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The Main Idea
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Flux Charge

e It is a conservation law (non-Noether)
e It underlies gauge theories

e It underlies integrable theories

e Use it to construct the integral eqs. for Yang-Mills,
its conserved charges and hidden symmetries in loop space
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Take ~ infinitesimal > A,=-0,99
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The (1 + 1)-dimensional case

» Let g(z) and A, be functionals of the fields of the theory
and impose on any curve v the integral equation

M
1 (37R) _ Pl e f’y do A, dda

Y / /9(1‘) g
TR Flux / _ Ple_ ff'y/ do A, df:

path independent charge
Take v infinitesimal > A, =—-0,99 "
A, is flat > F,.,=0,A,—0,A,+|A,, A =0

N\

Lax-Zakharov-Shabat equation

That is what integrable theories are about
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The sine-Gordon model
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Note that A is arbitrary
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The sine-Gordon model
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Loop Algebra |T7™, T7'| =i T ™" (T = \"T;)

hidden symmetries
Kac-Moody Alg. [Tim , Tf’} =iy T " 4+ Cmbpyno i
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Path independency

F,,, = 0 means that W = Pe [, doAu s 1s path independent

t t
A A

C

-L L -L Cq L

Boundary Condition Ai(—L,t) = Ay (L, 1)

iso-spectral evolution W(Cy) =UW(Cy) U —1

Figenvalues of W are conserved in time

power series in A: infinite number of conserved quantities
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The (2 + 1)-dimensional case

o

space-time surface < > path in loop space

Loop Space: £ = {f : S — M | north pole — xO}

Introduce a flat connection A in loop space

F=0A+ANA=0

Construct the charges using path independency!
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Look for integral equations!! Pd_lefaﬂ B — Pdefsz A
00 7 ™~
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Not quite that ...

Look for integral equations!! Pd_lefasz B — Pd@fsz A
00 7 ™~

Flux Charge
0 / _ Pdefﬂ/ A

Path Independency
Q/
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Loop Space: £d=1 — {f Sk ¥/ | north pole — xR}

Cp
f ) _ A A
o O+ PdefQT A Pdeth — f)defgj PdefQO A
t
> b Yd\ /d" i
Qg oundary conditions

iso-spectral evolution PdefQT - U(T) Pdefﬂo A U(T)~
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Non-Abelian Stokes Theorem
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Non-Abelian Stokes Theorem

dW dxt o
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do P do W) Le Wr
=T daxt
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0 do
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Non-Abelian Stokes Theorem
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Non-Abelian Stokes Theorem
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Non-Abelian Stokes Theorem
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Generalized Non-Abelian Stokes Theorem

daVv

2T
o T(B,A,T)E/ do W' B, W
0

VT(A B,7)=0

T dT

dxz" dx”

do dT



Generalized Non-Abelian Stokes Theorem
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Generalized Non-Abelian Stokes Theorem
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dV
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T dT
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It is a surface ordered integral
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Vary X
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The generalized non-abelian Stokes Theorem

—1 de dxV
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The generalized non-abelian Stokes Theorem
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The generalized non-abelian Stokes Theorem
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O. Alvarez, L. A. Ferreira and J. Sanchez Guillen,
Nucl. Phys. B 529, 689 (1998) |arXiv:hep-th/9710147].
Int. J. Mod. Phys. A 24, 1825 (2009) [arXiv:0901.1654 [hep-th]]
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The Integral Equations for Yang-Mills

) dxH dzx _
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The Integral Equations for Yang-Mills
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The Integral Equations for Yang-Mills
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The Integral Equations for Yang-Mills

) dxH dzx _
Pyeie Joo drdo[aF L +BFT 55 <2 _ p,oJod¢dTV IV

J = /27T do {zeﬁ Y ddx; d;_ d;( - e /OU do’
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The Integral Equations for Yang-Mills

' w Wl dzt dz¥ 1
P, et Joo drdo|aF)) +BF)) | de- de Pyela dCdrVIV

J = /27T do {zeﬁ Y ddx; d;_ d;( - e /OU do’
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Direct consequence of Stokes theorem and Yang-Mills egs.



