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Quarkonia as tools to probe gluon TMDs

•In theory, all information contained in: 

•In practice, color confinement prevents us from calculating them. So? 

•Lattice or FACTORIZATION THEOREMS
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•Goal: understand 3D/spin structure of  hadrons
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Proof main steps:  
1.Pinch singularities 
2.Power counting: leading contributions 
3.Unitarity, Ward identities* (decouple regions)  

* Careful with Glauber gluons!!

Effective theories don’t give a proof  
But can be checked order by order in pQCD 
Factorization = multi-step matching 
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QCD

QCD 
nf=5

SCETqT

SCETII

Factorization theorems are the key element!

Factorization theorems
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Definition of  TMDs

[Collins’ book ’11] 
[MGE, Idilbi, Scimemi 1111.4996, 1211.1947, 1402.0869] 

[MGE, Kasemets, Mulders, Pisano 1502.05354]

Cancel spurious 
rapidity divergences
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Same invariant mass!

Different rapidities 
(mixed under boosts)

kn ⇠ Q(1,�2,�)

kn̄ ⇠ Q(�2, 1,�)

ks ⇠ Q(�,�,�)
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T̃n(xA,~b?, SA; ⇣A, µ) = J̃n
p

S̃

T̃n̄(xB ,~b?, SB ; ⇣B , µ) = J̃n̄
p

S̃
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We need this quantities to appear in a cross-section 
in order to talk about gluon TMDs!
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TMDs: evolution

TMDs depend on two scales: renormalization and rapidity scales

Known at 3-loops. 
Numerical at 4-loops

•The dependence on the renormalization scale is:

Direct NNLO: 
[Li, Zhu PRL118(2017)] 

[Vladimirov PRL118(2017)]

Indirect NLO: [Becher, Neubert EPJC71(2011)] 
Direct NLO: [MGE, Scimemi, Vladimirov PRD93(2016)]

•The dependence on the rapidity scale is:

Cusp does not completely 
determine Dj

Known at 3-loops (almost 4-loops)

[Moch, Vermaseren, Vogt JHEP08(2005)049, NPB688(2004)] 
[Moch, Ruijl, Ueda, Vermaseren, Vogt JHEP10(2017)041]
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TMDs: re-factorization

•For each TMD we have a different OPE. For example:

•TMDs contain perturbative information when transverse momentum is large:ࣛԉՎݜԬ	ԧ ԑԿ � ᅫ ᅲ
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 Unpolarized quark/gluon TMD distribution 
and fragmentation functions at NNLO in

[MGE, Scimemi, Vladimirov JHEP09(2016)004]

Transversely polarized TMDs at NNLO in
[Gutiérrez-Reyes, Scimemi, Vladimirov 

JHEP07(2018)172] 
[Gutiérrez-Reyes, Leal-Gómez, Scimemi, 

Vladimirov 1907.03780]
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TMDs in full gloryࣛԉՎݜԬ	ԧ ԑԿ � ᅫ ᅲ
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•General philosophy: only parametrize what cannot be calculated 

•Nonperturbative part of  Dj is universal (for all (un)polarized TMDs) 

•Higher-order calculations allow better determination of  nonpert. ingredients 

•At large and low bT we need cutoffs (qT<Lambda and qT>Q regions) 

•There are subtleties with the evolution path 

•The determination of  nonperturbative pieces is not easy (Fourier transform mixes 
regions, overlap of  perturbative and non-perturbative)

The higher the theoretical precision, the better!

[Scimemi, Vladimirov JHEP08(2018)003]
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•These processes are very promising to access gluon TMDs (but with proper formalism!) 

