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Open quantum systems

memory

Bipartite setting
H = HS +HE +HI

H 2 B(HS ⌦HE) ⇢SE 2 T (HS ⌦HE)

CorrelationsReduced dynamics
⇢S(0) 7! ⇢S(t) = �(t)⇢S(0) ⇢SE(t) 6= ⇢S(t)⌦ ⇢E(t)

[Davies, 1976; Alicki & Lendi, 1987; Breuer & Petruccione, 2002; Rivas & Huelga, 2012]
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Reduced dynamics
Quantum dynamics

Reduced quantum dynamical map

⇢SE(t)
unitary

⇢S(0) ⇢S(t)

TrE TrE

⇢S(0)⌦ ⇢E

�(t)

⟹

(
d
dt⇢S(t) = �(t)⇢S(0)

⇢S(0)

(
d
dt⇢SE(t) = � i

~ [H, ⇢SE(t)]

⇢SE(0)

= U(t)⇢S(0)⌦ ⇢EU(t)†



Open quantum system dynamics

GKLS generator also known as Lindblad form 
Workhorse for open quantum systems by 40+ years now

Semigroup composition law

break reversibility but retain CP

leading to
�(t) = exp(Lt)

�(t)�(s) = �(t+ s) t, s � 0

d

dt
⇢S(t) = L⇢S(t)

[Kossakowski, RMP 1972; Gorini, Kossakowski & Sudarshan, JMP 1976; Lindblad, CMP 1976]

L⇢ = �i[H, ⇢] +
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Quantum divisibility and contractivity
Composition law

divisibility property of quantum dynamical map 

CP-divisibility in that            is CP 

�(t, ⌧)�(⌧, s) = �(t, s) t � ⌧ � s � 0

�(t, s) 8 t � s � 0

Contractivity under trace distance 

D(⇢1(t+ s), ⇢2(t+ s))  D(⇢1(t), ⇢2(t))

monotonic decrease of trace distance between different 
initial states with elapsing time

[Breuer, Laine & Piilo, PRL 2009; Rivas, Huelga & Plenio, PRL 2010]



Trace distance and distinguishability
Distinguishability

[Helstrom 1976; Fuchs & al., IEEE 1999]

Preparations    and    taking place with equal probability 
to be distinguished upon single measurement

⇢1 ⇢2

Distinguishability affects optimal strategy

Psuccess =
1

2
(1 +D(⇢1, ⇢2))

Distinguishability decreases under CPT map

D(⇢1S(t), ⇢
2
S(t))D(⇢1S , ⇢

2
S)

�t

�t

⇢1S

⇢2S ⇢2S(t)

⇢1S(t)



Markovian versus non-Markovian dynamics
Revival of distinguishability 

Define a dynamics non-Markovian if

e.g. due to revival in physical property

9 ⇢1(0), ⇢2(0) 2 S(H) 9 t � s D(⇢1(t), ⇢2(t)) > D(⇢1(s), ⇢2(s))

Markovian
non

Markovian

t

D(⇢1S(t), ⇢
2
S(t))

[Breuer, Laine & Piilo, PRL 2009; Breuer, Laine, Piilo & B.V. RMP 2016]



Connect non-Markovianity with memory

Iint(t) = D(⇢1S(t), ⇢
2
S(t))

Iext(t) = D(⇢1SE(t), ⇢
2
SE(t))�D(⇢1S(t), ⇢

2
S(t))

with

Iint(t) + Iext(t) = Iint(0) = const

Iext(t)  D(⇢1SE(t), ⇢
1
S(t)⌦ ⇢1E(t))

+D(⇢2SE(t), ⇢
2
S(t)⌦ ⇢2E(t)) +D(⇢1E(t), ⇢

2
E(t))

Qualify non-Markovianity

[Breuer, Laine & Piilo, PRL 2009; Breuer, Laine, Piilo & B.V. RMP 2016]



Qualify non-Markovianity
Information backflow

Interpretation of

environment environment

system system

[Breuer, Laine & Piilo, PRL 2009; Breuer, Laine, Piilo & B.V. RMP 2016]

d

dt
D(⇢1(t), ⇢2(t))



Distinguishability revivals
Precursors of non-Markovianity

[Breuer, Laine & Piilo, PRL 2009; Breuer, Laine, Piilo & B.V. RMP 2016]

B(ρ1
S(t), ρ2

S(t)) − B(ρ1
S(s), ρ2

S(s)) ⩽

B(ρ1
E(s), ρ2

E(s)) + B(ρ1
SE(s), ρ1

S(s) ⊗ ρ1
E(s)) + B(ρ2

SE(s), ρ2
S(s) ⊗ ρ2

E(s))

Layer structure of environment

B(ρ, σ) = 2(1 − F(ρ, σ))

B(TrE1,…,Ek+1ρ
1
E(s), TrE1,…,Ek+1ρ

2
E(s)) ⩽

B(TrE1,…,Ek+1ρ
1
SE(s), TrE1,…,Ek+1(ρ

1
S(s) ⊗ ρ1

E(s))) ⩽

B(TrE1,…,Ekρ
1
SE(s), TrE1,…,Ek(ρ

1
S(s) ⊗ ρ1

E(s)))

B(TrE1,…,Ekρ
1
E(s), TrE1,…,Ekρ

2
E(s))



Collision model
Precursors of non-Markovianity

[Campbell, Popovic, Tamascelli & B.V., NJP 2019]

Performance of precursors

⋯⋯⋯⋯⋯⋯
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