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dN(r)	=	4	p r r2 g(r) dr

Pair  Correlation  Function

g(r)  = C(r)/ro

Probability to find an atom at a radius-vector r from another atom at r = 0.

For a isotropic system in which the atoms (particles) are randomly oriented, 
(no translational symmetry and long-range order)
C(r) will depend only on the distance between the atoms, but not on the 
orientation of the radius vector r

g(r) = <g(r)>Angles Pair  Correlation Function (PDF)

N(r) - Number of atoms between r and r+dr
from the centre, regardless of their orientation

g(r) = N(r)/ro4pr2dr

lim[g(r)] = 1
r →∞
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Disordine nelle posizioni in	liquidi e	solidi:	assenza di	ordine a	lungo raggio
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radial	distribution	function
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Pair  Correlation Functions for Liquids and Glasses
(Lecture  2)

Liquid Ar

Thermal Motion/Disorder

Peak Broadening
g(r) rapidly convergens to 1

A. Leach (2001)
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v = 0.01
hydrodynamic calculation. The late-time kinks
seen in Fig. 3 in the velocity autocorrelation func-
tions calculated for 504 particle systems are
caused by the arrival of sound waves from the pe-
riodic images. The arrival time of these inter-
ferences can be predicted by the hydrodynamical.
model.
A simple analysis of the hydrodynamical model
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FIG. 1. Statistically averaged velocity field around a
central disk from molecular dynamics (heavy arrows)
compared to that given by the hydrodynamic model (light
arrows). Because of symmetry only half the plane is
shown. The scale of distance is indicated by the size of
the central disk as shown by the smallest half-circle.
The sizes of the other four concentric circles have been
determined so as to include roughly six neighboring
particles each. These semicireles have been partitioned
further into four parts, as indicated by the lines, so as
to have a measure of direction relative to the velocity
vector of the central particle at zero time. The size of
the arrows indicates the magnitude of the velocity (the
scale of velocity is indicated as 0.01 of the initial veloc-
ity in the upper right-hand corner) and the direction of
the arrow is determined by the parallel and perpendicular
components of the velocity (relative to that of the central
particle initially) averaged over all the particles in that
section at a particular time. The arrow is hence drawn
at the center of the section. A correction of 1/N-1 has
been added to the parallel component. The comparison
is made at 9.9 collision times where the molecular-
dynamie and hydrodynamic velocity autocorrelations be-
gin to nearly agree, as seen on the graph by the velocity
vectors of the central particle. (See also Fig. 3.) In
the molecular-dynamics run, 224 hard disks were used
at an area relative to close packing of 2. For the hydro-
dynamic run, the conditions are given in Table I.

er than about 10 mean collision times, both calcu-
lations show a decay like s ' '.
Figure 3 illustrates the same agreement at var-

ious densities in the case of hard disks where the
decay is like s '. Figure 3 shows furthermore
that the 1/N-1 correction brings into agreement
the velocity autocorrelation functions calculated
in molecular-dynamic systems of various sizes
and that the long-time behavior of the hydrody-
namic solution is independent of the initial veloc-
ity. It was also found that the long-time hydrody-
namic solution does not depend upon the bulk vis-
cosity. Heat conductivity was not included in the
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FIG. 2. Comparison of the velocity autocorrelation
function p(s) as a function of time (in terms of mean col-
lision times s) between the hydrodynamic model (circles)
and a 500-hard-sphere molecular-dynamic calculation
(triangles) at a volume relative to close packing of 3 on
a log-log plot. The straight line is drawn with a slope
corresponding to s . To the molecular dynamics p(s)
a correction of 1/N-1 has been added. Furthermore,
the function has only been graphed up to the time where
serious interference between neighboring periodically
repeated systems is indicated. In the hydrodynamic
calculation the viscosity predicted by the Enskog theory
has been used while the molecular-dynamic calculations
indicate a 2% larger value. A value of pv/h%T of 3.03
was employed, and the initial velocity of the fluid volume
element was normalized to unity for comparison purposes.
If the initially moving cylindrical region is made to have
the same volume as that corresponding to the volume
per particle in the molecular system, adistance andhence a
time scale can be obtained to make the above comparison.
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Decay of the Velocity Autocorrelation Function*

B. J. Alder and T. E. Wainwright
Lawrence Radiation Laboratory, University of California, Livermore, California 94550

(Received 10 July 1969)

Molecular-dynamic studies of the behavior of the diffusion coefficient after a long time s
have shown that the velocity autocorrelation function decays as s" for hard disks and as s
for hard spheres, at least at intermediate fluid densities. A hydrodynamic similarity solution
of the decay in velocity of an initially moving volume element in an otherwise stationary com-
pressible viscous fluid agrees with a decay of (ps) ~, where p is the viscosity and d is the
dimensionality of the system. The slow decay, which would lead to a divergent diffusion co-
efficient in two dimensions, is caused by a vortex flow pattern which has been quantitatively
compared for the hydrodynamic and molecular-dynamic calculations.

A previous study' of the diffusion coefficient has
shown that the velocity autocorrelation function
has a long positive tail, indicating a surprising
persistence of velocities. Subsequently, ' the col-
lective nature of this persistence was established
by the observation that the value of the diffusion
coefficient depends strongly on the number of par-
ticles, particularly in two dimensions where the
results did not seem to converge as larger systems
were investigated. Finally, by studying the veloc-
ity correlation between a molecule and its neigh-
borhood, a vortex flow pattern was found on a mi-
croscopic scale which could qualitatively explain
the tail. Since the persistence of the vortex flow
is long compared to the mean collision time, it is
natural to ask whether a hydrodynamic model could
calculate such vortex motion, and hence, the be-
havior of the velocity autocorrelation function for
long times. This paper addresses itself to that
question.
In such a hydrodynamic model, a fluid is imag-

ined to be at rest except that a small volume ele-
ment is given an initial velocity. A compression
wave develops in front of this region and a rar-
efaction wave to the rear. When the sound waves
have separated, the residual flow is in the form
of a double vortex in two dimensions, or a vortex
ring in three dimensions. At late times, the cir-
culatory flow approaches that of an incompressible
fluid, and hence the velocity decays solely due to
the influence of the shear viscosity. It should be
emphasized at the outset that this hydrodynamic
model differs conceptually from the Stokes-
Einstein model which also relates the diffusion
coefficient to the viscosity. In that model, a
sphere representing a molecule is assumed to
slow down adiabatically in a viscous fluid; that is,
the retarding force at each instant of time is as-
sumed to be the steady-state value, which is pro-
portional to the velocity, so that the velocity de-
cays exponentially. In the model described here,
on the other hand, a transient solution of the

Wavier-Stokes equation is carried out to find the
long-time behavior of the initially moving volume
element.
The initially moving volume element is made

equal in size to the average volume per molecule
and is given a velocity comparable to the root-
mean- square molecular velocity. The subsequent
motion of the fluid is then calculated by direct nu-
merical integration of the Wavier-Stokes equation.
Both Eulerian and Lagrangian formulations have
been used successfully. A comparison of the flow
pattern between the hydrodynamic and molecular-
dynamic calculation at a fairly late time is given
in Fig. 1. The nearly quantitative agreement ob-
tained lends credence to the applicability of the
model. The values for the viscosity rj and y =I'v/
NkT-1 used in the hydrodynamic calculation were
obtained from molecular-dynamic calculations at
the same density. The comparison in Fig. 1 was
made at a fairly late time, so that the flow pattern
had approached the hydrodynamic regime, but not
so late that there was any interference from the
sound waves coming over the periodic border of
the finite system, nor so late that the velocity had
decayed to such a small value as to prevent an ac-
curate determination. A correction of 1/N-1 has
been added to the velocity autocorrelation function
as calculated by molecular dynamics. This is be-
cause whenever a given molecule has a velocity v,
the average velocity of the other molecules is
v/N 1in a syst—em of-N molecules where momen-

tum is conserved.
Figure 2 illustrates, in the case of hard spheres,

the agreement of the autocorrelation function p(s)
from the molecular-dynamic calculation with that
from the hydrodynamic calculation. The latter is
simply the velocity at the center of the flow pattern
divided by the initial velocity. The two disagree
at short times, as might be expected. The molec-
ular-dynamic velocity autocorrelation function
shows an initial exponential decay lasting for a few
mean collision times s. However, at times great-
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Liquidi:	autosimilarita’	nel tempo	e	nello spazio (backflow)
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hydrodynamic calculation. The late-time kinks
seen in Fig. 3 in the velocity autocorrelation func-
tions calculated for 504 particle systems are
caused by the arrival of sound waves from the pe-
riodic images. The arrival time of these inter-
ferences can be predicted by the hydrodynamical.
model.
A simple analysis of the hydrodynamical model
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FIG. 1. Statistically averaged velocity field around a
central disk from molecular dynamics (heavy arrows)
compared to that given by the hydrodynamic model (light
arrows). Because of symmetry only half the plane is
shown. The scale of distance is indicated by the size of
the central disk as shown by the smallest half-circle.
The sizes of the other four concentric circles have been
determined so as to include roughly six neighboring
particles each. These semicireles have been partitioned
further into four parts, as indicated by the lines, so as
to have a measure of direction relative to the velocity
vector of the central particle at zero time. The size of
the arrows indicates the magnitude of the velocity (the
scale of velocity is indicated as 0.01 of the initial veloc-
ity in the upper right-hand corner) and the direction of
the arrow is determined by the parallel and perpendicular
components of the velocity (relative to that of the central
particle initially) averaged over all the particles in that
section at a particular time. The arrow is hence drawn
at the center of the section. A correction of 1/N-1 has
been added to the parallel component. The comparison
is made at 9.9 collision times where the molecular-
dynamie and hydrodynamic velocity autocorrelations be-
gin to nearly agree, as seen on the graph by the velocity
vectors of the central particle. (See also Fig. 3.) In
the molecular-dynamics run, 224 hard disks were used
at an area relative to close packing of 2. For the hydro-
dynamic run, the conditions are given in Table I.

er than about 10 mean collision times, both calcu-
lations show a decay like s ' '.
Figure 3 illustrates the same agreement at var-

ious densities in the case of hard disks where the
decay is like s '. Figure 3 shows furthermore
that the 1/N-1 correction brings into agreement
the velocity autocorrelation functions calculated
in molecular-dynamic systems of various sizes
and that the long-time behavior of the hydrody-
namic solution is independent of the initial veloc-
ity. It was also found that the long-time hydrody-
namic solution does not depend upon the bulk vis-
cosity. Heat conductivity was not included in the
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FIG. 2. Comparison of the velocity autocorrelation
function p(s) as a function of time (in terms of mean col-
lision times s) between the hydrodynamic model (circles)
and a 500-hard-sphere molecular-dynamic calculation
(triangles) at a volume relative to close packing of 3 on
a log-log plot. The straight line is drawn with a slope
corresponding to s . To the molecular dynamics p(s)
a correction of 1/N-1 has been added. Furthermore,
the function has only been graphed up to the time where
serious interference between neighboring periodically
repeated systems is indicated. In the hydrodynamic
calculation the viscosity predicted by the Enskog theory
has been used while the molecular-dynamic calculations
indicate a 2% larger value. A value of pv/h%T of 3.03
was employed, and the initial velocity of the fluid volume
element was normalized to unity for comparison purposes.
If the initially moving cylindrical region is made to have
the same volume as that corresponding to the volume
per particle in the molecular system, adistance andhence a
time scale can be obtained to make the above comparison.

DECAY OF THE VELOCITY AUTOCORRELATION FUNCTION 19

v = 0.01
hydrodynamic calculation. The late-time kinks
seen in Fig. 3 in the velocity autocorrelation func-
tions calculated for 504 particle systems are
caused by the arrival of sound waves from the pe-
riodic images. The arrival time of these inter-
ferences can be predicted by the hydrodynamical.
model.
A simple analysis of the hydrodynamical model

1'0
I I I I I I I

FIG. 1. Statistically averaged velocity field around a
central disk from molecular dynamics (heavy arrows)
compared to that given by the hydrodynamic model (light
arrows). Because of symmetry only half the plane is
shown. The scale of distance is indicated by the size of
the central disk as shown by the smallest half-circle.
The sizes of the other four concentric circles have been
determined so as to include roughly six neighboring
particles each. These semicireles have been partitioned
further into four parts, as indicated by the lines, so as
to have a measure of direction relative to the velocity
vector of the central particle at zero time. The size of
the arrows indicates the magnitude of the velocity (the
scale of velocity is indicated as 0.01 of the initial veloc-
ity in the upper right-hand corner) and the direction of
the arrow is determined by the parallel and perpendicular
components of the velocity (relative to that of the central
particle initially) averaged over all the particles in that
section at a particular time. The arrow is hence drawn
at the center of the section. A correction of 1/N-1 has
been added to the parallel component. The comparison
is made at 9.9 collision times where the molecular-
dynamie and hydrodynamic velocity autocorrelations be-
gin to nearly agree, as seen on the graph by the velocity
vectors of the central particle. (See also Fig. 3.) In
the molecular-dynamics run, 224 hard disks were used
at an area relative to close packing of 2. For the hydro-
dynamic run, the conditions are given in Table I.

er than about 10 mean collision times, both calcu-
lations show a decay like s ' '.
Figure 3 illustrates the same agreement at var-

ious densities in the case of hard disks where the
decay is like s '. Figure 3 shows furthermore
that the 1/N-1 correction brings into agreement
the velocity autocorrelation functions calculated
in molecular-dynamic systems of various sizes
and that the long-time behavior of the hydrody-
namic solution is independent of the initial veloc-
ity. It was also found that the long-time hydrody-
namic solution does not depend upon the bulk vis-
cosity. Heat conductivity was not included in the

0.1—

p (s)—

0.01—

0001 I I I I I I I

1.0
I I I I I I I I

o.10
S

0.01

FIG. 2. Comparison of the velocity autocorrelation
function p(s) as a function of time (in terms of mean col-
lision times s) between the hydrodynamic model (circles)
and a 500-hard-sphere molecular-dynamic calculation
(triangles) at a volume relative to close packing of 3 on
a log-log plot. The straight line is drawn with a slope
corresponding to s . To the molecular dynamics p(s)
a correction of 1/N-1 has been added. Furthermore,
the function has only been graphed up to the time where
serious interference between neighboring periodically
repeated systems is indicated. In the hydrodynamic
calculation the viscosity predicted by the Enskog theory
has been used while the molecular-dynamic calculations
indicate a 2% larger value. A value of pv/h%T of 3.03
was employed, and the initial velocity of the fluid volume
element was normalized to unity for comparison purposes.
If the initially moving cylindrical region is made to have
the same volume as that corresponding to the volume
per particle in the molecular system, adistance andhence a
time scale can be obtained to make the above comparison.

PHYSICAL REVIEW A VOLUME 1, NUMBER 1 JANUARY 1970

Decay of the Velocity Autocorrelation Function*

B. J. Alder and T. E. Wainwright
Lawrence Radiation Laboratory, University of California, Livermore, California 94550

(Received 10 July 1969)

Molecular-dynamic studies of the behavior of the diffusion coefficient after a long time s
have shown that the velocity autocorrelation function decays as s" for hard disks and as s
for hard spheres, at least at intermediate fluid densities. A hydrodynamic similarity solution
of the decay in velocity of an initially moving volume element in an otherwise stationary com-
pressible viscous fluid agrees with a decay of (ps) ~, where p is the viscosity and d is the
dimensionality of the system. The slow decay, which would lead to a divergent diffusion co-
efficient in two dimensions, is caused by a vortex flow pattern which has been quantitatively
compared for the hydrodynamic and molecular-dynamic calculations.