•With polarized protons one could access different TMDs (Sivers, etc) 
The most basic, the unpolarized gluon TMDPDF, still not fixed… 

•No pheno studies (predictions) beyond LO
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factorization ansatz @ NLO

factorization ansatz @ LO 
(if  any)

factorization ansatz @ NLO, KO beyond NLO!
N3LL+NNLO, factorization proof

Processes sensitive to gluon TMDs (probably not complete…)

factorization @ LO

Ansatz: factorization of  2 soft mechanisms in the proceses: 
soft gluon resummation and formation of  bound state 

[Lansberg, Pisano, Scarpa, Schlegel PLB784(2018)]

mQv ⇠ qT
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TMD factorization forԟԟ ܽ ᅬվԍ
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Effective operator (in SCET+NRQCD)

+ crossed diagram

O(⇠) = �2q2CH(�q2;µ2)
h
 †(⇠)�µ⌫ �(⇠)

i h
Bµ,b

n̄?(⇠)Y
†ba
n̄ (⇠)Yac

n
(⇠)B⌫,c

n?(⇠)
i
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Wn(⇠) = P exp


ig

Z 0

�1
ds n̄·Aa

n(⇠ + n̄s)ta
�
,

Yn(⇠) = P exp


ig

Z 0

�1
ds n·Aa

s(⇠ + ns)ta
�
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Tree-level amplitude matching gives:

(ta)bc = �ifabc
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Bµ
n? = Bµ,a

n? ta =
1

g
[W †

niD
?µ
n Wn] =

1

n̄·P in̄↵g
µ
?�W

†
nF

↵�
n Wn =

1

n̄·P in̄↵g
µ
?�t

a(W†
n)

abF↵�,b
n

<latexit sha1_base64="RAYydnqS7GccFtd6juFHN5FKY8Y="> vGt+PqPzPnB3vjB3sHxw+3Hn+j/0Uz+GSwOfjzYGcwHnw9eDz422A6OBs4G//Y+OfGvzb+vfmXzenmbPOdpn60UfT5w6D127T/C6ZKbVA=</latexit>

Caligraphic means:

1S[1]
0

<latexit sha1_base64="K2XViwCXjS01Uj9oGnNo5Nt51jQ="></latexit>
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Hard-Soft-Collinear factorization (in SCET+NRQCD)

Cross-section given by:

Factorization in EFT  
= 

decoupling of  modes!

d� =
1

2s

d
3
q

(2⇡)32Eq
4M4

H(M2
, µ

2)�⇤
⇢��µ⌫

Z
d
4
⇠ e

�iq⇠

⇥
X

Xn

hPSA|B�,c0

n? (⇠) |Xni hXn|B⌫,c
n?(0) |PSAi

X

Xn̄

⌦
P̄SB

��B⇢,b0

n̄? (⇠) |Xn̄i hXn̄|Bµ,b
n̄?(0)

��P̄SB

↵

⇥
X

Xs

h0|
h
Y†c0a0

n Ya0b0

n̄ �
†
 

i
(⇠) |Xs⌘Qi h⌘QXs|

h
Y†ba
n̄ Yac

n  
†
�

i
(0) |0i

<latexit sha1_base64="WnACn8jza/ONq5my4vIqTJUeihA="> C3MB4ZJonzjEK2DTalwljEqUHA9hIDv2+muIpCiMI7NY1zeOLzL8eXqWtN6WgwHAzhtXh24OAk855+vvUlvmEkBKtNBDzxFabCGlsAFsbRwW7l1hBhGuyTfr//6C79RTuEpj0UEYNAIV9oNmDcaQMsDEaVjVd7F3Ubd5h4v359Js2vADC4cyJg5HJtNBVmXhwdHu69Oq2Hol1LV9zQ3tXW32Cc4oXY1vx/Zr7hP0MMvtqWg29G5f/MnI+3Rk+2xsfba8++Fv9F0/uw9+fep72N3qj3Ve9Z7/vepHfWs+/97/7H9z+9v/bwHw//+fBfD/8tRO99IHX+2Gv8Hv7n/6oS6uY=</latexit>

d� =
1

2s

d3q

(2⇡)32Eq

Z
d4⇠ e�iq·⇠

X

X

⌦
PSA, P̄ SB

��O†(⇠) |X⌘Qi h⌘QX| O(0)
��PSA, P̄ SB

↵

<latexit sha1_base64="DEek/kHFRCOadNV4H9zzB0xWgls="></latexit>

|X⌘Qi = |Xni ⌦ |Xn̄i ⌦ |Xs⌘Qi
<latexit sha1_base64="p3OmOR669/yiUiXD1tYh6vAjfw4="></latexit>

