, described by matrix 
elements with lightlike Wilson lines…

Ø Phenomenology: models + fits to 
account for these effects 

Ø First principles? Lightlike paths 
induce a lattice sign problem…



TMD factorization

Experimental data 𝒅𝝈 = 𝑯%𝒇⊗ 𝒇
(e.g. Drell-Yan process)

Renormalized continuum QCD 𝒇 = 𝒁𝑼𝑽
𝑩
𝑺

Lattice-regularized QCD 𝒇 = 𝑪 × -𝒇𝒍𝒂𝒕𝒕𝒊𝒄𝒆

Goal



A plethora of TMD definitions…
Modern Collins

Echevarria, Idilbi, Scimemi

Chiu, Jain, Neill, Rothstein

Becher & Neubert

Ji, Ma, Yuan

Etc!
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Let’s sort this all out!



Components of a TMD

𝒇 = lim 𝑍45
𝑩𝒒𝒊/𝑯

𝜞

𝑺𝑹lightcone,
renormalization

Soft factor:Beam function:
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Unified TMD notation

𝑓 = lim 𝑍45
𝑩𝒒𝒊/𝑯

𝜞 𝒃, 𝑷, 𝝐, 𝜼𝝂, 𝜹

𝑺𝑹 𝒃, 𝝐, 𝜼𝝂, 1𝜼2𝝂lightcone,
renormalization

Specify a scheme by choice of arguments & limits

Quasi-TMD

Collins TMD

JMY scheme

MHENS scheme
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𝐁𝐞𝐚𝐦 = 𝑃 '𝑞!
𝛤
2
𝑾𝑭 𝒃, 𝜼𝝂, 𝜹 𝑞! 𝑃

𝐒𝐨𝐟𝐭 =
1
𝑑#

0 Tr 𝑺𝑹 𝒃, 𝜼𝝂, ;𝜼;𝝂 0



Unified notation → straightforward to see relationships

New!
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Derivation procedure

(1) Same at large rapidity 
Pz >> ΛQCD

Ø Map variables after expansion

Ø Wilson line length |η| → ∞

(2) Nontrivial relationship

Ø Different UV renormalization

Ø Need matching coefficient

The quasi-soft function is chosen to 
reproduce the Collins soft function.
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Step 1: Quasi to LR

Compare Lorentz invariants 
formed from beam function 

arguments bμ, Pμ, 𝛿μ, ηvμ
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Use boosts to show quasi = LR 
as |η| → ∞ & Pz >> ΛQCD



Step 1: Quasi to LR

Need 𝑦% − 𝑦& = 𝑦 '%
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Need  ?𝜂 = 2 𝑒(!𝜂

As 𝑦 '% → −∞, 𝑏) ≫ F𝑏*

Quasi = LR 
after large rapidity expansion ✅

Examine all 10 Lorentz invariants:



Step 2: LR to Collins

𝒇𝑳𝑹 = 𝐶! 𝑥 F𝑃*, 𝜇 𝒇𝑪𝒐𝒍𝒍𝒊𝒏𝒔
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Fundamental principle of EFT (here, LaMET): 

- Flipping an order of UV limits does not affect IR physics

- However, it may induce a perturbative matching coefficient

- So:

𝐥𝐢𝐦
!𝒚𝑩≫𝟏

𝐥𝐢𝐦
𝝐→𝟎

𝑍()*
Ω+/-
𝑆*

𝐥𝐢𝐦
𝝐→𝟎

𝐥𝐢𝐦
𝒚𝑩→!.

𝑍()*
Ω+/-
𝑆*



Combine steps 1 & 2  → factorization

Quasi-TMD 
(lattice)

Collins TMD
(continuum)RGE for ζMatching

;𝒇𝒊/𝑯
𝒔 𝒙, 𝒃𝑻, 𝝁, ;𝜻, 𝐱B𝑷𝒛 = 𝐶0 𝑥 ;𝑃1, 𝜇 exp

1
2 𝛾2

0 𝜇, 𝑏% ln
P𝜁
𝜁 𝒇𝒊/𝑯

𝒔 𝒙, 𝒃𝑻, 𝝁, 𝜻

× 1 + 𝒪
1

𝑥 ,𝑃/𝑏0
1 ,

Λ2341

𝑥 ,𝑃/ 1
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2𝜁 = 2𝑥 '𝑃! "𝑒"($!%$")

Proof works for all choices of spins and for gluons; cross-checked at one-loop.

Power corrections



TMD ratios from beam ratios:

Matching coefficient 14

Quasi: convenient for the lattice

Ø Independent of spin

Ø No flavor mixing

Ø No quark/gluon mixing

One loop: Casimir scaling

𝐶+ 𝜇, 𝑥 ,𝑃/ = 1 +
𝛼5𝑪𝑹
4𝜋 − ln1

2𝑥𝑃/ 1

𝜇1 +
2 ln 2𝑥𝑃/ 1

𝜇1 − 4 +
𝜋1

6 + 𝑂 𝛼51

NnLL:

𝐶+ 𝑥 ,𝑃/, 𝜇 = 𝐶+ 𝛼5 𝜇 exp A
7" 8

7" 19 :;# 𝑑𝛼
𝛽 𝛼<

2Γ=>5?+ 𝛼< + 𝛾3+ 𝛼

lim
34→6

B𝑩𝒒𝒊/𝒉
9𝚪𝟏

B𝑩𝒒𝒋/𝒉B
;𝜞𝟐

= lim
34→6

𝒇𝒒𝒊/𝒉
;𝜞𝟏

𝒇𝒒𝒋/𝒉B
;𝜞𝟐

P𝑓0/=
> 𝑥, 𝑏%, 𝜇, P𝜁, x ;𝑃1 = exp

1
2 𝛾2

0 𝜇, 𝑏% ln
P𝜁
𝜁 𝑓0/=

> 𝑥, 𝑏%, 𝜇, 𝜁𝑪𝒊 𝒙M𝑷𝒛, 𝝁



Summary 15

Concrete physics developments:

ØNew unified TMD notation

ØNew TMD scheme: Large Rapidity (LR)

ØProof of lattice-to-continuum TMD factorization

ØProgress on computing matching coefficients

Broader lessons:

ØNeed to balance analytic and lattice challenges for 
computing NP contributions to collider physics

ØUseful to consider the full space of possible lattice 
correlators for an observable