A previous study' of the diffusion coefficient has
shown that the velocity autocorrelation function
has a long positive tail, indicating a surprising
persistence of velocities. Subsequently, ' the col-
lective nature of this persistence was established
by the observation that the value of the diffusion
coefficient depends strongly on the number of par-
ticles, particularly in two dimensions where the
results did not seem to converge as larger systems
were investigated. Finally, by studying the veloc-
ity correlation between a molecule and its neigh-
borhood, a vortex flow pattern was found on a mi-
croscopic scale which could qualitatively explain
the tail. Since the persistence of the vortex flow
is long compared to the mean collision time, it is
natural to ask whether a hydrodynamic model could
calculate such vortex motion, and hence, the be-
havior of the velocity autocorrelation function for
long times. This paper addresses itself to that
question.
In such a hydrodynamic model, a fluid is imag-

ined to be at rest except that a small volume ele-
ment is given an initial velocity. A compression
wave develops in front of this region and a rar-
efaction wave to the rear. When the sound waves
have separated, the residual flow is in the form
of a double vortex in two dimensions, or a vortex
ring in three dimensions. At late times, the cir-
culatory flow approaches that of an incompressible
fluid, and hence the velocity decays solely due to
the influence of the shear viscosity. It should be
emphasized at the outset that this hydrodynamic
model differs conceptually from the Stokes-
Einstein model which also relates the diffusion
coefficient to the viscosity. In that model, a
sphere representing a molecule is assumed to
slow down adiabatically in a viscous fluid; that is,
the retarding force at each instant of time is as-
sumed to be the steady-state value, which is pro-
portional to the velocity, so that the velocity de-
cays exponentially. In the model described here,
on the other hand, a transient solution of the

Wavier-Stokes equation is carried out to find the
long-time behavior of the initially moving volume
element.
The initially moving volume element is made

equal in size to the average volume per molecule
and is given a velocity comparable to the root-
mean- square molecular velocity. The subsequent
motion of the fluid is then calculated by direct nu-
merical integration of the Wavier-Stokes equation.
Both Eulerian and Lagrangian formulations have
been used successfully. A comparison of the flow
pattern between the hydrodynamic and molecular-
dynamic calculation at a fairly late time is given
in Fig. 1. The nearly quantitative agreement ob-
tained lends credence to the applicability of the
model. The values for the viscosity rj and y =I'v/
NkT-1 used in the hydrodynamic calculation were
obtained from molecular-dynamic calculations at
the same density. The comparison in Fig. 1 was
made at a fairly late time, so that the flow pattern
had approached the hydrodynamic regime, but not
so late that there was any interference from the
sound waves coming over the periodic border of
the finite system, nor so late that the velocity had
decayed to such a small value as to prevent an ac-
curate determination. A correction of 1/N-1 has
been added to the velocity autocorrelation function
as calculated by molecular dynamics. This is be-
cause whenever a given molecule has a velocity v,
the average velocity of the other molecules is
v/N 1in a syst—em of-N molecules where momen-

tum is conserved.
Figure 2 illustrates, in the case of hard spheres,

the agreement of the autocorrelation function p(s)
from the molecular-dynamic calculation with that
from the hydrodynamic calculation. The latter is
simply the velocity at the center of the flow pattern
divided by the initial velocity. The two disagree
at short times, as might be expected. The molec-
ular-dynamic velocity autocorrelation function
shows an initial exponential decay lasting for a few
mean collision times s. However, at times great-
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Resonances arising from hydrodynamic memory in
Brownian motion
Thomas Franosch1*, Matthias Grimm2,3*, Maxim Belushkin4, Flavio M. Mor3, Giuseppe Foffi4, László Forró3 & Sylvia Jeney2,3

Observation of the Brownian motion of a small probe interacting
with its environment provides one of the main strategies for
characterizing soft matter1–4. Essentially, two counteracting forces
govern the motion of the Brownian particle. First, the particle is
driven by rapid collisions with the surrounding solvent molecules,
referred to as thermal noise. Second, the friction between the particle
and the viscous solvent damps its motion. Conventionally, the ther-
mal force is assumed to be random and characterized by a Gaussian
white noise spectrum. The friction is assumed to be given by the
Stokes drag, suggesting that motion is overdamped at long times in
particle tracking experiments, when inertia becomes negligible.
However, as the particle receives momentum from the fluctuating
fluid molecules, it also displaces the fluid in its immediate vicinity.
The entrained fluid acts back on the particle and gives rise to long-
range correlations5,6. This hydrodynamic ‘memory’ translates to
thermal forces, which have a coloured, that is, non-white, noise
spectrum. One hundred years after Perrin’s pioneering experiments
on Brownian motion7–9, direct experimental observation of this
colour is still elusive10. Here we measure the spectrum of thermal
noise by confining the Brownian fluctuations of a microsphere in a
strong optical trap. We show that hydrodynamic correlations result
in a resonant peak in the power spectral density of the sphere’s
positional fluctuations, in strong contrast to overdamped systems.
Furthermore, we demonstrate different strategies to achieve peak
amplification. By analogy with microcantilever-based sensors11,12,
our results reveal that the particle–fluid–trap system can be con-
sidered a nanomechanical resonator in which the intrinsic hydro-
dynamic backflow enhances resonance. Therefore, instead of being
treated as a disturbance, details in thermal noise could be exploited
for the development of new types of sensor and particle-based assay
in lab-on-a-chip applications13,14.

Einstein’s theory of Brownian motion15, published in 1905, received
considerable attention and was later reformulated in terms of a Langevin
equation16. In it, particle motion is driven by thermal fluctuations
induced through collisions with the fluid molecules. These rapid ‘kicks’
are assumed to be random and independent at frequencies much smaller
than the collision rate of ,1 THz. The thermal force consequently has a
white noise spectrum16; that is, the spectrum is constant over a wide
range of frequencies. Momentum is transferred from the particle to the
fluid at times tp 5 mp/c (Fig. 1a, left), where c 5 6pgR is the coefficient
of static friction of the particle for macroscopic no-slip boundary con-
ditions, mp is the particle’s mass, g is the shear viscosity of the fluid and R
is the radius of the particle (which is taken to be spherical). However,
when the densities of the particle and the fluid, rp and, respectively, rf,
are comparable, their coupling becomes important17,18. As the sus-
pended particle fluctuates through the solvent, long-range correlations
build up as a result of momentum exchange, leading to hydrodynamic
memory in the solvent. Hence, an additional timescale, tf 5 R2rf/g,
which describes the time needed by the perturbed fluid flow field to

diffuse over one particle radius (Fig. 1a, middle), becomes important.
According to the fluctuation–dissipation theorem, the statistics of the
thermal force, Fth(t), is characterized by a delta-correlated white noise
term and a coloured, frequency-dependent component that reflects the
retarded viscous response of the fluid continuum to the particle.

To measure directly the predicted correlations in thermal noise, we
combined strong optical trapping with high-resolution, 3D position
detection19 (Supplementary Information, section 1). The resulting
force balance for the particle reads mp€x tð Þ~Ffr tð Þ{Kx tð ÞzFth tð Þ,
where x(t) is the particle’s displacement from the trap centre (with a
dot denoting differentiation with respect to time), Ffr(t) is the non-
instantaneous friction force on the particle and K is the stiffness of the
optical trap. This harmonic restoring force gives the trap relaxation
time of tK 5 c/K (Fig. 1a, right). At long times, strong trapping even-
tually dominates over friction and becomes the main force counter-
acting thermal excitation. The Langevin equation reduces then to
Kx(t) < Fth(t). Consequently, when tracking the fluctuating motion
of the particle in a strong harmonic potential (Fig. 1b, c), we effectively
probe the thermal force of the fluid10. Correlations in thermal noise

Fth tð ÞFth 0ð Þh i<K2 x tð Þx 0ð Þh i ð1Þ
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Figure 1 | Characteristic time scales of a Brownian particle confined by the
three-dimensional (3D) harmonic potential of an optical trap. a, On very
short timescales (t= tp), the particle undergoes ballistic motion governed by
mp (left). On timescale tf, hydrodynamic backflow develops (centre; solid lines
show the emerging fluid velocity field; arrows are obtained from our computer
simulations). Finally, for t> tK, the harmonic potential of the trap sets in and
confines particle diffusion (right). b, Trajectories of the trapped sphere
measured at three different time intervals, in the dimensions, x and y, lateral to
the optical axis, z. c, 3D position histogram of the same sphere after the
measurement time T <4 ms. The small displacements of the bead are indicative
of the strong trapping forces.
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become directly accessible through the positional autocorrelation
function, PAF(t) 5 Æx(t)x(0)æ, calculated from the recorded fluctua-
tions of the trapped sphere (Fig. 1b).

The sequential order and magnitudes of the various timescales
depend on the size and mass of the Brownian particle, the nature of
the solvent and the stiffness of the optical trap. The experimental chal-
lenge consists of exploring a wide range of timescales. Therefore, we
optimized our set-up20 to achieve a resolution of ,1 nm in space and
close to 1ms in time (Supplementary Information, section 1). In typical
optical tweezers experiments, silica or polystyrene spheres immersed in
water and with sizes =1mm are used. This yields values for tf and tp of
less than 1ms, which is below our temporal resolution limit21. Therefore,
we instead used melamine resin beads with diameters of between 2 and
3mm and suspended them in acetone, which is three times less viscous
than water. In this set-up, tp < 1–3ms and tf < 2– 6ms. Furthermore,
the difference between the refractive indices of resin (n 5 1.68) and
acetone (n 5 1.36) was high enough to provide good trapping effi-
ciency. With such an experimental configuration, we could increase
tf and K sufficiently to bring the trap relaxation time, tK, close to tf.
This made the window in which mainly thermal force correlations
determine the bead’s dynamics (Fig. 1a, middle) experimentally access-
ible. On these timescales, the mass of the particle is already negligible,
leading to a clear separation between the inertial and hydrodynamic
regimes of Brownian motion (Supplementary Information, section 5).

Figure 2a, b shows the mean squared displacements and positional
autocorrelation functions calculated from the measured position fluc-
tuations, x(t) (Supplementary Information, section 3), of a single resin
sphere immersed in water (green circles) or in acetone (blue circles) and
held with comparable optical forces. PAF(t) has a clear zero-crossing
followed by anticorrelations. The appearance of anticorrelations is in
remarkable contrast with the exponential relaxation, (kBT=K)e{t=tK ,
characteristic of overdamped harmonic oscillators subject to instant-
aneous Stokes friction {c _x tð Þ. In the frequency domain (Fig. 2c), the
corresponding power spectral density, PSD(f), shows that increasing tf,
and hence decreasing the ratio tK/tf by reducing the fluid’s viscosity,
caused the emergence of a resonance. This resonant peak indicates that
the thermal force spectrum is enhanced as frequency increases (blue
circles). In water (green circles), the maximal corner frequency,
fK 5 1/2ptK, we obtained resulted in an enhancement of the PSD close
to our noise limit. Nevertheless, deviations from the simple Lorentzian,
PSD(f) 5 2(kBT/K)tK/[1 1 (2pftK)2], of overdamped systems (green
line) are clearly visible for frequencies around fK.

For a quantitative description, we solve a Langevin equation with
no-slip boundary conditions accounting for slow vortex diffusion17,18

and trapping22,23. Our data (Fig. 2, symbols) are in excellent agreement
with the theoretical expression (Fig. 2, black lines) over three decades in
time and four orders of magnitude in signal (Fig. 2b), and we observe a
hydrodynamic power-law tail, PAF tð Þ<{ kBTc=K2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tf=4pt3

p
,

which by equation (1) directly reflects the corresponding persistent
correlations in the thermal forces

Fth tð ÞFth 0ð Þh i~{kBTc
ffiffiffiffiffiffiffiffiffiffiffiffi
tf=4p

p
t{3=2

for times for which compressibility effects from the fluid can be ignored
(Supplementary Information, section 4). The negative overshoot in the
PAF and the equivalent resonant peak in the PSD originate solely from
the hydrodynamic coupling between the fluid and the particle.

In the Fourier domain, positional fluctuations x̂ fð Þ~
ð
x tð Þe2pift dt

are connected to the thermal forces by a linear relation, x̂ fð Þ~
Ĝ fð ÞF̂th fð Þ, where Ĝ fð Þ is the Fourier transform of the Green func-
tion (Supplementary Information, section 4). Consequently, x̂ fð Þ is a
filtered signal of the noise F̂th fð Þ, and the PSD of the Brownian ther-
mal noise, PSDth(f), is related to the measured PSD by

PSDth fð Þ~ Ĝ fð Þ
## ##{2

PSD fð Þ ð2Þ

The data shown in Fig. 2d confirm the departure from white noise
through a drastic increase in thermal noise at higher frequencies.
Deviations from Gaussian white noise are towards the blue end of
the spectrum at frequencies that are much smaller than the collision
rate of the solvent molecules, and reflect the colour of thermal force10.

The observed resonance in the PSD can be enhanced by decreasing
the ratio tK/tf and hence increasing K. Figure 3a shows peak amp-
lification with increasing laser power up to a stiffness of 412mN m21.
In the hydrodynamic regime, Brownian motion is strongly sensitive to
particle size because the determinant timescale, tf, is proportional to
R2. A difference in the bead radius, DR, of only a few per cent results in
a detectable shift in the PAF around its zero-crossing, in acetone as well
as in water (Fig. 3b).