��PSA, P̄ SB

↵
= |PSAi ⌦

��P̄SB

↵
<latexit sha1_base64="9Ik2fbn/OqryVxi158N3WKkcbnk="></latexit> etac couples to soft 

and ultrasoft

H(M2
, µ

2) = |CH(�q
2
, µ

2)|2
<latexit sha1_base64="MIFRQyFVCV0dEVaP5WwJ/TQHbac="></latexit>

mQv ⇠ qT
<latexit sha1_base64="EaR9lPOZxFiL4/Zr0kGwcwnOE+s="></latexit>
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Homogenous power counting: Taylor expansion

Played with color (beam functions are diagonal) and used completeness relations:

d� =
1
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d
3
q

(2⇡)32Eq

4M4
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↵

⇥ h0|
h
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i
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†
⌘Q

a⌘Q

h
Y

†ba
n̄ Y
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†
�
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(0) |0i

+O(�)
<latexit sha1_base64="XwZGB2QRxP64YG1/ac/tsDSus1c="></latexit>

X

Xn

|Xni hXn| = 1 ,
X

Xn̄

|Xn̄i hXn̄| = 1 ,

X

Xs

|Xs⌘Qi hXs⌘Q| = a†⌘Q

X

Xs

|Xsi hXs| a⌘Q = a†⌘Q
a⌘Q

<latexit sha1_base64="RPPau1zAEURTdVv9UsNlIpm7kL8="></latexit>

q ⇠ M(1, 1,�)
<latexit sha1_base64="Z9Qf73QRtdLh4WVi+L9lOAlHAAk="></latexit>

Derivatives of  matrix elements 
scale as their own momenta
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Factorization theorem

d�

dyd2q?
=
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J (0)µ⌫
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xAP+

2

Z
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2
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Z
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h
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i
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†
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a⌘Q

h
Y†cd
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<latexit sha1_base64="Vihw6IKWHAtXpvK1ByES0IiS03k="></latexit>

Pure collinear and bare TMD shape functions defined as:

Rapidity divergences!

xA,B =
p
⌧ e±y

<latexit sha1_base64="nlQQa6jYd4faF9CXo/rhQ2uUzbM="></latexit>

⌧ = (M2 + q2T )/s
<latexit sha1_base64="P3XBDp8x8DS3FL5aqCDz0V599vQ="></latexit>
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Definition of  gluon TMDs

S =
1

N2
c � 1

Z
d2⇠?
(2⇡)2

ei⇠?·ks? h0|
h
Y†ab
n Ybc

n̄

i
(⇠?)

h
Y†cd
n̄ Yda

n
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(0) |0i

<latexit sha1_base64="tPUz3ZjlgdLhDjXv0lk2N0Fl67o="></latexit>

G̃µ⌫
g/A(xA, b?, SA; ⇣A, µ) = J̃ (0)µ⌫

n (xA, b?, SA;µ; ⌘n) S̃�(bT ;µ; ⌘n) ,

G̃µ⌫
g/B(xB , b?, SB ; ⇣B , µ) = J̃ (0)µ⌫

n̄ (xB , b?, SB ;µ; ⌘n̄) S̃+(bT ;µ; ⌘n̄)
<latexit sha1_base64="gEtOXXMMo6Ka4vTg32UXIlTwv+E="></latexit>

S̃(bT ;µ; ⌘n, ⌘n̄) = S̃� (bT ;µ; ⌘n) S̃+ (bT ;µ; ⌘n̄)
<latexit sha1_base64="u6PT7QAlK12ijZufns5assU1cmM="></latexit>

Soft function can be split to all orders in pQCD:

TMDs are defined as (Rapidity divergences free):

We need to introduce the relevant soft function (same as for Higgs production):
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Final factorization theorem

d�

dy d2q?
=
4M4

H(M2
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⇢��µ⌫

⌦
O
�
1
S
[1]
0

�↵
(2⇡)

Z
d
2kn?d

2kn̄?d
2ks? �

(2) (q? � kn? � kn̄? � ks?)

