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Fermions localization on the kink in 1+1 dimFermions localization on the kink in 1+1 dim

LL ==
11

22
((∂∂µµφφ))

22
++ ii ¯̄ψψγγµµ∂∂µµψψ ++ ggφφ ¯̄ψψψψ −− 11

22

��
φφ22 −− 11

��22

Fixed background (g`1):

R.Jackiw and C.Rebbi

Phys. Rev. D13 3398 (1976)

FieldField equationsequations:: ∂∂µµ∂∂
µµφφ == 22φφ((11 −− φφ22)) −− gg ¯̄ψψψψiiγγµµ∂∂µµψψ == ggφφψψ ;;

φφKK == ttaannhh xx ||ǫǫ|| ≤≤ gg

��
ddxx || ¯̄ψψψψ|| == 11

((∂∂xx ++ gg ttaannhh xx))vv11 == −−ǫǫvv22
((∂∂xx −− gg ttaannhh xx))vv22 == ǫǫvv11 UU±±((xx)) == gg22 −− gg((gg ±± 11))sseecchh22xx

��
−−∂∂22xx ++ UU±±((xx))

��
vv11,,22 == ǫǫ22vv11,,22

ψψ == ee−−iiǫǫtt
��

vv11 −− vv22
vv11 ++ vv22

��



FermionicFermionic modesmodes

ψ0 =
1

2

�
1

coshx

0

�

A0 mode



FermionicFermionic modesmodes

ψψ11 ==
11

22

�� √√
33 ttaannhh xx
ccoosshh xx
11

ccoosshh22 xx

��

gg == 22,, εε == ±±
√√
33//22B1 mode



F F -- auxiliaryauxiliary fieldfield:                     :                     

N=1 SUSY kinkN=1 SUSY kink LL ==
11

22
((∂∂µµφφ))

22
++ ii ¯̄ψψγγµµ∂∂µµψψ ++ ggφφ ¯̄ψψψψ −− 11

22

��
φφ22 −− 11

��22

WW [[φφ]] ==
11√√
22

��
φφ22 −− 11

��

SUSY transformations:SUSY transformations: δφ = ηψ; δψ = η (γµ∂µφ−W )

LLNN==11 == ((∂∂µµφφ))
22
++ ii ¯̄ψψγγµµ∂∂µµψψ ++ FF 22 ++ 22FFWW −−WW ′′ ¯̄ψψψψ

FF == −−WW

LLNN==11 == ((∂∂µµφφ))
22
++ ii ¯̄ψψγγµµ∂∂µµψψ −−WW ′′ ¯̄ψψψψ −−WW 22

Fermionic zero mode of the kink: 

Grassmann-valued deformation of the bosonic field
ψ0 =

1

2

�
1

coshx

0

�



BackreactionBackreaction of the fermionsof the fermions

Kink + A1 mode Kink + B1 mode

Scale symmetry of the massless model: ε0 = 0 for any values of  the coupling gg



φφ == ((φφ11 ,, φφ22,, φφ33));; φφaa ·· φφaa == 11;; φφ :: SS22 →→ SS22

Derrick'sDerrick's scalingscaling theoremtheorem:: SkyrmeSkyrme termterm providesprovides a a scalescale

butbut cannotcannot stabilisestabilise thethe solitonsoliton: potential : potential termterm isis necessarynecessary

(J. (J. VerbaarschotVerbaarschot (1986), (1986), L.BogolubskayaL.Bogolubskaya& I & I BogolubskyBogolubsky (1989)(1989)

R.A. R.A. LeeseLeese et al (1990)et al (1990)

QQ == 11
44ππ

��
dd22xx εεaabbccεεiijjφφ

aa∂∂iiφφ
bb∂∂jjφφ

cc == 11

EE ≥≥ ±±44ππQQ equalityequality isis possiblepossible ifif

φφ11 == ssiinn ff ((rr)) ccooss((QQϕϕ −− δδ));;
φφ11 == ssiinn ff ((rr)) ssiinn((QQϕϕ −− δδ));;
φφ33 == ccooss ff ((rr))

Q=1Q=1 Q=2Q=2

Baby Baby SkyrmeSkyrme modelmodel

SymmetricSymmetric ansatzansatz::