Experimental access to short timescales reveals a resonance in
Brownian motion where overdamped motion is commonly assumed.
For a given solvent and particle, it is possible to investigate the dynamics
of the system in different regimes by decreasing tK and detecting the
position fluctuations at the highest bandwidth. Stronger and narrower
resonances can be obtained in the inertial regime, where Brownian
motion is also sensitive to the particle’s mass24,25. To reach this window,
tK has to be brought close to tp by increasing K or mp. Although heavier
particles, which simultaneously allow for more efficient trapping, are
still to be developed26, the timeline displayed in Fig. 1a can be explored
theoretically and by means of computer simulations. Transition to the
inertial regime is marked by the appearance of a peak in the case of the
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Figure 2 | The colour of thermal force. a, Double-logarithmic plot of the
mean squared displacement (MSD) normalized to its long-time limit, 2kBT/K
(kB, Boltzmann’s constant), for an optically trapped (K < 205mN m21),
melamine resin sphere (R 5 1.45mm) in water (green circles: tf 5 2.3ms,
tK 5 138.0ms) or acetone (blue circles: tf 5 5.1ms, tK 5 38.3ms). b, Double-
logarithmic plot of the corresponding PAF(t) blocked in 100 bins per decade
and normalized to its initial value, PAF(0) 5 kBT/K. The persistent
anticorrelations are visible after the zero-crossing (narrow spike) and follow a
t23/2 power-law decay. The green and blue lines indicate exponential
relaxations and serve as guide to the eye. Inset, log–linear plot of the same data.
c, Log–linear representation of the corresponding PSD blocked in 50 bins per
decade and normalized to its zero-frequency value, 2kBTtK/K. The green and
blue lines are Lorentzian spectra for reference. Inset, magnified view of the
enhancement of the PSD, blocked in 20 bins per decade, reflecting the colour of
thermal noise. d, Direct representation of the PSD of Fth (equation (2)). The
black lines correspond to the full hydrodynamic theory including inertial
effects22,23. The parameters tf and tK were extracted from the fit to the theory.
Error bars, 1 s.e. of the mean from blocking.
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Resonances arising from hydrodynamic memory in
Brownian motion
Thomas Franosch1*, Matthias Grimm2,3*, Maxim Belushkin4, Flavio M. Mor3, Giuseppe Foffi4, László Forró3 & Sylvia Jeney2,3

Observation of the Brownian motion of a small probe interacting
with its environment provides one of the main strategies for
characterizing soft matter1–4. Essentially, two counteracting forces
govern the motion of the Brownian particle. First, the particle is
driven by rapid collisions with the surrounding solvent molecules,
referred to as thermal noise. Second, the friction between the particle
and the viscous solvent damps its motion. Conventionally, the ther-
mal force is assumed to be random and characterized by a Gaussian
white noise spectrum. The friction is assumed to be given by the
Stokes drag, suggesting that motion is overdamped at long times in
particle tracking experiments, when inertia becomes negligible.
However, as the particle receives momentum from the fluctuating
fluid molecules, it also displaces the fluid in its immediate vicinity.
The entrained fluid acts back on the particle and gives rise to long-
range correlations5,6. This hydrodynamic ‘memory’ translates to
thermal forces, which have a coloured, that is, non-white, noise
spectrum. One hundred years after Perrin’s pioneering experiments
on Brownian motion7–9, direct experimental observation of this
colour is still elusive10. Here we measure the spectrum of thermal
noise by confining the Brownian fluctuations of a microsphere in a
strong optical trap. We show that hydrodynamic correlations result
in a resonant peak in the power spectral density of the sphere’s
positional fluctuations, in strong contrast to overdamped systems.
Furthermore, we demonstrate different strategies to achieve peak
amplification. By analogy with microcantilever-based sensors11,12,
our results reveal that the particle–fluid–trap system can be con-
sidered a nanomechanical resonator in which the intrinsic hydro-
dynamic backflow enhances resonance. Therefore, instead of being
treated as a disturbance, details in thermal noise could be exploited
for the development of new types of sensor and particle-based assay
in lab-on-a-chip applications13,14.

Einstein’s theory of Brownian motion15, published in 1905, received
considerable attention and was later reformulated in terms of a Langevin
equation16. In it, particle motion is driven by thermal fluctuations
induced through collisions with the fluid molecules. These rapid ‘kicks’
are assumed to be random and independent at frequencies much smaller
than the collision rate of ,1 THz. The thermal force consequently has a
white noise spectrum16; that is, the spectrum is constant over a wide
range of frequencies. Momentum is transferred from the particle to the
fluid at times tp 5 mp/c (Fig. 1a, left), where c 5 6pgR is the coefficient
of static friction of the particle for macroscopic no-slip boundary con-
ditions, mp is the particle’s mass, g is the shear viscosity of the fluid and R
is the radius of the particle (which is taken to be spherical). However,
when the densities of the particle and the fluid, rp and, respectively, rf,
are comparable, their coupling becomes important17,18. As the sus-
pended particle fluctuates through the solvent, long-range correlations
build up as a result of momentum exchange, leading to hydrodynamic
memory in the solvent. Hence, an additional timescale, tf 5 R2rf/g,
which describes the time needed by the perturbed fluid flow field to

diffuse over one particle radius (Fig. 1a, middle), becomes important.
According to the fluctuation–dissipation theorem, the statistics of the
thermal force, Fth(t), is characterized by a delta-correlated white noise
term and a coloured, frequency-dependent component that reflects the
retarded viscous response of the fluid continuum to the particle.

To measure directly the predicted correlations in thermal noise, we
combined strong optical trapping with high-resolution, 3D position
detection19 (Supplementary Information, section 1). The resulting
force balance for the particle reads mp€x tð Þ~Ffr tð Þ{Kx tð ÞzFth tð Þ,
where x(t) is the particle’s displacement from the trap centre (with a
dot denoting differentiation with respect to time), Ffr(t) is the non-
instantaneous friction force on the particle and K is the stiffness of the
optical trap. This harmonic restoring force gives the trap relaxation
time of tK 5 c/K (Fig. 1a, right). At long times, strong trapping even-
tually dominates over friction and becomes the main force counter-
acting thermal excitation. The Langevin equation reduces then to
Kx(t) < Fth(t). Consequently, when tracking the fluctuating motion
of the particle in a strong harmonic potential (Fig. 1b, c), we effectively
probe the thermal force of the fluid10. Correlations in thermal noise

Fth tð ÞFth 0ð Þh i<K2 x tð Þx 0ð Þh i ð1Þ
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Figure 1 | Characteristic time scales of a Brownian particle confined by the
three-dimensional (3D) harmonic potential of an optical trap. a, On very
short timescales (t= tp), the particle undergoes ballistic motion governed by
mp (left). On timescale tf, hydrodynamic backflow develops (centre; solid lines
show the emerging fluid velocity field; arrows are obtained from our computer
simulations). Finally, for t> tK, the harmonic potential of the trap sets in and
confines particle diffusion (right). b, Trajectories of the trapped sphere
measured at three different time intervals, in the dimensions, x and y, lateral to
the optical axis, z. c, 3D position histogram of the same sphere after the
measurement time T <4 ms. The small displacements of the bead are indicative
of the strong trapping forces.
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harmonic oscillator with tK , 2tp. When tK is further decreased, the
mass term in the Langevin equation eventually becomes larger than the
friction term. Interestingly, in comparison with the simple harmonic
oscillator (Fig. 4a, dashed lines), the peak is significantly enhanced and
its position, fmax, is shifted to lower frequencies by the contribution of
hydrodynamic memory (Fig. 4a, solid lines).

The study of Brownian motion on short timescales in a medium
with hydrodynamic effects has also become accessible by advanced
simulation techniques. We used multiparticle collision dynamics
(see ref. 27 and references therein) with molecular dynamics coupling
between solute and solvent particles. The method yielded a compres-
sible solvent and correctly reflected the hydrodynamic effects at
coarse-grained scales. The approach was implemented most conveni-
ently for full-slip boundary conditions at the solute–solvent interface,
whereas our experiments obeyed no-slip conditions. The simulation
results for the PSD show that a resonance emerges in the hydro-
dynamic regime as well as in the inertial regime (Fig. 4b, filled circles),
irrespective of boundary conditions at the solvent–solute interface.
However, the weak coupling between the Brownian particle and the
surrounding fluid yielded a resonance much weaker than that which
emerged under no-slip conditions (Fig. 4a). The collected data follow
the theoretical curves (Fig. 4b, coloured lines), where friction is eval-
uated for a compressible fluid under full-slip conditions (Supplemen-
tary Information, sections 4 and 7).

The enhanced resonance is sensitive to the size of the bead in the
hydrodynamic regime (Fig. 4c, red curves versus green and blue
curves). Also, it is mass sensitive in the inertial regime of the simulation
and, more markedly, under experimental conditions. In contrast, for
the harmonic oscillator, sensitivity to particle size is much lower and
sensitivity to its mass occurs only in the underdamped regime, where
tK , 2tp (Fig. 4c, dashed lines).

Additional peak amplification can be achieved through parametric
resonance25,28,29 by periodically modulating the trap strength at fre-
quency fexc: K(t) 5 K[1 1 gcos(2pfexct)]. We obtained the theoretical
excited PSD, PSDexc(f), normalized to the initial value of the non-
excited PSD, from the solution of a parametrically modulated
Langevin equation, including hydrodynamic memory, using second-
order perturbation theory in the reduced modulation amplitude, g
(Supplementary Information, section 6). As for a harmonic oscillator,
also in the presence of coloured friction, the greatest additional peak
amplification is achieved at a frequency of fexc < 2fpeak, which yields an
increase of up to 20% when g 5 50% (Fig. 4a, open circles). Com-
parable results were obtained with computer simulations (Fig. 4b, open
circles).

Exploiting the hydrodynamic and inertial regimes of Brownian
motion for particle-based assays will become a common technological
approach13,14. We anticipate that changes in the particle’s morphology,
such as swelling or a reaction occurring at its surface, will alter short-
time dynamics and become detectable. As single cells, microorganisms
and microcarriers can also be bound harmonically12,30, short-time
detection of their Brownian fluctuations may become a sensitive way
to characterize their state or evolution in native solutions and without
specific markers. Reciprocally, changes in the medium surrounding
the probing particle modulate the particle’s fluctuation spectrum2–4,
offering a means of studying dynamic polymer systems in great detail.

METHODS SUMMARY
Melamine resin microspheres (rp 5 1,510 kg m23, R 5 1.5, 1.45, 1.35 or 1mm) were
suspended in high-purity acetone (g 5 0.32 cP (1 cP 5 1 mPa s), rf 5 790 kg m23)
or water (g 5 0.95 cP, rf 5 1,000 kg m23) at minimal concentrations to allow trap-
ping and observation of a single particle. After loading, the sample chamber was
mounted onto the 3D piezo stage of our custom-made inverted microscope/optical
trap set-up20. A bead was trapped in the focus of a Gaussian trapping beam pro-
duced by a diode-pumped, ultralow-noise Nd:YAG laser with a wavelength of
l 5 1,064 nm and a maximal output power of 500 mW in continuous-wave mode.
At the focus, the remaining power was measured to be 200 mW for the stiffest traps
used. To avoid surface effects, the trapped bead was brought by the piezo stage no
closer than 40mm to the top or bottom glass surface of our sample chambers, which
were more than 100mm thick. Fluctuations in the position of the bead were detected
in 3D by an InGaAs quadrant photodiode31 with a diameter of 2.0 mm. The signals
from the quadrant photodiode were fed into a custom-built preamplifier, which
provided two differential signals between the photodiode quadrants, giving the
fluctuations in the x and y directions, and one signal that is proportional to the
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Figure 4 | Transition to the inertial regime. a, Theoretical PSD of a resin
sphere with no-slip boundary conditions in acetone (R 5 1.5mm, tp 5 2.3ms,
tf 5 5.4ms), for very strong traps (blue, K 5 1.02 mN m21; green,
2.04 mN m21; red, 4.07 mN m21). The dashed lines show the results for a
damped harmonic oscillator16, for comparison. The coloured circles represent
the corresponding PSDexc(f) with g 5 50% and fexc < 2fpeak. Inset,
corresponding fluid velocity field developing around the sphere when moving
in the x direction at f5 1/2ptf. The arrows indicate the direction of the velocity
field. b, Simulation data (filled circles) for an equivalent system with tp 5 0.7tf

evaluated in a compressible fluid under full-slip conditions, c 5 4pgR. The
coloured theoretical lines account for vortex diffusion, as well as for sound
waves. The open circles are simulation data for an excitation with g 5 50% and
fexc 5 2fmax. Inset, corresponding fluid velocity field at f5 1/2ptf, decreasing
from red to green. All curves in a and b are normalized to the zero-frequency
value of the respective non-excited PSD. c, Normalized peak height for
increasing trap strength, calculated for particles of different sizes and densities
in acetone, where b is the unit length of simulations (Supplementary
Information, Section 7) (thick lines; blue: 2b 5 R 5 1.0mm, rp 5 1,510 kg m23;
green: R 5 1.0mm, rp 5 3,020 kg m23; red: R 5 2.0mm, rp 5 1,510 kg m23)
and compared with the harmonic oscillator (dashed lines). Simulation data
(symbols) are compared to the corresponding theory (thin lines).
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Figure 3 | Enhancing resonance and sensitivity to particle size. a, Log–linear
representation of the normalized PSD, blocked in 50 bins per decade, of a resin
sphere (R 5 1mm) in acetone for increasing trap stiffness (green,
K 5 77mN m21; red, 309mN m21; blue, 412mN m21). b, Magnified view of a
log–linear plot of the normalized PAF(t), blocked in 100 bins per decade, close
to the zero-crossing for resin spheres of slightly different radii held by traps of
the same stiffness, in acetone (blue, R 5 1.45mm; red, 1.35mm;
K < 205mN m21) and water (green, 1.50mm; magenta, 1.45mm;
K < 195mN m21). The black lines in each plot correspond to the full
hydrodynamic theory22,23. Data were acquired and processed as described in
Fig. 2. Error bars, 1 s.e. of the mean from blocking.

LETTER RESEARCH

6 O C T O B E R 2 0 1 1 | V O L 4 7 8 | N A T U R E | 8 7

Macmillan Publishers Limited. All rights reserved©2011

 DR/R	~	3	%,			R	~	1µm

Acetone														Water

Franosch et	al,	Nature	2011

R PAF(t)	=	<x	x(t)>

Enhanced	hydrodynamic	anticorrelations driven	by	Backflow:	
lab-on-a-chip	application



 
Incidemment, une telle figure, et même le dessin suivant, où se trouvent reportés à une

échelle arbitraire un plus grand nombre de déplacements, ne donnent qu’une idée bien
affaiblie du prodigieux enchevêtrement de la trajectoire réelle. Si en effet on faisait des
pointés en des intervalles de temps 100 fois plus rapprochés, chaque segment serait
remplacé par un contour polygonal relativement aussi compliqué que le dessin entier, et
ainsi de suite. On voit assez comment s’évanouit pratiquement en de pareils cas la notion
de tangente à une trajectoire.

 

73. Parfaite irrégularité de l’agitation.

 
Si le mouvement est irrégulier, le carré moyen X2 de la projection sur un axe sera

proportionnel au temps. Et en effet un grand nombre de pointés ont montré que ce carré
moyen est bien sensiblement 2 fois plus grand pour la durée de 120 s qu’il n’est pour la

durée de 30 s81.
Mais des vérifications plus complètes encore sont suggérées par l’extension aux

déplacements de granules des raisonnements imaginés par Maxwell (35) pour les vitesses
moléculaires, raisonnements qui doivent s’appliquer indifféremment aux deux cas.

En premier lieu, comme les projections des vitesses, les projections sur un axe des
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Fig. 1 Fractal trajectory of Brownian motion according to Einstein’s
diffusion model in two dimensions. On the left is the actual trajectory of a
particle. On the right is the observed locations of the particle on diffusive
time scales. Arrows indicate the apparent velocities of the particle.

deduced by two consecutive positions, it really depends on the

time-resolution of the observations.40,41 If the observations are

separated by a diffusive time scale as in Einstein’s model, the par-

ticle appears to walk randomly. From the MSD of the diffusion,

we may determine an effective mean velocity over a time interval

as v̄ =
√

∆x2/∆t =
√

2D/
√

∆t. As ∆t → 0, this effective velocity di-

verges and cannot represent the real velocity of the particle. This

also explains the early controversial measurements on the actual

velocity of the particle.42,43

This unphysical feature can also be seen by calculating the

VACF from Eqs. (1) and (5): ⟨v(0) · v(t)⟩ = 3Dδ (t), where δ (t) is

the Dirac delta function. This means that even after an infinitesi-

mal time, the velocity becomes completely uncorrelated with the

previous one. A mathematical model corresponding to this case

is a Gaussian white noise process for the velocity. Then, x(t) cor-

responds to a Wiener process, which is continuous but nowhere

differentiable in time.13

Physically, however, we should be able to find a time scale

t < τb for the ballistic regime, ‡ 39 where the velocity does not

change significantly, that is, ∆x(t)≈ v(0)t, as illustrated on the left

in Fig. 1. In Einstein’s model, τb can be chosen from the time

scale for the duration of successive random bombardments. From

the equipartition theorem, we have ⟨v2⟩= kBT/m, where m is the

mass of the particle. Hence, we obtain the MSD expression in the

ballistic regime:

⟨∆x2(t)⟩=
kBT

m
t2. (10)

In Einstein’s model, the time scale τb is neglected (i.e., assuming

‡ In general, the ballistic time scale τb is proportional to the Knudsen number.