⇥ G̃
�⌫
g/A(xA,kn?, SA; ⇣A, µ) G̃

⇢µ
g/B(xB ,kn̄?, SB ; ⇣B , µ)SQ(ks?;µ)

<latexit sha1_base64="D/MI6zmdqpyQTDuGn0hwV3YVeWk="></latexit>

•Here we have all (un)polarized TMDs 

•TMD shape function is spin-independent 

•TMD shape function depends on the quarkonium state 

•TMD shape function universal for future/past pointing Wilson lines

S̃Q(y?) =
S̃(0)
Q (y?)⌦

O
�
1S[1]

0

�↵
S̃(y?)

<latexit sha1_base64="SFMklUG4tiTv3jRvPsv1yk3mTUA="></latexit>

Normalized to one when 
integrated over

⌦
O
�
1S[1]

0

�↵
= h0|�† a†⌘c

a⌘c  
†� |0i

<latexit sha1_base64="scIJDiUTFEqviFNWZ3rBp/Rqthk="></latexit>

TMD ShF!
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Factorization theorem for unpolarized pp collisions

G̃µ⌫
g/A(xA, b?, SA; ⇣A, µ) ⌘

1
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�0 =
(4⇡↵s)2⇡

N2
c (N

2
c � 1)sM3

<latexit sha1_base64="mEzGRLnjmTF7/4xh54BLYZOxiAU="></latexit>

C[w f f SQ] ⌘
Z

d2p?a

Z
d2p?b

Z
d2k? �2(p?a + p?b + k? � q?)
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2
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2
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T )

<latexit sha1_base64="Cu5b+5dM5y38SwuH+sQUItkTEBk="></latexit>

wUU =
pµ⌫?a p?b µ⌫

2M4
p

<latexit sha1_base64="pK1a2ePAFchEnzTjFYIuVlaVIgs="></latexit>

Convolution of  2 gluon TMDs and the TMD ShF!
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Calculation of  H: virtual part of  cross-section in full QCD

Hard part  
=  

finite part of  virtual diagrams in 
full QCD (pure dim. reg.)???

[Hawigara, Kim, Yoshino NPB’81] 
[Kuhn, Mirkes Z.Phys.’92] 
[Ma, Wang, Zhao PRD’14] 

[Petrelli, Cacciari, Greco, Maltoni, 
Mangano hep-ph/9707223]
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Calculation of  H: virtual part of  gluon TMDPDF

µ ν

[MGE, Kasemets, Mulders, Pisano 1502.05354]

Virtual part is:
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<latexit sha1_base64="HUnIwWl6VREJjfQiRIKmphvlt+k="></latexit>

Renormalizing, in dim. reg.:
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Calculation of  H: virtual part of  the TMD shape function

+ crossed diagrams

soft gluon ultrasoft gluon
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There are no diagrams which connect at this 
order the heavy fields with the Wilson lines!