LLSSkk ==
κκ22

22

		
∂∂µµ��φφ



22
−− κκ44

44

		
∂∂µµ��φφ ×× ∂∂νν ��φφ



22
−− κκ00UU ((φφ))

κκ == 44 aanndd κκ00 == 00



Potential of Potential of thethe baby baby SkyrmeSkyrme modelmodel:: potential potential termterm U(U(ϕϕ) ) may be chosen almost may be chosen almost 

arbitrarily, however must vanish at infinity  for a given vacuumarbitrarily, however must vanish at infinity  for a given vacuum field value in order to field value in order to 

ensure ensure existanceexistance of the finite energy solutions: of the finite energy solutions: 

Several potential terms have been studied in great detail:Several potential terms have been studied in great detail:

““OldOld”” model, with                                                    model, with                                                    weak attractionweak attraction

HolomorphicHolomorphic model, with                                                    model, with                                                    weak repulsionweak repulsion

““Double vacuumDouble vacuum”” model, with                                                    model, with                                                    strong attractionstrong attraction

φa(0) = (0, 0, 1)

UU ((φφ)) == mm22((11 −− φφ33))

UU ((φφ)) == mm22((11 −− φφ33))
44

UU ((φφ)) == mm22((11 −− φφ2233))

Baby Baby SkyrmeSkyrme modelmodel



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Q=2Q=1

Q=3
Q=4
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Baby Baby SkyrmeSkyrme model: Applications

A HeisenbergA Heisenberg--type model of interacting spinstype model of interacting spins

A model of the topological quantum Hall effectA model of the topological quantum Hall effect

Elementary excitations in  quantum Hall magnetsElementary excitations in  quantum Hall magnets

Soft matter (Liquid crystals)Soft matter (Liquid crystals)

Models of condensed matter systems with  Models of condensed matter systems with  

intrinsic and  induced intrinsic and  induced chiralitychirality

ChiralChiral magnetic structures with DM interactionmagnetic structures with DM interaction

Applications in future development of data Applications in future development of data 

storage technologies?storage technologies?



FermionFermion--SkyrmionSkyrmion system in 2+1 dimsystem in 2+1 dim

LL == LLSSkk ++ LLff
LLSSkk ==

κκ22
22

		
∂∂µµ��φφ



22
−− κκ44
44

		
∂∂µµ��φφ ×× ∂∂νν ��φφ



22
−− κκ00UU ((φφ))

LLff == ¯̄ΨΨ
		
iiγγµµ∂∂µµ −− gg��ττ ·· ��φφ −−mm




ΨΨ

RescalingRescaling::

r→
�

κ4
κ2

r, Ψ→
�

κ2
κ4
Ψ, κ0 →

κ22
κ4

κ0, g →
�

κ2
κ4

g, m→
�

κ2
κ4

m

√√
κκ22κκ44 == 11 ,, κκ00 ,, mm ,, gg

HamiltonianHamiltonian::

Stationary modes: ΨΨ == ψψ((rr,, θθ))ee−−iiεεtt

HH ==

��
dd22xx ψψ††HHψψ ++

��
dd22xx

��
11

22

		
∂∂kk ��φφ



22
++
11

44

		
∂∂kk��φφ ×× ∂∂nn��φφ



22
++ κκ00 UU

��

FermionicFermionic densitydensity:: ρρ == ¯̄ψψ ˆ̂γγ33ψψ == ψψ††ψψ,,

��
dd22xx ψψ††ψψ == 11



FieldField equationsequations:: HHψψ ≡≡ ˆ̂γγ33
		
−−ii ˆ̂γγkk∂∂kk ++ gg��ττ ·· ��φφ ++mm




ψψ == εεψψ

∂∂µµjj
µµ == κκ00 ��φφ∞∞ ×× ��φφ ++ gg��φφ ××

��
ψψ††��ττψψ

��

jjµµ == ��φφ ×× ∂∂µµ��φφ ++ ∂∂νν ��φφ
		
∂∂νν ��φφ ·· ((��φφ ×× ∂∂µµ��φφ))





Scalar current                      

Q=n:             