τb → 0) and the MSD is a completely linear function in time. A

century ago, Einstein also did not expect that it would be possible

to observe the ballistic regime in practice due to the limitation

of experimental facilities. Remarkably, such measurements have

recently become realistic in rarefied gas44, normal gas45 and liq-

uid46,47, with increasing difficulty for fluids with elevated density

due to the diminishing of τb. However, the experiment on Brow-

nian particle in liquid is subtle, as it is currently still difficult to

resolve time below the sonic scale.41 Therefore, the equipartition

theorem can only be verified for the total mass of the particle and

entrained liquid, but not at the single particle level.46,47 We shall

further discuss the effect of the added mass in Section 4.

In summary, Einstein’s pure-diffusion model considers only the

independent random bombardments on the particle, but nothing

else. Although the resulting MSD expression of Eq. (4) or (5) is

always valid at large time, the model has the single time scale

of mass-diffusion process τD = a2/D, which is denoted as the dif-

fusive or Smoluchowski time scale.48 Moreover, the model disal-

lows a definition of velocity, possesses no ballistic regime, and its

VACF does not contain any dynamical information. These issues

will be resolved in Langevin’s model.

3 Langevin Equation

A remedy for the unphysical feature of Einstein’s model at the

ballistic time scale was proposed by Paul Langevin,49 which takes

into account the inertia of the particle.§ In Langevin’s formula-

tion, which was thought to be “infinitely simpler” according to

himself, the equation of motion for the Brownian particle is for-

mally based on Newton’s second law of motion as

m
d2x

dt2
=−ξ

dx

dt
+ F̃(t), (11)

where m is the mass of the particle, ξ is the friction coefficient

defined earlier, and F̃(t) is a random force on the particle. In

this mode, the velocity of the particle v(t) = ẋ(t) is well-defined

and it is subject to two different types of force exerted by the

surrounding fluid: a friction force and a random force. It is further

assumed that the random force is an independent Gaussian white

noise process. Hence, F̃(t) satisfies

⟨F̃(t)⟩= 0, ⟨F̃(t)F̃(t ′)⟩= Γδ (t − t ′), (12)

⟨F̃(t)x(t ′)⟩= 0, ⟨F̃(t)v(t ′)⟩= 0, (13)

where t ≥ t ′ and the noise strength Γ is to be determined below.

From a mathematical point of view, Eq. (11) is a stochastic dif-

ferential equation. Compared to Einstein’s model, x(t) has better

regularity; x(t) is now differentiable. However, v(t) is continuous

§ Langevin’s work is translated. 50
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Incidemment, une telle figure, et même le dessin suivant, où se trouvent reportés à une

échelle arbitraire un plus grand nombre de déplacements, ne donnent qu’une idée bien
affaiblie du prodigieux enchevêtrement de la trajectoire réelle. Si en effet on faisait des
pointés en des intervalles de temps 100 fois plus rapprochés, chaque segment serait
remplacé par un contour polygonal relativement aussi compliqué que le dessin entier, et
ainsi de suite. On voit assez comment s’évanouit pratiquement en de pareils cas la notion
de tangente à une trajectoire.
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Fig. 1 Fractal trajectory of Brownian motion according to Einstein’s
diffusion model in two dimensions. On the left is the actual trajectory of a
particle. On the right is the observed locations of the particle on diffusive
time scales. Arrows indicate the apparent velocities of the particle.

deduced by two consecutive positions, it really depends on the

time-resolution of the observations.40,41 If the observations are

separated by a diffusive time scale as in Einstein’s model, the par-

ticle appears to walk randomly. From the MSD of the diffusion,

we may determine an effective mean velocity over a time interval

as v̄ =
√

∆x2/∆t =
√

2D/
√

∆t. As ∆t → 0, this effective velocity di-

verges and cannot represent the real velocity of the particle. This

also explains the early controversial measurements on the actual

velocity of the particle.42,43

This unphysical feature can also be seen by calculating the

VACF from Eqs. (1) and (5): ⟨v(0) · v(t)⟩ = 3Dδ (t), where δ (t) is

the Dirac delta function. This means that even after an infinitesi-

mal time, the velocity becomes completely uncorrelated with the

previous one. A mathematical model corresponding to this case

is a Gaussian white noise process for the velocity. Then, x(t) cor-

responds to a Wiener process, which is continuous but nowhere

differentiable in time.13

Physically, however, we should be able to find a time scale

t < τb for the ballistic regime, ‡ 39 where the velocity does not

change significantly, that is, ∆x(t)≈ v(0)t, as illustrated on the left

in Fig. 1. In Einstein’s model, τb can be chosen from the time

scale for the duration of successive random bombardments. From

the equipartition theorem, we have ⟨v2⟩= kBT/m, where m is the

mass of the particle. Hence, we obtain the MSD expression in the

ballistic regime:

⟨∆x2(t)⟩=
kBT

m
t2. (10)

In Einstein’s model, the time scale τb is neglected (i.e., assuming

‡ In general, the ballistic time scale τb is proportional to the Knudsen number.

τb → 0) and the MSD is a completely linear function in time. A

century ago, Einstein also did not expect that it would be possible

to observe the ballistic regime in practice due to the limitation

of experimental facilities. Remarkably, such measurements have

recently become realistic in rarefied gas44, normal gas45 and liq-

uid46,47, with increasing difficulty for fluids with elevated density

due to the diminishing of τb. However, the experiment on Brow-

nian particle in liquid is subtle, as it is currently still difficult to

resolve time below the sonic scale.41 Therefore, the equipartition

theorem can only be verified for the total mass of the particle and

entrained liquid, but not at the single particle level.46,47 We shall

further discuss the effect of the added mass in Section 4.

In summary, Einstein’s pure-diffusion model considers only the

independent random bombardments on the particle, but nothing

else. Although the resulting MSD expression of Eq. (4) or (5) is

always valid at large time, the model has the single time scale

of mass-diffusion process τD = a2/D, which is denoted as the dif-

fusive or Smoluchowski time scale.48 Moreover, the model disal-

lows a definition of velocity, possesses no ballistic regime, and its

VACF does not contain any dynamical information. These issues

will be resolved in Langevin’s model.

3 Langevin Equation

A remedy for the unphysical feature of Einstein’s model at the

ballistic time scale was proposed by Paul Langevin,49 which takes

into account the inertia of the particle.§ In Langevin’s formula-

tion, which was thought to be “infinitely simpler” according to

himself, the equation of motion for the Brownian particle is for-

mally based on Newton’s second law of motion as

m
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dt2
=−ξ
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dt
+ F̃(t), (11)

where m is the mass of the particle, ξ is the friction coefficient

defined earlier, and F̃(t) is a random force on the particle. In

this mode, the velocity of the particle v(t) = ẋ(t) is well-defined

and it is subject to two different types of force exerted by the

surrounding fluid: a friction force and a random force. It is further

assumed that the random force is an independent Gaussian white

noise process. Hence, F̃(t) satisfies

⟨F̃(t)⟩= 0, ⟨F̃(t)F̃(t ′)⟩= Γδ (t − t ′), (12)
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Incidemment, une telle figure, et même le dessin suivant, où se trouvent reportés à une

échelle arbitraire un plus grand nombre de déplacements, ne donnent qu’une idée bien
affaiblie du prodigieux enchevêtrement de la trajectoire réelle. Si en effet on faisait des
pointés en des intervalles de temps 100 fois plus rapprochés, chaque segment serait
remplacé par un contour polygonal relativement aussi compliqué que le dessin entier, et
ainsi de suite. On voit assez comment s’évanouit pratiquement en de pareils cas la notion
de tangente à une trajectoire.
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Fig. 1 Fractal trajectory of Brownian motion according to Einstein’s
diffusion model in two dimensions. On the left is the actual trajectory of a
particle. On the right is the observed locations of the particle on diffusive
time scales. Arrows indicate the apparent velocities of the particle.

deduced by two consecutive positions, it really depends on the

time-resolution of the observations.40,41 If the observations are

separated by a diffusive time scale as in Einstein’s model, the par-

ticle appears to walk randomly. From the MSD of the diffusion,

we may determine an effective mean velocity over a time interval

as v̄ =
√

∆x2/∆t =
√

2D/
√

∆t. As ∆t → 0, this effective velocity di-

verges and cannot represent the real velocity of the particle. This

also explains the early controversial measurements on the actual

velocity of the particle.42,43

This unphysical feature can also be seen by calculating the

VACF from Eqs. (1) and (5): ⟨v(0) · v(t)⟩ = 3Dδ (t), where δ (t) is

the Dirac delta function. This means that even after an infinitesi-

mal time, the velocity becomes completely uncorrelated with the

previous one. A mathematical model corresponding to this case

is a Gaussian white noise process for the velocity. Then, x(t) cor-

responds to a Wiener process, which is continuous but nowhere

differentiable in time.13

Physically, however, we should be able to find a time scale

t < τb for the ballistic regime, ‡ 39 where the velocity does not

change significantly, that is, ∆x(t)≈ v(0)t, as illustrated on the left

in Fig. 1. In Einstein’s model, τb can be chosen from the time

scale for the duration of successive random bombardments. From

the equipartition theorem, we have ⟨v2⟩= kBT/m, where m is the

mass of the particle. Hence, we obtain the MSD expression in the

ballistic regime:

⟨∆x2(t)⟩=
kBT

m
t2. (10)

In Einstein’s model, the time scale τb is neglected (i.e., assuming

‡ In general, the ballistic time scale τb is proportional to the Knudsen number.

τb → 0) and the MSD is a completely linear function in time. A

century ago, Einstein also did not expect that it would be possible

to observe the ballistic regime in practice due to the limitation

of experimental facilities. Remarkably, such measurements have

recently become realistic in rarefied gas44, normal gas45 and liq-

uid46,47, with increasing difficulty for fluids with elevated density

due to the diminishing of τb. However, the experiment on Brow-

nian particle in liquid is subtle, as it is currently still difficult to

resolve time below the sonic scale.41 Therefore, the equipartition

theorem can only be verified for the total mass of the particle and

entrained liquid, but not at the single particle level.46,47 We shall

further discuss the effect of the added mass in Section 4.

In summary, Einstein’s pure-diffusion model considers only the

independent random bombardments on the particle, but nothing

else. Although the resulting MSD expression of Eq. (4) or (5) is

always valid at large time, the model has the single time scale

of mass-diffusion process τD = a2/D, which is denoted as the dif-

fusive or Smoluchowski time scale.48 Moreover, the model disal-

lows a definition of velocity, possesses no ballistic regime, and its

VACF does not contain any dynamical information. These issues

will be resolved in Langevin’s model.

3 Langevin Equation

A remedy for the unphysical feature of Einstein’s model at the

ballistic time scale was proposed by Paul Langevin,49 which takes

into account the inertia of the particle.§ In Langevin’s formula-

tion, which was thought to be “infinitely simpler” according to

himself, the equation of motion for the Brownian particle is for-

mally based on Newton’s second law of motion as
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=−ξ
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dt
+ F̃(t), (11)

where m is the mass of the particle, ξ is the friction coefficient

defined earlier, and F̃(t) is a random force on the particle. In

this mode, the velocity of the particle v(t) = ẋ(t) is well-defined

and it is subject to two different types of force exerted by the

surrounding fluid: a friction force and a random force. It is further

assumed that the random force is an independent Gaussian white

noise process. Hence, F̃(t) satisfies

⟨F̃(t)⟩= 0, ⟨F̃(t)F̃(t ′)⟩= Γδ (t − t ′), (12)

⟨F̃(t)x(t ′)⟩= 0, ⟨F̃(t)v(t ′)⟩= 0, (13)

where t ≥ t ′ and the noise strength Γ is to be determined below.

From a mathematical point of view, Eq. (11) is a stochastic dif-

ferential equation. Compared to Einstein’s model, x(t) has better

regularity; x(t) is now differentiable. However, v(t) is continuous
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Incidemment, une telle figure, et même le dessin suivant, où se trouvent reportés à une

échelle arbitraire un plus grand nombre de déplacements, ne donnent qu’une idée bien
affaiblie du prodigieux enchevêtrement de la trajectoire réelle. Si en effet on faisait des
pointés en des intervalles de temps 100 fois plus rapprochés, chaque segment serait
remplacé par un contour polygonal relativement aussi compliqué que le dessin entier, et
ainsi de suite. On voit assez comment s’évanouit pratiquement en de pareils cas la notion
de tangente à une trajectoire.
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Fig. 1 Fractal trajectory of Brownian motion according to Einstein’s
diffusion model in two dimensions. On the left is the actual trajectory of a
particle. On the right is the observed locations of the particle on diffusive
time scales. Arrows indicate the apparent velocities of the particle.

deduced by two consecutive positions, it really depends on the

time-resolution of the observations.40,41 If the observations are

separated by a diffusive time scale as in Einstein’s model, the par-

ticle appears to walk randomly. From the MSD of the diffusion,

we may determine an effective mean velocity over a time interval

as v̄ =
√

∆x2/∆t =
√

2D/
√

∆t. As ∆t → 0, this effective velocity di-

verges and cannot represent the real velocity of the particle. This

also explains the early controversial measurements on the actual

velocity of the particle.42,43

This unphysical feature can also be seen by calculating the

VACF from Eqs. (1) and (5): ⟨v(0) · v(t)⟩ = 3Dδ (t), where δ (t) is

the Dirac delta function. This means that even after an infinitesi-

mal time, the velocity becomes completely uncorrelated with the

previous one. A mathematical model corresponding to this case

is a Gaussian white noise process for the velocity. Then, x(t) cor-

responds to a Wiener process, which is continuous but nowhere

differentiable in time.13

Physically, however, we should be able to find a time scale

t < τb for the ballistic regime, ‡ 39 where the velocity does not

change significantly, that is, ∆x(t)≈ v(0)t, as illustrated on the left

in Fig. 1. In Einstein’s model, τb can be chosen from the time

scale for the duration of successive random bombardments. From

the equipartition theorem, we have ⟨v2⟩= kBT/m, where m is the

mass of the particle. Hence, we obtain the MSD expression in the

ballistic regime:

⟨∆x2(t)⟩=
kBT

m
t2. (10)

In Einstein’s model, the time scale τb is neglected (i.e., assuming

‡ In general, the ballistic time scale τb is proportional to the Knudsen number.

τb → 0) and the MSD is a completely linear function in time. A

century ago, Einstein also did not expect that it would be possible

to observe the ballistic regime in practice due to the limitation

of experimental facilities. Remarkably, such measurements have

recently become realistic in rarefied gas44, normal gas45 and liq-

uid46,47, with increasing difficulty for fluids with elevated density

due to the diminishing of τb. However, the experiment on Brow-

nian particle in liquid is subtle, as it is currently still difficult to

resolve time below the sonic scale.41 Therefore, the equipartition

theorem can only be verified for the total mass of the particle and

entrained liquid, but not at the single particle level.46,47 We shall

further discuss the effect of the added mass in Section 4.