[Luke, Manohar, Rothstein 
hep-ph/9910209]

contains rapidity 
divergences
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Calculation of  H: putting everything together…
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(same log as for 
Higgs in pp)

New!
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Ԕਲ ԟ ܽ Ԕਲ ӿ�ᅼ ԍ
<latexit sha1_base64="Zief/mrZkKisGfct1e8OuIUyMg4="></latexit>

TMD factorization for

very preliminary…
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Effective operator (sketchy…)

Yv(⇠) = P exp


ig

Z 0

�1
ds v ·Aa

s(⇠ + vs)ta
�

<latexit sha1_base64="hQpveFhEdLaj5gd+Tf+Pi2pZXVs="></latexit>

v = (1, 0, 0, 0) , v2 = 1
<latexit sha1_base64="5L97CeVXHfaImrxwB++ZSDAV7tw="></latexit>

 †Y †
v T
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v T b�

<latexit sha1_base64="BqRJqZvQp126WRwJPS6tDOkPpss="></latexit>

[Nayak, Qiu, Sterman hep-ph/0501235]  
[Nayak, Qiu, Sterman hep-ph/0509021] 

[Rothstein, Shrivastava, Stewart 1806.07398]
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Time-like Wilson lines needed for gauge invariance!

For color singlet there was no issue:
 †Y †

v Yv� =  †�
<latexit sha1_base64="KRR4Vl55eHKhsVtD9dPmk+3LPl0="></latexit>

Several color-octet LDMEs contribute
[Bacchetta, Boer, Pisano, Taels 1809.02056] 
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Factorization theorem (sketchy…)

S̃(bT ;µ; ⌘n, ⌘n̄) = S̃� (bT ;µ; ⌘n) S̃+ (bT ;µ; ⌘n̄)
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Different from 
etac case!

Cross-section given by:

S(0)
Q =

1

N2
c � 1

Z
d2⇠?
(2⇡)2

ei⇠?·ks? h0|
h
Y†ab
n Ybc

v �
†tc 

i
(⇠?) a

†
 a 

h
Y†cd
v Yda

n  †tc�
i
(0) |0i

<latexit sha1_base64="wMoTM1YUFOm44JICWoFvtJDSvoA="></latexit>

There is actually a sum over states, with 
different TMD ShFs, H and Lorentz 

structures, but let's simplify…
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Hard part (sketchy…)

Hard part  
=  

finite part of  virtual diagrams in 
full QCD (pure dim. reg.)???

[Maltoni, Mangano, Petrelli 
hep-ph/9708349]
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Virtual part of  the TMD shape function (sketchy…)

⌦
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+ crossed diagrams

soft gluon

ultrasoft gluon
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There are no diagrams which connect at this 
order the heavy fields with the Wilson lines!

[Luke, Manohar, Rothstein 
hep-ph/9910209]



!26

⌦
O
�
1S[8]

0

�↵
S̃Q

���
v
= 1 +

↵s

2⇡

�
CF �

1

2
CA

�⇡2

v
�

↵s

2⇡

CA

"IR
<latexit sha1_base64="2LI80pQH4Tdrfjxtsdx3B2tVLmA=">AAAbcHiclVlZc9y4ER5trs3k8iZ5SOKH0JGckpOxdka2a71V6y3LktfZKtkaWZd3xdEUSGJI1vCAAHIkGea+Jn8xf2N/QRoHL5ByVUZVLHR/HxqNBthoUA6JQpaNx/9d++QnP/3Zz3/x6S+Hv/r1b377uzuf/f6UpTl18YmbRil95yCGozDBJ1mYRfgdoRjFToTPnOWuwM9WmLIwTY6zG4JnMfKTcBG6KAPV/M6PthP6doQSP8 </latexit>

Calculation of  H: putting everything together…
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A similar calculation yields the hard 
part for the other state that contributes

New!



•New factorization theorem derived for quarkonia production at small qT  
(more to come!!) 

•New non-perturbative matrix elements appear: TMD Shape Functions 

•All studies up to now should be revised (careful with the produced pheno!)
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Conclusions & Outlook

✤Lots of  work to do before being able to extract gluon TMDs from quarkonia production:  
Derive factorization theorems, calculate perturbative ingredients, etc 
✤Mesure not only gluon TMDs but also TMD Shape Functions (need different 
processes with the same TMD shape function) 
✤Better fix LDMEs (currently several incompatible fits exist)