φφ11 == ssiinn ff ((rr)) ccooss nnθθ;;
φφ11 == ssiinn ff ((rr)) ssiinn nnθθ;;
φφ33 == ccooss ff ((rr))

RotationallyRotationally invariant invariant configurationconfiguration::

HH ==






gg ccooss ff ++mm ggee−−iinnθθ ssiinn ff −−ee−−iiθθ
��
∂∂rr −− ii∂∂θθ

rr

��
00

ggeeiinnθθ ssiinn ff −−gg ccooss ff ++mm 00 −−ee−−iiθθ
��
∂∂rr −− ii∂∂θθ

rr

��

eeiiθθ
��
∂∂rr ++

ii∂∂θθ
rr

��
00 −−gg ccooss ff −−mm −−ggee−−iinnθθ ssiinn ff

00 eeiiθθ
��
∂∂rr ++

ii∂∂θθ
rr

��
−−ggeeiinnθθ ssiinn ff gg ccooss ff −−mm






Spin-Isospin fermions

ψψ((ii)) == NN ((ii))






vv11((rr))ee
iillθθ

iivv22((rr))ee
ii((ll++nn))θθ

uu11((rr))ee
ii((ll++11))θθ

iiuu22((rr))ee
ii((ll++nn++11))θθ








GeneralizedGeneralized angularangular momentummomentum::

JJ33 == −−ii
∂∂

∂∂θθ
++
ˆ̂γγ33
22
++ nn

ττ33
22 [[HH,, JJ33 ]] == 00 ,, JJ33ψψ == κκψψ;; κκ ==

11

22
((11 ++ nn ++ 22ll))

Ground state:Ground state:

AsymptoticAsymptotic expansionexpansion:: ��φφ ≈≈ ��φφ∞∞ ++ δδ��φφ
(−iγ̂k∂k + gτ3 +m)ψ = 0 ,

(∆− κ0)δ�φ = 0 .

JJkk == −−ii∇∇kk ++
γγkk
22
⊗⊗ II ++ II ⊗⊗ ττkk

22

δ�φ ∼ Kn(
√
κ0r)




cos (nθ − χ)
sin (nθ − χ)

0



Pair of orthogonal Pair of orthogonal scalarscalar dipolesdipoles

((∆∆ −− 44((gg ±±mm))22))uu11,,22 == εε22uu11,,22

((∆∆ −− 44((gg ±±mm))22))vv11,,22 == εε22vv11,,22

rr →→∞∞

vv11 ∼∼ eeiill((ϕϕ−−χχ))KKll((
��
44((gg ++mm))22 −− εε22 rr))

vv22 ∼∼ eeii((ll++nn))((ϕϕ−−χχ))KKll++nn((
��
44((gg −−mm))22 −− εε22 rr))

Asymptotic Asymptotic fermionicfermionic field: a pair of orthogonal 2field: a pair of orthogonal 2ll--poles, poles, 

together with a pair of collinear 2together with a pair of collinear 2l+nl+n--polespoles

κκ == 00 ll == −− 11++nn
22 ,, ll == 00,, nn == −−11



Fermions Fermions coupedcouped to a baby to a baby SkyrmionSkyrmion

Massless localized fermions: 

m = 0, u2 = v1, u1 = −v2

Solutions found numerically by the shooting 
method;

Spectral flow is in agreement with the index      
theorem

There are two types of the modes, the solutions 
are characterized by the number of nodes 



A-modes B-modes

FermionicFermionic densitydensity

m = 0, g = 1, κ0 = 0.1



FermionicFermionic and topological densitiesand topological densities

A0

A1



FermionFermion--SkyrmionSkyrmion system: vanishing potentialsystem: vanishing potential

g = 1,
κ0 = 0

A0

A1



FermionFermion--SkyrmionSkyrmion system: Filling factor 2system: Filling factor 2



Magnetic Magnetic SkyrmionsSkyrmions

Heisenberg model:Heisenberg model:

classical nearest neighbour interaction
mean field approximation

ZeemanZeeman interaction:interaction: HHeexxtt == ��BB ·· ��mm

DzyaloshinskiiDzyaloshinskii--Moriya Moriya 

interaction:interaction:

H =
�

i<j=1

JijSiSj
J

2

�
d2x ∂n �m · ∂n �m

HHDDMM ==
��

iijj

DDiijj ((SSii ×× SSjj)) DD

��
dd22xx ��mm ·· ((∇∇×× ��mm))

EE ==

��
dd22xx

��
JJ

22
((∇∇��mm))22 ++ DD��mm ·· ((∇∇ ×× ��mm)) −− ��BB ·· ��mm

��

Chiral magnetic Skyrmions:



Magnetic Magnetic SkyrmionsSkyrmions

Field equation: JJ∆∆��mm −− 22DD∇∇ ×× ��mm ++ ��BB == 00 mm11 == ssiinn ff ((rr)) ccooss((QQϕϕ −− δδ));;
mm22 == ssiinn ff ((rr)) ssiinn((QQϕϕ −− δδ));;
mm33 == ccooss ff ((rr))

EE == 22ππ

��
rrddrr

��
11

22
ff ′′
22
++

QQ22

22rr22
ssiinn22 ff −− µµ ccooss ff

++
αα

QQ −− 11 ssiinn((QQππ)) ssiinn((δδ ++ QQππ))

��
ff ′′ ++

QQ

22rr
ssiinn((22ff ))

����

αα == 22DD//JJ,, µµ == ||BB||//JJ

αα

QQ −− 11 ssiinn((QQππ)) ssiinn((δδ ++ QQππ)) ==

��
αα ssiinn δδ ,, iiff QQ == 11
00 ,, iiff QQ ��== 11 ..

Bloch-type skyrmions: d = ± p/2                              Nėel-type skyrmions: d = 0, p





FermionFermion--magnetic magnetic SkyrmionSkyrmion system in 2+1 dimsystem in 2+1 dim

HHff == ΨΨ
†† ˆ̂γγ33

		
−−iiˆ̂γγkk∂∂kk ++ eeˆ̂γγkkAAkk ++mm ++ gg��ττ ·· ��φφ




ΨΨ..

HHSSkk ==
JJ

22

		
∇∇��φφ


22
++ DD��φφ ··

		
∇∇ ×× ��φφ




−− ��BB ·· ��φφ

HH == HHSSkk ++ HHff

AAkk ==
BB

22
((00,,−−yy,, xx))

FieldField equationsequations::

Stationary configuration: ��φφ == ��φφ((rr,, θθ)),, ΨΨ == ψψ((rr,, θθ))ee−−iiεεtt

∆∆��φφ −− 22∇∇ ×× ��φφ ++ ��BB −− ggψψ†† ˆ̂γγ33��ττψψ == 00

ˆ̂γγ33
		
−−iiˆ̂γγkk∂∂kk ++ eeˆ̂γγkkAAkk ++mm ++ gg��ττ ·· ��φφ




ψψ == εεψψ

Spin-Isospin fermions

ψψ((ii)) == NN ((ii))






vv11((rr))ee
iillϕϕ

iivv22((rr))ee
ii((ll++nn))ϕϕ

uu11((rr))ee
ii((ll++11))ϕϕ

iiuu22((rr))ee
ii((ll++nn++11))ϕϕ






GeneralizedGeneralized angularangular momentummomentum::

JJkk == −−ii∇∇kk ++
γγkk
22
⊗⊗ II ++ II ⊗⊗ ττkk

22



εε22kk == mm22 ++ BB ((||ee||((22kk ++ 11)) ±± ee))

g=0: Landau levels

e=0 e=-1



ChiralChiral Fermions bounded by a Fermions bounded by a fermionicfermionic modemode



ChiralChiral Fermions bounded by a Fermions bounded by a fermionicfermionic modemode

Q=3Q=4

rr

qtop



Backreaction of the localized fermions may strongly affect the  

form of the solitons

Localization of the fermions produces additional channels of 

interaction between the solitons

Fermionic exchange interaction may bound solitons with  

repulsive scalar interaction, e.g.  Skyrmions with DM 

interaction, or with holomorphic potential  

Fermion-Skyrmion system in 3+1 dim?

Other topological solitons with localized fermions? 

Dynamics of the solitons with localized fermionic modes? 

Unconventional superconductivity in magnetic materials?   

SummarySummary



Thank you!Thank you!