In summary, Einstein’s pure-diffusion model considers only the

independent random bombardments on the particle, but nothing

else. Although the resulting MSD expression of Eq. (4) or (5) is

always valid at large time, the model has the single time scale

of mass-diffusion process τD = a2/D, which is denoted as the dif-

fusive or Smoluchowski time scale.48 Moreover, the model disal-

lows a definition of velocity, possesses no ballistic regime, and its

VACF does not contain any dynamical information. These issues

will be resolved in Langevin’s model.

3 Langevin Equation

A remedy for the unphysical feature of Einstein’s model at the

ballistic time scale was proposed by Paul Langevin,49 which takes

into account the inertia of the particle.§ In Langevin’s formula-

tion, which was thought to be “infinitely simpler” according to

himself, the equation of motion for the Brownian particle is for-

mally based on Newton’s second law of motion as

m
d2x

dt2
=−ξ

dx

dt
+ F̃(t), (11)

where m is the mass of the particle, ξ is the friction coefficient

defined earlier, and F̃(t) is a random force on the particle. In

this mode, the velocity of the particle v(t) = ẋ(t) is well-defined

and it is subject to two different types of force exerted by the

surrounding fluid: a friction force and a random force. It is further

assumed that the random force is an independent Gaussian white

noise process. Hence, F̃(t) satisfies

⟨F̃(t)⟩= 0, ⟨F̃(t)F̃(t ′)⟩= Γδ (t − t ′), (12)

⟨F̃(t)x(t ′)⟩= 0, ⟨F̃(t)v(t ′)⟩= 0, (13)

where t ≥ t ′ and the noise strength Γ is to be determined below.

From a mathematical point of view, Eq. (11) is a stochastic dif-

ferential equation. Compared to Einstein’s model, x(t) has better

regularity; x(t) is now differentiable. However, v(t) is continuous

§ Langevin’s work is translated. 50
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FIG. 8: Position correlations of monomers. This figure shows
the correlation coefficient ⟨x1x2⟩

q

⟨x2
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between two monomers

in dependence of their separation along the chain. The data
shown are for system sizes L = 55(ρ = 1), L = 70(ρ = 0.5)
and L = 130(ρ = 0.1).For comparison the correlations in a
self-avoiding walk chain of length N = 10 000 are also shown.

cally independent. If the scaling theory is correct then
the decay length of the correlations nd, which we define
as the length where c(nd) ∼ 1/e, should be related to
the system size L. We test this prediction by evaluat-
ing the ratio r =

〈

R2(nd)
〉

/L2 where
〈

R2(nd)
〉

is the
mean square displacement between the end points of a
segment of length nd. For the largest system sizes stud-
ied we find the values r ≈ 0.31 for ρ = 1, r ≈ 0.31 for
ρ = 0.5, r ≈ 0.29 for ρ = 0.1. As r-values are nearly
equal for systems of completely different size and density
there is strong evidence that the decay of the position
correlations is directly related to the system size.

Screening of excluded volume in compact polymers

Much is known about polymer melts, where a number
of polymers with degree of polymerization N is placed
in a system with volume fraction Φ. Below a critical
concentration (or volume fraction) Φ⋆, the polymers do
not feel the existence of the others and basically behave
like self-avoiding walks in a good solvent. This critical
concentration Φ⋆ is given by the volume fraction where
the free coils with extension

〈

R2
〉

0
∼ N2ν begin to over-

lap [21]. The index 0 indicates here the limit Φ → 0. The
value of the critical concentration scales like

Φ⋆ ≈
N

⟨R2⟩0
∼ N−(3ν−1)

At volume fractions above Φ⋆ the polymers begin to feel
each other and the system can be described by the cor-
relation length ξ. On scales larger than this correlation
length, the chains effectively behave like ideal coils, a
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between monomers
separated by a contour length of n for different densities. The
compact polymers also show a screening of excluded volume
for large densities.

theorem most often referred to as Flory theorem. On a
scale smaller than ξ excluded volume effects still play a
dominant role. By scaling arguments one finds [21] that

ξ ∼ Φ−ν/(3ν−1)

Here we want to investigate the question whether there
is a fundamental difference between a polymer melt with
volume fraction Φ and a compact polymer, i.e. a melt
with degree of polymerization N = ΦL3. Consider an
arbitrary segment of a compact polymer of length Nm.
We impose on Nm the condition that the extent of this
segment must be smaller than the system size in order
to avoid effects of the confinement to play a role. We
now ask whether these segments of length Nm of our
compact polymers behave different from a polymer with
degree of polymerization Nm in a corresponding melt.
The analysis of positional and angular correlation effects
which are decaying pretty fast suggests that a part of the
chain should not “feel” that it is connected with a part
far away.

The theory of polymer solutions predicts that there
is a crossover from a self-avoiding walk behavior to a
random walk behavior on the short scale [22]. Fig. 9
shows that this crossover becomes indeed apparent in
the mean square displacement for short contour lengths
in compact polymers. While for ρ = 0.1 we find a self-
avoiding walk type of scaling with exponent ν = 0.588 for
contour lengths up to n ≈ 50, the maximal dense system
behaves more like a random walk with ν = 0.5 indicating
the screening of excluded volume in this system.

To analyze the screening length we have to look in more
detail at the structure function of parts of the chains. The
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Conclusions

●  Simulation and theory suggest :

●  Flory's ideality theorem 

●  no phantom chains 

“Chains in a melt are nearly ideal.”

●  Further consequences :

  e.g. nonideality in polymer films 
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cally independent. If the scaling theory is correct then
the decay length of the correlations nd, which we define
as the length where c(nd) ∼ 1/e, should be related to
the system size L. We test this prediction by evaluat-
ing the ratio r =

〈

R2(nd)
〉

/L2 where
〈

R2(nd)
〉

is the
mean square displacement between the end points of a
segment of length nd. For the largest system sizes stud-
ied we find the values r ≈ 0.31 for ρ = 1, r ≈ 0.31 for
ρ = 0.5, r ≈ 0.29 for ρ = 0.1. As r-values are nearly
equal for systems of completely different size and density
there is strong evidence that the decay of the position
correlations is directly related to the system size.

Screening of excluded volume in compact polymers

Much is known about polymer melts, where a number
of polymers with degree of polymerization N is placed
in a system with volume fraction Φ. Below a critical
concentration (or volume fraction) Φ⋆, the polymers do
not feel the existence of the others and basically behave
like self-avoiding walks in a good solvent. This critical
concentration Φ⋆ is given by the volume fraction where
the free coils with extension
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∼ N2ν begin to over-

lap [21]. The index 0 indicates here the limit Φ → 0. The
value of the critical concentration scales like

Φ⋆ ≈
N

⟨R2⟩0
∼ N−(3ν−1)

At volume fractions above Φ⋆ the polymers begin to feel
each other and the system can be described by the cor-
relation length ξ. On scales larger than this correlation
length, the chains effectively behave like ideal coils, a
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theorem most often referred to as Flory theorem. On a
scale smaller than ξ excluded volume effects still play a
dominant role. By scaling arguments one finds [21] that

ξ ∼ Φ−ν/(3ν−1)

Here we want to investigate the question whether there
is a fundamental difference between a polymer melt with
volume fraction Φ and a compact polymer, i.e. a melt
with degree of polymerization N = ΦL3. Consider an
arbitrary segment of a compact polymer of length Nm.
We impose on Nm the condition that the extent of this
segment must be smaller than the system size in order
to avoid effects of the confinement to play a role. We
now ask whether these segments of length Nm of our
compact polymers behave different from a polymer with
degree of polymerization Nm in a corresponding melt.
The analysis of positional and angular correlation effects
which are decaying pretty fast suggests that a part of the
chain should not “feel” that it is connected with a part
far away.

The theory of polymer solutions predicts that there
is a crossover from a self-avoiding walk behavior to a
random walk behavior on the short scale [22]. Fig. 9
shows that this crossover becomes indeed apparent in
the mean square displacement for short contour lengths
in compact polymers. While for ρ = 0.1 we find a self-
avoiding walk type of scaling with exponent ν = 0.588 for
contour lengths up to n ≈ 50, the maximal dense system
behaves more like a random walk with ν = 0.5 indicating
the screening of excluded volume in this system.

To analyze the screening length we have to look in more
detail at the structure function of parts of the chains. The

In	soluzioni polimeriche ad	alta
concentrazione si verifica la	mutua
cancellazione degli opposti effetti di:
• Volume	escluso
• Pressione osmotica
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Conclusions

●  Simulation and theory suggest :

●  Flory's ideality theorem 

●  no phantom chains 

“Chains in a melt are nearly ideal.”

●  Further consequences :

  e.g. nonideality in polymer films 

fi
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n
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3d bulk 2d bulk

strong overlap weak overlap “no” overlap

[Macromolecules 40, 3805 (2007); EPJE 26, 25 (2008)]
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FIG. 8: Position correlations of monomers. This figure shows
the correlation coefficient ⟨x1x2⟩

q

⟨x2
1⟩⟨x2

2⟩
between two monomers

in dependence of their separation along the chain. The data
shown are for system sizes L = 55(ρ = 1), L = 70(ρ = 0.5)
and L = 130(ρ = 0.1).For comparison the correlations in a
self-avoiding walk chain of length N = 10 000 are also shown.

cally independent. If the scaling theory is correct then
the decay length of the correlations nd, which we define
as the length where c(nd) ∼ 1/e, should be related to
the system size L. We test this prediction by evaluat-
ing the ratio r =

〈

R2(nd)
〉

/L2 where
〈

R2(nd)
〉

is the
mean square displacement between the end points of a
segment of length nd. For the largest system sizes stud-
ied we find the values r ≈ 0.31 for ρ = 1, r ≈ 0.31 for
ρ = 0.5, r ≈ 0.29 for ρ = 0.1. As r-values are nearly
equal for systems of completely different size and density
there is strong evidence that the decay of the position
correlations is directly related to the system size.

Screening of excluded volume in compact polymers

Much is known about polymer melts, where a number
of polymers with degree of polymerization N is placed
in a system with volume fraction Φ. Below a critical
concentration (or volume fraction) Φ⋆, the polymers do
not feel the existence of the others and basically behave
like self-avoiding walks in a good solvent. This critical
concentration Φ⋆ is given by the volume fraction where
the free coils with extension

〈

R2
〉

0
∼ N2ν begin to over-

lap [21]. The index 0 indicates here the limit Φ → 0. The
value of the critical concentration scales like

Φ⋆ ≈
N

⟨R2⟩0
∼ N−(3ν−1)

At volume fractions above Φ⋆ the polymers begin to feel
each other and the system can be described by the cor-
relation length ξ. On scales larger than this correlation
length, the chains effectively behave like ideal coils, a
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FIG. 9: Mean squared distances
˙

R2
n

¸

between monomers
separated by a contour length of n for different densities. The
compact polymers also show a screening of excluded volume
for large densities.

theorem most often referred to as Flory theorem. On a
scale smaller than ξ excluded volume effects still play a
dominant role. By scaling arguments one finds [21] that

ξ ∼ Φ−ν/(3ν−1)

Here we want to investigate the question whether there
is a fundamental difference between a polymer melt with
volume fraction Φ and a compact polymer, i.e. a melt
with degree of polymerization N = ΦL3. Consider an
arbitrary segment of a compact polymer of length Nm.
We impose on Nm the condition that the extent of this
segment must be smaller than the system size in order
to avoid effects of the confinement to play a role. We
now ask whether these segments of length Nm of our
compact polymers behave different from a polymer with
degree of polymerization Nm in a corresponding melt.
The analysis of positional and angular correlation effects
which are decaying pretty fast suggests that a part of the
chain should not “feel” that it is connected with a part
far away.

The theory of polymer solutions predicts that there
is a crossover from a self-avoiding walk behavior to a
random walk behavior on the short scale [22]. Fig. 9
shows that this crossover becomes indeed apparent in
the mean square displacement for short contour lengths
in compact polymers. While for ρ = 0.1 we find a self-
avoiding walk type of scaling with exponent ν = 0.588 for
contour lengths up to n ≈ 50, the maximal dense system
behaves more like a random walk with ν = 0.5 indicating
the screening of excluded volume in this system.

To analyze the screening length we have to look in more
detail at the structure function of parts of the chains. The

In	soluzioni polimeriche ad	alta
concentrazione si verifica la	mutua
cancellazione degli opposti effetti di:
• Volume	escluso
• Pressione osmotica

R

SASA
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Reptation Reptation vs. vs. ExperimentsExperiments
Experimental molecular weight dependence 
of relaxation time and viscosity was established 
well before reptation model ττττττττ ∼ η ∼ ∼ η ∼ ∼ η ∼ ∼ η ∼ ∼ η ∼ ∼ η ∼ ∼ η ∼ ∼ η ∼ MM3.43.4

M

3.4

ηη ηη

Difference between experimental 3.4 and 
reptation model exponent 3 is primarily due 
to tube length fluctuations (Doi 1981)

-2
to tube length fluctuations (Doi 1981)

-2.3

M

D

diffusion experiments made and analyzed after 
reptation model confirmed its prediction D ~ MD ~ M--22

More recent diffusion experiments observed
expected tube length fluctuation corrections 
to reptation D ~ MD ~ M--2.32.3

de Gennes’ reptation model was so influential that

Lodge 1999

-2
D

M

Moto	di	reptazione di	un	polimero nel tubo costituito dai suoi vicini

Scaling	universale della viscosita’	con	
la	lunghezza della catena	polimerica

tubo

S.	Edwards
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in the target space even though it is written so that the ex-
plicit dependence on the rotationally invariant strain is not so
evident !34".

As we have seen, the spatial average of !̃ij#x$ is zero; it
only has a random fluctuating part in models we consider.
The elastic-modulus tensor Kijkl#x$, on the other hand, has an
average part and a random part with zero mean:

Kijkl#x$ = Kijkl + "Kijkl#x$ . #2.21$

We will view both !̃ij#x$ and "Kijkl#x$ as quenched random
variables with zero mean.