The Integral

P,eie Joo drdo|aF,, +BF,]

Equations for Yang-Mills

dx™ dxV
do dTt — PS@

[, d¢drv IV 1

dzt dz¥ dz™

2T o
L2
J = / do {zeﬁ A o dr de e /0 do’

x{((a—l)FWJrﬁ )( ),(aFW+5 >(0):

Xd:v dx* (dzf (o)dx” (o) dzf (o) dz” (o) \>
do’' do dT d( d( dT )
B, — aF,, + BF,, DME,, = J, DHE,, =0

igﬁwm J

B
J_S'

Direct consequence of

Implies Yang-Mills ec

Stokes theorem and Yang-Mills egs.

s. in the limit 2 — 0
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Conserved Charges
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Conserved Charges

- %% W1l deH dx¥ —1
P,ei* [oq drdo|aF) +BF |42 de_ Pyelo dCdrVIV
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:O) > Pge“(l;QCCTj :]1
A
Lo
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Iso-spectral evolution: V(Q)=U(®)-V(Qo) - U ()

Eigenvalues of V(€2;) are constant in time
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Conserved charges are eigenvalues of the operator

ie dr do ozFVZ—I-ﬁﬁV‘; dzh dz” d¢ d+ V.7V 1!
V(Qt) _ P2 e fsgé(t) ( v v ) do dT — PS eth C T j

Conserved charges are:
1) Gauge invariant V(%) = gr V() gr"
2) Independent of reference point
Ver () > W (TR, 2r) Ve, (Q)W (TR, 2R)

3) Independent of parameterization

d¢ dr Vv =1
Pg efﬂé?

is path independent
4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theory
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Example: (multi) Monopoles

At spatial infinity the magnetic field has the form:

1 Tk
Fij = = Eijk 3 G0, o)
d dot  PiG=0 1
But —— (W 'GW) =W"'D,GW —— - W GW =Gg

In such a case the charge operator becomes:

) —1 dz® dad .
QszezeafsgodadTW Fi; W e 2% :6247T0¢GR
Figenvalues of G are the charges
1 rank GG 25
For BPS multi-monopole solutions Gr = > ng az"’ . h
a=1 a

In a d-dimensional representation the eigenvalues of Gr are:

1 rank G

=N . (mu) m(2) m(d))

> W om® o ml
a=1
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The case of SU(3)

For the triplet representation the charges are

1
P (n1, ng —ni, —no)

and for the adjoint representation

1

2_6 (nl +n272n1_n27 _n1+2n270707 _2n1+n2’n1_2n2’ _nl_nQ)

So, charges are the magnetic weights n,

The topological charges are

SU(3) — U(1) @ U(1) > QP =02 (ny + na)

€

SU(3) — SU((2) ® U(1) > Qrev-(ming o %o,
€
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To think further...

e Yang-Mills is equivalent to the flatness condition on loop space Q(2) (§%2 — M)

2T 27 L4
A= / dT/ do'V {zeﬁJW da dx

A do dT

SA+ANA=0 . / dgf{((a_l)pggmp,fg)(a'),(Mﬁ%%)(a)}

0

da®dxt (dxf (o') . o dx’ (o) 4
“do’ do ( dr 0z" (o) = 027 () dr v

(it solves parameterization problem!)

e The hidden symmetries are the gauge transformations on loop space 0 (2)

- CL'IJ' X
g = P2€fdadTW 1BMVWda dd’T

A—=gAgt+68gg !

dW dxt
— —W =0
do ta o do W

e The conserved charges are eigenvalues of the holonomy

Q — Pefspace A

e It connects to integrable field theories
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Final Comments

e The important symmetries for many non-linear phenomena
are not, in general, of the Noether type

e The concept of path independency plays an important role
in iso-spectral evolution

e Soliton theory in two dimensions and its applications,
are based on flat connections

e Gauge theories and integrable field theories share
some very interesting structures

o After 60 years the integral Yang-Mills equations and their truly
gauge invariant charges could be constructed using concepts of
flat connections on loop spaces

e It paves the way to interesting new developments
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