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The Main Idea
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Flux Charge

e It is a conservation law (non-Noether)
e It underlies gauge theories

¥ It underlies integrable theories

e Use it to construct the integral eqs. for Yang-Mills,
its conserved charges and hidden symmetries in loop space
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The (1 + 1)-dimensional case

» Let g(z) and A, be functionals of the fields of the theory
and impose on any curve v the integral equation

M
1 (37R) _ Pl e f’y do A, dda

Y / /9(1‘) g
TR Flux / _ Ple_ ff'y/ do A, df:

path independent charge
Take v infinitesimal > A, =—-0,99 "
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Lax-Zakharov-Shabat equation

That is what integrable theories are about
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The sine-Gordon model

00 w

Oxl c

(

OpA1 — 0140 + [Ao, A1 = 1

(eiH/Q 4 %649/2)

O30 — 070

x% = ct
xt = x
Note that A is arbitrary
2
we 1 0
— sin 6
N c? 0 —1



The sine-Gordon model
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Path independency

F,. =0 means that W =P e [, d Awtis 1s path independent

t t
A A

C

-L L -L Cq L

Boundary Condition Ai(—L,t) = Ay (L, 1)

iso-spectral evolution W(Cy) =UW(Cy) U —1

Figenvalues of W are conserved in time

power series in A: infinite number of conserved quantities
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The (2 + 1)-dimensional case

o

space-time surface < > path in loop space

Loop Space: £ = {f : S — M | north pole — xO}

Introduce a flat connection A in loop space

F=0A+ANA=0

Construct the charges using path independency!
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Not quite that ...

Look for integral equations! Pd_lefaﬂ B — Py ela A
00 7 ™~

Flux Charge
0 / — Pelar A

Path Independency
Q/
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Loop Space: cl@- — "¢ .gd9-11 M  north pole ! Xg

) _A A
Q—T ot PdefQT A Pdeth — Pdefﬁt+ Pdefﬁo A

) ~.

boundary conditions

Ny

o

iso-spectral evolution P4 el v A = U(T) Py eh o U(T)~
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Non-Abelian Stokes Theorem
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Non-Abelian Stokes Theorem
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Non-Abelian Stokes Theorem
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Non-Abelian Stokes Theorem
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Generalized Non-Abelian Stokes Theorem
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Generalized Non-Abelian Stokes Theorem
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The generalized non-abelian Stokes Theorem
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The generalized non-abelian Stokes Theorem
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Iso-spectral evolution: V()= U@)av(! o) au' (t)

Eigenvalues of V(€2;) are constant in time
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Conserved charges are eigenvalues of the operator

ie dr do ozFVZ—I-ﬁﬁV‘; dzh dz” de dr V.7 1
V(Qt) — P2 e fsgé(t) ( ¥’ 2 ) do dT — PS eth C T J

Conserved charges are:
1) Gauge invariant V(%) = gr V() gr"
2) Independent of reference point
Ve (U ) ! W Hkg, 2r)Ves (! )W (bR, 2R)
3) Independent of parameterizatior

| dld"vJv . .
P;e:!t” is path independen

4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theon
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At spatial infinity the magnetic field has the form:

A

1 Tk

Fij = =Gk G(0, ¢)
d | d 1 DG =0 .
But —— (W' *GW)=W''D:iGW — > W GW =Gp
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Example: (multi) Monopoles

At spatial infinity the magnetic field has the form:

1 Tk
Fij = Ef’fijk 2 G0, p)
d . d ¢ DiG=0 1
But —— (W' *GW)=W''D:iGW — > W GW =Gp

In such a case the charge operator becom

. - . ' gy
Og = de! sp d"dEW PR W S SO 4% Gg
Figenvalues of G are the charges
1 rank GG 25
For BPS multi-monopole solutions Gr = > ng az"’ . h
a=1 a

In a d-dimensional representation the eigenvalues of Gr are:

1 rank G

=N . (mu) m(2) m(d))

5 W om® o ml
a=1
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The case ofSU(3)

For the triplet representation the charges are

1
2_e (n11 No — Ny, _n2)

and for the adjoint representation

1
7o (N1 4+N2, 2011 N, 1n;+2n5,0,0,1 201 +n5, 01! 205, 10yl ny)

So, charges are the magnetic weights n,

The topological charges are

SU(3) — U(1) @ U(1) 5 Quer-(max) - vg (ny + 1)
SU@)! SU@)" U(1) > Qrev-(ming o %o,

€
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e Yang-Mills is equivalent to the Ratness condition on loop space 2 (S? — M)
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To think further...

e Yang-Mills is equivalent to the Ratness condition on loop space 2 (S? — M)

27 27
~5 dxt dx¥
.AE/ dT/ do'V {ieﬁ]w T s
0 0

WA do dr

SATANA=O 2 it [ (a1 B+ 9F) (01, (a2 + F) (0)

da®dxt (dxf (o') . o dx’ (o) 1
“do’ do ( dr 0z" (o) = 027 () dr v

(it solves parameterization problem!)

¥ The hidden symmetries are the gauge transformations on loop spaceld

g = Pyeldd” W Ty W g o
A—gAgt+dgg™
AW dat

— + —W =0
do Y do

e The conserved charges are eigenvalues of the holonomy

Q — Pefspace A

e It connects to integrable field theories
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Final Comments

e The important symmetries for many non-linear phenomena
are not, in general, of the Noether type

e The concept of path independency plays an important role
in iso-spectral evolution

e Soliton theory in two dimensions and its applications,
are based on flat connections

e Gauge theories and integrable field theories share
some very interesting structures

e After 60 years the integral Yang-Mills equations and their truly
gauge Invariant charges could be constructed using concepts of
[3at connections on loop spaces

e It paves the way to interesting new developments
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