III. STRAINS AND NONAFFINITY

Consider a reference elastic body in the shape of a regular
parallelepiped. When such a body is subjected to stresses that
are uniform across each of its faces, it will undergo a strain
deformation in which its boundary sites at positions xB dis-
tort to new positions

Ri#xB$ = #ijxBj , #3.1$

where #ij is the deformation gradient tensor !33". If the me-
dium is spatially homogeneous, then #ij %"ij +$ij determines
the displacements of all points in the medium: Ri#x$=#ijxj or
u i#x$=$ijxj. Such a distortion is called affine. In inhomoge-
neous elastic media, there will be local deviations from af-
finity #Fig. 1$ described by a displacement variable u!#x$
defined via

Ri#x$ = #ijxj + u i!#x$ #3.2$

or, equivalently,

u i#x$ = $ijxj + u i!#x$ , #3.3$

u ij#x$ & $ij
Sxj + #!iu j! + ! ju i! + $ip ! ju p! + $ jp !iu p!$/2,

#3.4$

where the final equation contains only terms up to linear
order in u! and where $ij

S = #$ij +$ ji+$ik$ jk$ /2. Since distor-
tions at the boundary are constrained to satisfy Eq. #3.1$,
u i!#xB$ is zero for all points xB on the boundary. It is often
useful to consider periodic boundary conditions in which
u!#x$ has the same value #possibly not zero$ on opposite
sides of the parallelepiped. This condition implies

' ddx! ju i!#x$ = ( dSju i! = 0. #3.5$

A. Nonaffinity in one dimension

To develop quantitative measures of nonaffinity, it is use-
ful to consider a simple one-dimensional model, which can
be solved exactly. We study a one-dimensional periodic lat-
tice, depicted in Fig. 2 with sites labeled by !=0,… ,N,
whose equilibrium positions are R!0=a!, where a is the rest
bond length. Harmonic springs with spring constant k!%k
+"k! connect sites ! and !−1, where k= #)!k!$ /N is the
average spring constant and )!"k!=0. The lattice is stretched
from its equilibrium length Na to a new length L=$Na. If all
k!’s were equal, the lattice would undergo an affine distortion
with R!=$a!. When the k!’s are random, sites undergo an
additional nonaffine displacement u !! so that R!=$a!+ u !!.
The energy is thus

H =
1
2)

!=1

N

k!#$a+ u !! − u !−1! $2. #3.6$

In equilibrium, the force F!=−!H /!u !! on each bond is zero.
The resulting equation for u !! is

F! = k!+1#$a+ u !+1! − u !!$ − k!#$a+ u !! − u !−1! $ = 0,

#3.7$

which can be rewritten as

− %+k!%−u !! = $a%+"kl, #3.8$

where %+ and %− are difference operators defined via %+A!
=A!+1−A! and %−=A!−A!−1 for any function A!. The Fou-
rier transforms of %+ and %− are, respectively, %+#q $=eiq

−1 and %−#q $=1−e−iq . Equations #3.7$ and #3.8$ must be
supplemented with boundary conditions. We use periodic
boundary conditions for which u N! = u 0! or equivalently

)
!=1

N

%−u !! = 0. #3.9$

The solution to Eq. #3.8$ can be written as the sum of a
solution

u !
I = − #%+k!%−$−1$a%+"k! = − $a%−

−1"k!

k!
#3.10$

to the inhomogeneous equation and a solution

FIG. 1. #Color online$ Sheared elastic medium with nonaffine
displacements. #a$ Unsheared reference state. #b$ Sheared state with
nonaffine displacements. Under affine distortions, points on on the
vertical dotted lines in #a$ would map to points on the slanted dotted
lines parallel to the left and right of boundaries of the sheared
sample in #b$; under nonaffine distortion, they do not.

FIG. 2. Schematic diagram of nonaffine distortion in a one-
dimensional lattice with random spring constants. The top figures
shows the undistorted lattice of N sites with random spring con-
stants k! and constant lattice spacing a. The bottom figures shows
that stretched lattice with length $Na and random lattice spacings
a!=$+ u !!− u !−1! .

NONAFFINE CORRELATIONS IN RANDOM ELASTIC MEDIA PHYSICAL REVIEW E 72, 066619 #2005$
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in the target space even though it is written so that the ex-
plicit dependence on the rotationally invariant strain is not so
evident !34".

As we have seen, the spatial average of !̃ij#x$ is zero; it
only has a random fluctuating part in models we consider.
The elastic-modulus tensor Kijkl#x$, on the other hand, has an
average part and a random part with zero mean:

Kijkl#x$ = Kijkl + "Kijkl#x$ . #2.21$

We will view both !̃ij#x$ and "Kijkl#x$ as quenched random
variables with zero mean.

III. STRAINS AND NONAFFINITY

Consider a reference elastic body in the shape of a regular
parallelepiped. When such a body is subjected to stresses that
are uniform across each of its faces, it will undergo a strain
deformation in which its boundary sites at positions xB dis-
tort to new positions

Ri#xB$ = #ijxBj , #3.1$

where #ij is the deformation gradient tensor !33". If the me-
dium is spatially homogeneous, then #ij %"ij +$ij determines
the displacements of all points in the medium: Ri#x$=#ijxj or
u i#x$=$ijxj. Such a distortion is called affine. In inhomoge-
neous elastic media, there will be local deviations from af-
finity #Fig. 1$ described by a displacement variable u!#x$
defined via

Ri#x$ = #ijxj + u i!#x$ #3.2$

or, equivalently,

u i#x$ = $ijxj + u i!#x$ , #3.3$

u ij#x$ & $ij
Sxj + #!iu j! + ! ju i! + $ip ! ju p! + $ jp !iu p!$/2,

#3.4$

where the final equation contains only terms up to linear
order in u! and where $ij

S = #$ij +$ ji+$ik$ jk$ /2. Since distor-
tions at the boundary are constrained to satisfy Eq. #3.1$,
u i!#xB$ is zero for all points xB on the boundary. It is often
useful to consider periodic boundary conditions in which
u!#x$ has the same value #possibly not zero$ on opposite
sides of the parallelepiped. This condition implies

' ddx! ju i!#x$ = ( dSju i! = 0. #3.5$

A. Nonaffinity in one dimension

To develop quantitative measures of nonaffinity, it is use-
ful to consider a simple one-dimensional model, which can
be solved exactly. We study a one-dimensional periodic lat-
tice, depicted in Fig. 2 with sites labeled by !=0,… ,N,
whose equilibrium positions are R!0=a!, where a is the rest
bond length. Harmonic springs with spring constant k!%k
+"k! connect sites ! and !−1, where k= #)!k!$ /N is the
average spring constant and )!"k!=0. The lattice is stretched
from its equilibrium length Na to a new length L=$Na. If all
k!’s were equal, the lattice would undergo an affine distortion
with R!=$a!. When the k!’s are random, sites undergo an
additional nonaffine displacement u !! so that R!=$a!+ u !!.
The energy is thus

H =
1
2)

!=1

N

k!#$a+ u !! − u !−1! $2. #3.6$

In equilibrium, the force F!=−!H /!u !! on each bond is zero.
The resulting equation for u !! is

F! = k!+1#$a+ u !+1! − u !!$ − k!#$a+ u !! − u !−1! $ = 0,

#3.7$

which can be rewritten as

− %+k!%−u !! = $a%+"kl, #3.8$

where %+ and %− are difference operators defined via %+A!
=A!+1−A! and %−=A!−A!−1 for any function A!. The Fou-
rier transforms of %+ and %− are, respectively, %+#q $=eiq

−1 and %−#q $=1−e−iq . Equations #3.7$ and #3.8$ must be
supplemented with boundary conditions. We use periodic
boundary conditions for which u N! = u 0! or equivalently

)
!=1

N

%−u !! = 0. #3.9$

The solution to Eq. #3.8$ can be written as the sum of a
solution

u !
I = − #%+k!%−$−1$a%+"k! = − $a%−

−1"k!

k!
#3.10$

to the inhomogeneous equation and a solution

FIG. 1. #Color online$ Sheared elastic medium with nonaffine
displacements. #a$ Unsheared reference state. #b$ Sheared state with
nonaffine displacements. Under affine distortions, points on on the
vertical dotted lines in #a$ would map to points on the slanted dotted
lines parallel to the left and right of boundaries of the sheared
sample in #b$; under nonaffine distortion, they do not.

FIG. 2. Schematic diagram of nonaffine distortion in a one-
dimensional lattice with random spring constants. The top figures
shows the undistorted lattice of N sites with random spring con-
stants k! and constant lattice spacing a. The bottom figures shows
that stretched lattice with length $Na and random lattice spacings
a!=$+ u !!− u !−1! .
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be neglected, showing that the modelling approach put for-
ward in Ref. 18 is not realistic. The crossover length ! men-
tioned in the Introduction manifests itself through correlated
deviations from a purely affine displacement. Visual inspec-
tion tells us that the sizes of the vortices and !"30a are
comparable.
The two correlation functions presented in Fig. 6 confirm

this visual impression. The first one shows the correlation
function Cu(r)!#$u(r)•$u(0)%. The striking anticorrela-
tion for r"30a is in agreement with the size of the vortices
seen in the displacement fields. That the displacement field is
indeed correlated over a similar size is further elucidated in
Fig. 6&b'. Here we consider the systematic coarse-graining of
the nonaffine displacement field

$Uj(
1
Nj

)
i!V j

$u&ri' &10'

of all Nj beads contained within the square volume element
V j of linear size b. The mean-squared average Ux(b)
(#$Ux , j

2 % j
1/2 is plotted versus the size of the coarse-graining

volume element b. We have normalized the function by its
value at b!1. The coarse-grained field decreases very
weakly for b#30a and only for much larger volume ele-
ments we find the power law slope $1 expected for uncor-
related events. As for symmetry reasons the total or mean
nonaffine field vanishes we have Ux(b→L)→0 for very
large volume elements. Apart from this trivial system size

FIG. 5. Comparison of nonaffine displacement field $u(r) with eigenvector field $vp(r) for periodic box of size L!104a containing
N!10 000 particles: &a' nonaffine displacement field under elongation in x direction, &b' same for plain shear using Lees–Edwards boundary
conditions &Ref. 34', &c' eigenvector field for p!3, and &d' eigenvector field for p!7. This confirms that the different noise fields are
non-Gaussian and are highly correlated in space and with respect to each other. Detailed inspection shows vortices like in turbulent flow.

CONTINUUM LIMIT OF AMORPHOUS ELASTIC . . . PHYSICAL REVIEW B 66, 174205 &2002'

174205-9

x

Mappa della deformazione non	affine
Vortici ! Come	nella turbolenza…

u’	piccoli

y

Deformazione non-affine	(disomogenea)	

Lennard-Jones	glass	(MD)
Tanguy	et	al,	PRB	2002:

100	atom
i



Solidi	disordinati (vetri):	
non-affinita’	e	disomogeneita’	elastica

in the target space even though it is written so that the ex-
plicit dependence on the rotationally invariant strain is not so
evident !34".

As we have seen, the spatial average of !̃ij#x$ is zero; it
only has a random fluctuating part in models we consider.
The elastic-modulus tensor Kijkl#x$, on the other hand, has an
average part and a random part with zero mean:

Kijkl#x$ = Kijkl + "Kijkl#x$ . #2.21$

We will view both !̃ij#x$ and "Kijkl#x$ as quenched random
variables with zero mean.

III. STRAINS AND NONAFFINITY

Consider a reference elastic body in the shape of a regular
parallelepiped. When such a body is subjected to stresses that
are uniform across each of its faces, it will undergo a strain
deformation in which its boundary sites at positions xB dis-
tort to new positions

Ri#xB$ = #ijxBj , #3.1$

where #ij is the deformation gradient tensor !33". If the me-
dium is spatially homogeneous, then #ij %"ij +$ij determines
the displacements of all points in the medium: Ri#x$=#ijxj or
u i#x$=$ijxj. Such a distortion is called affine. In inhomoge-
neous elastic media, there will be local deviations from af-
finity #Fig. 1$ described by a displacement variable u!#x$
defined via

Ri#x$ = #ijxj + u i!#x$ #3.2$

or, equivalently,

u i#x$ = $ijxj + u i!#x$ , #3.3$

u ij#x$ & $ij
Sxj + #!iu j! + ! ju i! + $ip ! ju p! + $ jp !iu p!$/2,

#3.4$

where the final equation contains only terms up to linear
order in u! and where $ij

S = #$ij +$ ji+$ik$ jk$ /2. Since distor-
tions at the boundary are constrained to satisfy Eq. #3.1$,
u i!#xB$ is zero for all points xB on the boundary. It is often
useful to consider periodic boundary conditions in which
u!#x$ has the same value #possibly not zero$ on opposite
sides of the parallelepiped. This condition implies

' ddx! ju i!#x$ = ( dSju i! = 0. #3.5$

A. Nonaffinity in one dimension

To develop quantitative measures of nonaffinity, it is use-
ful to consider a simple one-dimensional model, which can
be solved exactly. We study a one-dimensional periodic lat-
tice, depicted in Fig. 2 with sites labeled by !=0,… ,N,
whose equilibrium positions are R!0=a!, where a is the rest
bond length. Harmonic springs with spring constant k!%k
+"k! connect sites ! and !−1, where k= #)!k!$ /N is the
average spring constant and )!"k!=0. The lattice is stretched
from its equilibrium length Na to a new length L=$Na. If all
k!’s were equal, the lattice would undergo an affine distortion
with R!=$a!. When the k!’s are random, sites undergo an
additional nonaffine displacement u !! so that R!=$a!+ u !!.
The energy is thus

H =
1
2)

!=1

N

k!#$a+ u !! − u !−1! $2. #3.6$

In equilibrium, the force F!=−!H /!u !! on each bond is zero.
The resulting equation for u !! is

F! = k!+1#$a+ u !+1! − u !!$ − k!#$a+ u !! − u !−1! $ = 0,

#3.7$

which can be rewritten as

− %+k!%−u !! = $a%+"kl, #3.8$

where %+ and %− are difference operators defined via %+A!
=A!+1−A! and %−=A!−A!−1 for any function A!. The Fou-
rier transforms of %+ and %− are, respectively, %+#q $=eiq

−1 and %−#q $=1−e−iq . Equations #3.7$ and #3.8$ must be
supplemented with boundary conditions. We use periodic
boundary conditions for which u N! = u 0! or equivalently

)
!=1

N

%−u !! = 0. #3.9$

The solution to Eq. #3.8$ can be written as the sum of a
solution

u !
I = − #%+k!%−$−1$a%+"k! = − $a%−

−1"k!

k!
#3.10$

to the inhomogeneous equation and a solution

FIG. 1. #Color online$ Sheared elastic medium with nonaffine
displacements. #a$ Unsheared reference state. #b$ Sheared state with
nonaffine displacements. Under affine distortions, points on on the
vertical dotted lines in #a$ would map to points on the slanted dotted
lines parallel to the left and right of boundaries of the sheared
sample in #b$; under nonaffine distortion, they do not.

FIG. 2. Schematic diagram of nonaffine distortion in a one-
dimensional lattice with random spring constants. The top figures
shows the undistorted lattice of N sites with random spring con-
stants k! and constant lattice spacing a. The bottom figures shows
that stretched lattice with length $Na and random lattice spacings
a!=$+ u !!− u !−1! .
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Figure 1 |Maps (C-scans) of contact-resonance frequencies. a, Map of the
local contact-resonance frequencies on amorphous PdCuSi. b, Map of the
local contact-resonance frequencies on (100)-SrTiO3. Both maps represent
the results of AFAM data at 100 different positions on the samples
surfaces. The colour-coded plot represents variations up to 1f/f ⇡ 4.4%
for the amorphous PdCuSi and 1f/f  0.05% for the SrTiO3 sample. A
map obtained on the crystallized PdCuSi is shown in the
Supplementary Information.

the elastic properties are well known, one can derive the so-called
indentationmodulusM (ref. 9; see Supplementary Information).

In AFAM measurements, the tip experiences wear as a result of
taking many data at many points and its radius usually increases
until a limit value is obtained. This holds in particular for stiff
materials. We took AFAM data only after the limit value was
reached and measured tip geometries and radii independently
using scanning electron microscopy (SEM) and the calibration grid
TGT01made by NT-MDT, Zelenograd, Russia.

We examined Pd77.5Cu6.0Si16.5 specimens in both the crystalline
and the amorphous state. The amorphous sample was produced
by the melt-spinning technique, resulting in ribbon-like samples.
To confirm that the sample is amorphous, we carried out X-ray
analysis, which showed a typical broadening compared to the
crystalline samples. Furthermore, differential calorimetric scans of
the sample showed a characteristic glass transitionTg ⇡340 �Cand a
crystallization temperature Tx ⇡ 386 �C. The chemical composition
was investigated by energy-dispersive X-ray analysis, yielding the
composition 77.7±0.3%Pd, 6.3±0.3%Cu and 16.0±0.1%Si. The
composition was measured at different positions on the sample
surfaces and the values were found to be within the errors given
in the composition numbers. The crystalline counterpart was
produced by crystallization of the examined amorphous specimen
under an argon atmosphere. Finally, measurements were made on
a single SrTiO3 crystal in the (100)-orientation.

Results
AFAM measurements were taken at 100 different positions in a
square lattice of 200⇥ 200 nm2 size on each sample. An original
set of data is shown in Fig. 1a. In this map, the amorphous
PdCuSi sample showed overall local variations in contact-resonance
frequencies of approximately 75 kHz with a centre frequency
of approximately 1.33MHz. As a next step, we carried out
measurements on the (100)-SrTiO3. As before, a total number of
100 measurement points were analysed, showing variations in local
contact-resonance frequencies of less than 2 kHz with a centre
frequency of about 1.998MHz. An original data plot (or map) is
shown in Fig. 1b. The same type of measurement was carried out
on crystallized PdCuSi. This sample became polycrystalline with
a wide grain-size distribution centred at 100 nm, as could be seen
in the AFAM images. It showed several contact resonances caused
by the anisotropy of the individual grains of different orientations
in the contact zone. The individual resonances, however, displayed
variations of less than 4 kHz in the contact-resonance frequencies,
in contrast to 75 kHz obtained on the amorphous PdCuSi sample.

All AFAM measurements were carried out under the same
static load F0 = 0.6 µN. This value ensured that a resonance
curve appeared with sufficiently large signal-to-noise ratio. A

static cantilever load of F0 = 0.6 µN leads to a maximal shear
stress of �s ⇡ 1GPa for a material with a Poisson number of
0.4 (PdCuSi). This value is below the critical shear stress for
PdCuSi, which is approximately 1.5 GPa (ref. 12). Furthermore, in
none of our measurements did we observe the sudden change of
contact resonance frequency, and hence contact stiffness, whichwas
found in the case of nano-crystalline Ni (ref. 11). Therefore we
assume that the effects of plastic deformation do not play a role
in our measurements.

Under the assumption that the tip is rotationally symmetric and
spherical, the contact radius ac can be calculated as13:

ac = 3
p
3F0Rt/4E⇤ (2)

Here E⇤ is the reduced modulus of elasticity of the tip sample
contact (see Supplementary Information). For the amorphous
PdCuSi E⇤ ⇡ 64GPa. For SrTiO3 E⇤ = 106GPa. The tip radius
Rt of fresh cantilevers was 10 nm, as given by the manufacturer.
After taking AFAM data, however, SEM analysis yielded a limit tip
radius of approximately 100 nm. Based on equation (2), and using
Rt = 100 nm, F0 = 0.6 µN, E⇤ = 64GPa, the resulting tip–sample
contact radius on each measurement point was therefore ac ⇡ 9 nm
for PdCuSi, and ac ⇡ 7 nm for SrTiO3, respectively. Note that the
contact radius is much smaller than the tip radius. In the case
of isotropic materials and for materials with three- or four-fold
symmetry, the shape of the surface stress field is circular8. The area
where the tip contacts is⇡⇡a2 and is independent of the ultrasound
wavelength used in the AFAM experiments.

The stress field is of complex shape and can be calculated
analytically using some approximations13. It extends about 2a deep
and the maximal shear stress occurs below the surface at a depth
of ⇡ 0.5ac. If one considers the volume Va where the shear stress
is at least 50% of its maximal value13, Va ⇡ 0.5⇡ac3. The number
of atoms in this volume is given by N = 0.5⇥ Va ⇥ ⇢ ⇥NA/A,
where ⇢ is the density, A is the atomic mass, and NA is the
Avogrado number. N is of the order of 5,000 for both amorphous
PdCuSi and crystalline SrTiO3. At this stage of our experiments,
it is difficult to improve the analytical calculation of the number
of atoms that contribute to the effect we measure. In our opinion,
only numerical calculations can give further information, and we
plan to carry these out.

Figure 2a–c illustrates the statistical results of the contact
resonance frequencies for all samples. We obtained the maps
described above at different positions on the sample surfaces to
obtain information over a large part of the surface. Altogether, we
analysed 11 maps with 1,089 measuring points on the amorphous
PdCuSi, 6 maps with 600measuring points on SrTiO3, and 12maps
with 300 measuring points corresponding to one crystallographic
orientation on the polycrystalline PdCuSi.

The two crystalline materials examined show a nearly constant
behaviour over the surface area, whereas large variations of fcont
were observed over the surface of the amorphous specimen. The
statistical plots were fitted by Gaussian functions and show a
full-width of 4.4% at half-maximum for the amorphous, 0.05%
for the SrTiO3, and 0.06% for the polycrystalline PdCuSi sample,
respectively. The variations in the crystalline samples are due to the
intrinsic inaccuracies of AFAM measurements caused by varying
contact areas and other factors.

By solving the equation of motion of equation (1) for the
cantilever oscillation, a dispersion curve can be obtained that allows
the conversion of the contact resonance frequencies into contact
stiffness values. These values are then inverted into indentation
moduli. A calibration procedure must first be carried out to obtain
the contact area for the given cantilever tip. As discussed recently,
the AFAM technique can be calibrated using global ultrasonic
velocity data to calculate the indentation modulus of a host
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Figure 1 |Maps (C-scans) of contact-resonance frequencies. a, Map of the
local contact-resonance frequencies on amorphous PdCuSi. b, Map of the
local contact-resonance frequencies on (100)-SrTiO3. Both maps represent
the results of AFAM data at 100 different positions on the samples
surfaces. The colour-coded plot represents variations up to 1f/f ⇡ 4.4%
for the amorphous PdCuSi and 1f/f  0.05% for the SrTiO3 sample. A
map obtained on the crystallized PdCuSi is shown in the
Supplementary Information.

the elastic properties are well known, one can derive the so-called
indentationmodulusM (ref. 9; see Supplementary Information).

In AFAM measurements, the tip experiences wear as a result of
taking many data at many points and its radius usually increases
until a limit value is obtained. This holds in particular for stiff
materials. We took AFAM data only after the limit value was
reached and measured tip geometries and radii independently
using scanning electron microscopy (SEM) and the calibration grid
TGT01made by NT-MDT, Zelenograd, Russia.

We examined Pd77.5Cu6.0Si16.5 specimens in both the crystalline
and the amorphous state. The amorphous sample was produced
by the melt-spinning technique, resulting in ribbon-like samples.
To confirm that the sample is amorphous, we carried out X-ray
analysis, which showed a typical broadening compared to the
crystalline samples. Furthermore, differential calorimetric scans of
the sample showed a characteristic glass transitionTg ⇡340 �Cand a
crystallization temperature Tx ⇡ 386 �C. The chemical composition
was investigated by energy-dispersive X-ray analysis, yielding the
composition 77.7±0.3%Pd, 6.3±0.3%Cu and 16.0±0.1%Si. The
composition was measured at different positions on the sample
surfaces and the values were found to be within the errors given
in the composition numbers. The crystalline counterpart was
produced by crystallization of the examined amorphous specimen
under an argon atmosphere. Finally, measurements were made on
a single SrTiO3 crystal in the (100)-orientation.

Results
AFAM measurements were taken at 100 different positions in a
square lattice of 200⇥ 200 nm2 size on each sample. An original
set of data is shown in Fig. 1a. In this map, the amorphous
PdCuSi sample showed overall local variations in contact-resonance
frequencies of approximately 75 kHz with a centre frequency
of approximately 1.33MHz. As a next step, we carried out
measurements on the (100)-SrTiO3. As before, a total number of
100 measurement points were analysed, showing variations in local
contact-resonance frequencies of less than 2 kHz with a centre
frequency of about 1.998MHz. An original data plot (or map) is
shown in Fig. 1b. The same type of measurement was carried out
on crystallized PdCuSi. This sample became polycrystalline with
a wide grain-size distribution centred at 100 nm, as could be seen
in the AFAM images. It showed several contact resonances caused
by the anisotropy of the individual grains of different orientations
in the contact zone. The individual resonances, however, displayed
variations of less than 4 kHz in the contact-resonance frequencies,
in contrast to 75 kHz obtained on the amorphous PdCuSi sample.

All AFAM measurements were carried out under the same
static load F0 = 0.6 µN. This value ensured that a resonance
curve appeared with sufficiently large signal-to-noise ratio. A

static cantilever load of F0 = 0.6 µN leads to a maximal shear
stress of �s ⇡ 1GPa for a material with a Poisson number of
0.4 (PdCuSi). This value is below the critical shear stress for
PdCuSi, which is approximately 1.5 GPa (ref. 12). Furthermore, in
none of our measurements did we observe the sudden change of
contact resonance frequency, and hence contact stiffness, whichwas
found in the case of nano-crystalline Ni (ref. 11). Therefore we
assume that the effects of plastic deformation do not play a role
in our measurements.

Under the assumption that the tip is rotationally symmetric and
spherical, the contact radius ac can be calculated as13:

ac = 3
p
3F0Rt/4E⇤ (2)

Here E⇤ is the reduced modulus of elasticity of the tip sample
contact (see Supplementary Information). For the amorphous
PdCuSi E⇤ ⇡ 64GPa. For SrTiO3 E⇤ = 106GPa. The tip radius
Rt of fresh cantilevers was 10 nm, as given by the manufacturer.
After taking AFAM data, however, SEM analysis yielded a limit tip
radius of approximately 100 nm. Based on equation (2), and using
Rt = 100 nm, F0 = 0.6 µN, E⇤ = 64GPa, the resulting tip–sample
contact radius on each measurement point was therefore ac ⇡ 9 nm
for PdCuSi, and ac ⇡ 7 nm for SrTiO3, respectively. Note that the
contact radius is much smaller than the tip radius. In the case
of isotropic materials and for materials with three- or four-fold
symmetry, the shape of the surface stress field is circular8. The area
where the tip contacts is⇡⇡a2 and is independent of the ultrasound
wavelength used in the AFAM experiments.

The stress field is of complex shape and can be calculated
analytically using some approximations13. It extends about 2a deep
and the maximal shear stress occurs below the surface at a depth
of ⇡ 0.5ac. If one considers the volume Va where the shear stress
is at least 50% of its maximal value13, Va ⇡ 0.5⇡ac3. The number
of atoms in this volume is given by N = 0.5⇥ Va ⇥ ⇢ ⇥NA/A,
where ⇢ is the density, A is the atomic mass, and NA is the
Avogrado number. N is of the order of 5,000 for both amorphous
PdCuSi and crystalline SrTiO3. At this stage of our experiments,
it is difficult to improve the analytical calculation of the number
of atoms that contribute to the effect we measure. In our opinion,
only numerical calculations can give further information, and we
plan to carry these out.

Figure 2a–c illustrates the statistical results of the contact
resonance frequencies for all samples. We obtained the maps
described above at different positions on the sample surfaces to
obtain information over a large part of the surface. Altogether, we
analysed 11 maps with 1,089 measuring points on the amorphous
PdCuSi, 6 maps with 600measuring points on SrTiO3, and 12maps
with 300 measuring points corresponding to one crystallographic
orientation on the polycrystalline PdCuSi.

The two crystalline materials examined show a nearly constant
behaviour over the surface area, whereas large variations of fcont
were observed over the surface of the amorphous specimen. The
statistical plots were fitted by Gaussian functions and show a
full-width of 4.4% at half-maximum for the amorphous, 0.05%
for the SrTiO3, and 0.06% for the polycrystalline PdCuSi sample,
respectively. The variations in the crystalline samples are due to the
intrinsic inaccuracies of AFAM measurements caused by varying
contact areas and other factors.

By solving the equation of motion of equation (1) for the
cantilever oscillation, a dispersion curve can be obtained that allows
the conversion of the contact resonance frequencies into contact
stiffness values. These values are then inverted into indentation
moduli. A calibration procedure must first be carried out to obtain
the contact area for the given cantilever tip. As discussed recently,
the AFAM technique can be calibrated using global ultrasonic
velocity data to calculate the indentation modulus of a host
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Figure 1 |Maps (C-scans) of contact-resonance frequencies. a, Map of the
local contact-resonance frequencies on amorphous PdCuSi. b, Map of the
local contact-resonance frequencies on (100)-SrTiO3. Both maps represent
the results of AFAM data at 100 different positions on the samples
surfaces. The colour-coded plot represents variations up to 1f/f ⇡ 4.4%
for the amorphous PdCuSi and 1f/f  0.05% for the SrTiO3 sample. A
map obtained on the crystallized PdCuSi is shown in the
Supplementary Information.

the elastic properties are well known, one can derive the so-called
indentationmodulusM (ref. 9; see Supplementary Information).

In AFAM measurements, the tip experiences wear as a result of
taking many data at many points and its radius usually increases
until a limit value is obtained. This holds in particular for stiff
materials. We took AFAM data only after the limit value was
reached and measured tip geometries and radii independently
using scanning electron microscopy (SEM) and the calibration grid
TGT01made by NT-MDT, Zelenograd, Russia.

We examined Pd77.5Cu6.0Si16.5 specimens in both the crystalline
and the amorphous state. The amorphous sample was produced
by the melt-spinning technique, resulting in ribbon-like samples.
To confirm that the sample is amorphous, we carried out X-ray
analysis, which showed a typical broadening compared to the
crystalline samples. Furthermore, differential calorimetric scans of
the sample showed a characteristic glass transitionTg ⇡340 �Cand a
crystallization temperature Tx ⇡ 386 �C. The chemical composition
was investigated by energy-dispersive X-ray analysis, yielding the
composition 77.7±0.3%Pd, 6.3±0.3%Cu and 16.0±0.1%Si. The
composition was measured at different positions on the sample
surfaces and the values were found to be within the errors given
in the composition numbers. The crystalline counterpart was
produced by crystallization of the examined amorphous specimen
under an argon atmosphere. Finally, measurements were made on
a single SrTiO3 crystal in the (100)-orientation.

Results
AFAM measurements were taken at 100 different positions in a
square lattice of 200⇥ 200 nm2 size on each sample. An original
set of data is shown in Fig. 1a. In this map, the amorphous
PdCuSi sample showed overall local variations in contact-resonance
frequencies of approximately 75 kHz with a centre frequency
of approximately 1.33MHz. As a next step, we carried out
measurements on the (100)-SrTiO3. As before, a total number of
100 measurement points were analysed, showing variations in local
contact-resonance frequencies of less than 2 kHz with a centre
frequency of about 1.998MHz. An original data plot (or map) is
shown in Fig. 1b. The same type of measurement was carried out
on crystallized PdCuSi. This sample became polycrystalline with
a wide grain-size distribution centred at 100 nm, as could be seen
in the AFAM images. It showed several contact resonances caused
by the anisotropy of the individual grains of different orientations
in the contact zone. The individual resonances, however, displayed
variations of less than 4 kHz in the contact-resonance frequencies,
in contrast to 75 kHz obtained on the amorphous PdCuSi sample.

All AFAM measurements were carried out under the same
static load F0 = 0.6 µN. This value ensured that a resonance
curve appeared with sufficiently large signal-to-noise ratio. A

static cantilever load of F0 = 0.6 µN leads to a maximal shear
stress of �s ⇡ 1GPa for a material with a Poisson number of
0.4 (PdCuSi). This value is below the critical shear stress for
PdCuSi, which is approximately 1.5 GPa (ref. 12). Furthermore, in
none of our measurements did we observe the sudden change of
contact resonance frequency, and hence contact stiffness, whichwas
found in the case of nano-crystalline Ni (ref. 11). Therefore we
assume that the effects of plastic deformation do not play a role
in our measurements.

Under the assumption that the tip is rotationally symmetric and
spherical, the contact radius ac can be calculated as13:

ac = 3
p
3F0Rt/4E⇤ (2)

Here E⇤ is the reduced modulus of elasticity of the tip sample
contact (see Supplementary Information). For the amorphous
PdCuSi E⇤ ⇡ 64GPa. For SrTiO3 E⇤ = 106GPa. The tip radius
Rt of fresh cantilevers was 10 nm, as given by the manufacturer.
After taking AFAM data, however, SEM analysis yielded a limit tip
radius of approximately 100 nm. Based on equation (2), and using
Rt = 100 nm, F0 = 0.6 µN, E⇤ = 64GPa, the resulting tip–sample
contact radius on each measurement point was therefore ac ⇡ 9 nm
for PdCuSi, and ac ⇡ 7 nm for SrTiO3, respectively. Note that the
contact radius is much smaller than the tip radius. In the case
of isotropic materials and for materials with three- or four-fold
symmetry, the shape of the surface stress field is circular8. The area
where the tip contacts is⇡⇡a2 and is independent of the ultrasound
wavelength used in the AFAM experiments.

The stress field is of complex shape and can be calculated
analytically using some approximations13. It extends about 2a deep
and the maximal shear stress occurs below the surface at a depth
of ⇡ 0.5ac. If one considers the volume Va where the shear stress
is at least 50% of its maximal value13, Va ⇡ 0.5⇡ac3. The number
of atoms in this volume is given by N = 0.5⇥ Va ⇥ ⇢ ⇥NA/A,
where ⇢ is the density, A is the atomic mass, and NA is the
Avogrado number. N is of the order of 5,000 for both amorphous
PdCuSi and crystalline SrTiO3. At this stage of our experiments,
it is difficult to improve the analytical calculation of the number
of atoms that contribute to the effect we measure. In our opinion,
only numerical calculations can give further information, and we
plan to carry these out.

Figure 2a–c illustrates the statistical results of the contact
resonance frequencies for all samples. We obtained the maps
described above at different positions on the sample surfaces to
obtain information over a large part of the surface. Altogether, we
analysed 11 maps with 1,089 measuring points on the amorphous
PdCuSi, 6 maps with 600measuring points on SrTiO3, and 12maps
with 300 measuring points corresponding to one crystallographic
orientation on the polycrystalline PdCuSi.

The two crystalline materials examined show a nearly constant
behaviour over the surface area, whereas large variations of fcont
were observed over the surface of the amorphous specimen. The
statistical plots were fitted by Gaussian functions and show a
full-width of 4.4% at half-maximum for the amorphous, 0.05%
for the SrTiO3, and 0.06% for the polycrystalline PdCuSi sample,
respectively. The variations in the crystalline samples are due to the
intrinsic inaccuracies of AFAM measurements caused by varying
contact areas and other factors.

By solving the equation of motion of equation (1) for the
cantilever oscillation, a dispersion curve can be obtained that allows
the conversion of the contact resonance frequencies into contact
stiffness values. These values are then inverted into indentation
moduli. A calibration procedure must first be carried out to obtain
the contact area for the given cantilever tip. As discussed recently,
the AFAM technique can be calibrated using global ultrasonic
velocity data to calculate the indentation modulus of a host
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Figure 1 |Maps (C-scans) of contact-resonance frequencies. a, Map of the
local contact-resonance frequencies on amorphous PdCuSi. b, Map of the
local contact-resonance frequencies on (100)-SrTiO3. Both maps represent
the results of AFAM data at 100 different positions on the samples
surfaces. The colour-coded plot represents variations up to 1f/f ⇡ 4.4%
for the amorphous PdCuSi and 1f/f  0.05% for the SrTiO3 sample. A
map obtained on the crystallized PdCuSi is shown in the
Supplementary Information.

the elastic properties are well known, one can derive the so-called
indentationmodulusM (ref. 9; see Supplementary Information).

In AFAM measurements, the tip experiences wear as a result of
taking many data at many points and its radius usually increases
until a limit value is obtained. This holds in particular for stiff
materials. We took AFAM data only after the limit value was
reached and measured tip geometries and radii independently
using scanning electron microscopy (SEM) and the calibration grid
TGT01made by NT-MDT, Zelenograd, Russia.

We examined Pd77.5Cu6.0Si16.5 specimens in both the crystalline
and the amorphous state. The amorphous sample was produced
by the melt-spinning technique, resulting in ribbon-like samples.
To confirm that the sample is amorphous, we carried out X-ray
analysis, which showed a typical broadening compared to the
crystalline samples. Furthermore, differential calorimetric scans of
the sample showed a characteristic glass transitionTg ⇡340 �Cand a
crystallization temperature Tx ⇡ 386 �C. The chemical composition
was investigated by energy-dispersive X-ray analysis, yielding the
composition 77.7±0.3%Pd, 6.3±0.3%Cu and 16.0±0.1%Si. The
composition was measured at different positions on the sample
surfaces and the values were found to be within the errors given
in the composition numbers. The crystalline counterpart was
produced by crystallization of the examined amorphous specimen
under an argon atmosphere. Finally, measurements were made on
a single SrTiO3 crystal in the (100)-orientation.

Results
AFAM measurements were taken at 100 different positions in a
square lattice of 200⇥ 200 nm2 size on each sample. An original
set of data is shown in Fig. 1a. In this map, the amorphous
PdCuSi sample showed overall local variations in contact-resonance
frequencies of approximately 75 kHz with a centre frequency
of approximately 1.33MHz. As a next step, we carried out
measurements on the (100)-SrTiO3. As before, a total number of
100 measurement points were analysed, showing variations in local
contact-resonance frequencies of less than 2 kHz with a centre
frequency of about 1.998MHz. An original data plot (or map) is
shown in Fig. 1b. The same type of measurement was carried out
on crystallized PdCuSi. This sample became polycrystalline with
a wide grain-size distribution centred at 100 nm, as could be seen
in the AFAM images. It showed several contact resonances caused
by the anisotropy of the individual grains of different orientations
in the contact zone. The individual resonances, however, displayed
variations of less than 4 kHz in the contact-resonance frequencies,
in contrast to 75 kHz obtained on the amorphous PdCuSi sample.

All AFAM measurements were carried out under the same
static load F0 = 0.6 µN. This value ensured that a resonance
curve appeared with sufficiently large signal-to-noise ratio. A

static cantilever load of F0 = 0.6 µN leads to a maximal shear
stress of �s ⇡ 1GPa for a material with a Poisson number of
0.4 (PdCuSi). This value is below the critical shear stress for
PdCuSi, which is approximately 1.5 GPa (ref. 12). Furthermore, in
none of our measurements did we observe the sudden change of
contact resonance frequency, and hence contact stiffness, whichwas
found in the case of nano-crystalline Ni (ref. 11). Therefore we
assume that the effects of plastic deformation do not play a role
in our measurements.

Under the assumption that the tip is rotationally symmetric and
spherical, the contact radius ac can be calculated as13:

ac = 3
p
3F0Rt/4E⇤ (2)

Here E⇤ is the reduced modulus of elasticity of the tip sample
contact (see Supplementary Information). For the amorphous
PdCuSi E⇤ ⇡ 64GPa. For SrTiO3 E⇤ = 106GPa. The tip radius
Rt of fresh cantilevers was 10 nm, as given by the manufacturer.
After taking AFAM data, however, SEM analysis yielded a limit tip
radius of approximately 100 nm. Based on equation (2), and using
Rt = 100 nm, F0 = 0.6 µN, E⇤ = 64GPa, the resulting tip–sample
contact radius on each measurement point was therefore ac ⇡ 9 nm
for PdCuSi, and ac ⇡ 7 nm for SrTiO3, respectively. Note that the
contact radius is much smaller than the tip radius. In the case
of isotropic materials and for materials with three- or four-fold
symmetry, the shape of the surface stress field is circular8. The area
where the tip contacts is⇡⇡a2 and is independent of the ultrasound
wavelength used in the AFAM experiments.

The stress field is of complex shape and can be calculated
analytically using some approximations13. It extends about 2a deep
and the maximal shear stress occurs below the surface at a depth
of ⇡ 0.5ac. If one considers the volume Va where the shear stress
is at least 50% of its maximal value13, Va ⇡ 0.5⇡ac3. The number
of atoms in this volume is given by N = 0.5⇥ Va ⇥ ⇢ ⇥NA/A,
where ⇢ is the density, A is the atomic mass, and NA is the
Avogrado number. N is of the order of 5,000 for both amorphous
PdCuSi and crystalline SrTiO3. At this stage of our experiments,
it is difficult to improve the analytical calculation of the number
of atoms that contribute to the effect we measure. In our opinion,
only numerical calculations can give further information, and we
plan to carry these out.

Figure 2a–c illustrates the statistical results of the contact
resonance frequencies for all samples. We obtained the maps
described above at different positions on the sample surfaces to
obtain information over a large part of the surface. Altogether, we
analysed 11 maps with 1,089 measuring points on the amorphous
PdCuSi, 6 maps with 600measuring points on SrTiO3, and 12maps
with 300 measuring points corresponding to one crystallographic
orientation on the polycrystalline PdCuSi.

The two crystalline materials examined show a nearly constant
behaviour over the surface area, whereas large variations of fcont
were observed over the surface of the amorphous specimen. The
statistical plots were fitted by Gaussian functions and show a
full-width of 4.4% at half-maximum for the amorphous, 0.05%
for the SrTiO3, and 0.06% for the polycrystalline PdCuSi sample,
respectively. The variations in the crystalline samples are due to the
intrinsic inaccuracies of AFAM measurements caused by varying
contact areas and other factors.

By solving the equation of motion of equation (1) for the
cantilever oscillation, a dispersion curve can be obtained that allows
the conversion of the contact resonance frequencies into contact
stiffness values. These values are then inverted into indentation
moduli. A calibration procedure must first be carried out to obtain
the contact area for the given cantilever tip. As discussed recently,
the AFAM technique can be calibrated using global ultrasonic
velocity data to calculate the indentation modulus of a host
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• Aiutano a	scoprire l’esistenza degli atomi,

• Danno una mano a	cercare onde gravitazionali.
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Κόσμος ( kósmos )	:	ordine,	universo (Pitagora)

v Scala	microscopica:	ordine

v Scala	meso- e	macro-scopica:	disordine
(passaggio graduale)

Ø Statistica

o Multiscala (lunghezza,	tempo):	
o Correlazioni tra scale	causati da	

vincoli,	moti cooperativi ->	
Autosimilarita’,	autoaffinita’	

o Correlazioni spaziali:	impaccamento
o Correlazioni temporali:	polimeri

(esistono modi come	in	teoria piccole
oscillazioni o	cristallo armonico?)

o Isteresi:	dipendenza dalla storia:	fuori
equilibrio,	memoria (elasticita’),	
perdita di	memoria (viscosita’)

o Viscoelasticita’



R	=		na
a =	log3/	log4	~	0.79	

<	R2 >1/2 =		na
a =	3/5		=	0.6	

Deterministic	fractal:	curva di	Koch		 Statistical	fractal	:	self-avoiding	random	walk

R
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Einstein	(1905)	

kB =	6	p a	D	h /	T

<Dr2 >	=	6	D	t

Jean	Baptiste	Perrin,	The	Nobel	
Prize	in	Physics	1926	
“for	his	work	on	the	discontinuous	
structure	of	matter..."	

During	the	1880s	atoms	and	molecules	became	important	scientific	concepts,	but	whether	or	not	they	actually	
had	a	physical	existence	was	still	a	matter	of	dispute.		Jean	Perrin	maintained	that	if	molecules	were	real,	
particles	blended	into	a	liquid	should	not	all	sink	to	the	bottom	but	should	distribute	themselves	throughout	the	
liquid.	In	1908 he	could	substantiate	this	through	experimentation.	He	also	substantiated	Albert	Einstein's	theory	
that	Brownian	motion	- the	random	movement	of	small	particles	in	a	liquid	- was	due	to	collisions	between	the	
particles	and	molecules	in	the	liquid.	(	Source:	https://www.nobelprize.org/prizes/physics/1926/summary/ )

L’	esperimento di	Rutherford	(anche detto
esperimento di	Geiger	e	Marsden)		fu un	
esperimento effettuato per	sondare la	struttura
dell'atomo eseguito da	Hans	Wilhelm	Geiger	e	
Ernest	Marsden	nel 1909

J.	Perrin,	1912

 
Incidemment, une telle figure, et même le dessin suivant, où se trouvent reportés à une

échelle arbitraire un plus grand nombre de déplacements, ne donnent qu’une idée bien
affaiblie du prodigieux enchevêtrement de la trajectoire réelle. Si en effet on faisait des
pointés en des intervalles de temps 100 fois plus rapprochés, chaque segment serait
remplacé par un contour polygonal relativement aussi compliqué que le dessin entier, et
ainsi de suite. On voit assez comment s’évanouit pratiquement en de pareils cas la notion
de tangente à une trajectoire.

 

73. Parfaite irrégularité de l’agitation.

 
Si le mouvement est irrégulier, le carré moyen X2 de la projection sur un axe sera

proportionnel au temps. Et en effet un grand nombre de pointés ont montré que ce carré
moyen est bien sensiblement 2 fois plus grand pour la durée de 120 s qu’il n’est pour la

durée de 30 s81.
Mais des vérifications plus complètes encore sont suggérées par l’extension aux

déplacements de granules des raisonnements imaginés par Maxwell (35) pour les vitesses
moléculaires, raisonnements qui doivent s’appliquer indifféremment aux deux cas.

En premier lieu, comme les projections des vitesses, les projections sur un axe des

99

Moto	browniano,	Einstein,	Perrin	e	l’esistenza degli atomi



J.	Perrin,	1912
Fig. 1 Fractal trajectory of Brownian motion according to Einstein’s
diffusion model in two dimensions. On the left is the actual trajectory of a
particle. On the right is the observed locations of the particle on diffusive
time scales. Arrows indicate the apparent velocities of the particle.

deduced by two consecutive positions, it really depends on the

time-resolution of the observations.40,41 If the observations are

separated by a diffusive time scale as in Einstein’s model, the par-

ticle appears to walk randomly. From the MSD of the diffusion,

we may determine an effective mean velocity over a time interval

as v̄ =
√

∆x2/∆t =
√

2D/
√

∆t. As ∆t → 0, this effective velocity di-

verges and cannot represent the real velocity of the particle. This

also explains the early controversial measurements on the actual

velocity of the particle.42,43

This unphysical feature can also be seen by calculating the

VACF from Eqs. (1) and (5): ⟨v(0) · v(t)⟩ = 3Dδ (t), where δ (t) is

the Dirac delta function. This means that even after an infinitesi-

mal time, the velocity becomes completely uncorrelated with the

previous one. A mathematical model corresponding to this case

is a Gaussian white noise process for the velocity. Then, x(t) cor-

responds to a Wiener process, which is continuous but nowhere

differentiable in time.13

Physically, however, we should be able to find a time scale

t < τb for the ballistic regime, ‡ 39 where the velocity does not

change significantly, that is, ∆x(t)≈ v(0)t, as illustrated on the left

in Fig. 1. In Einstein’s model, τb can be chosen from the time

scale for the duration of successive random bombardments. From

the equipartition theorem, we have ⟨v2⟩= kBT/m, where m is the

mass of the particle. Hence, we obtain the MSD expression in the

ballistic regime:

⟨∆x2(t)⟩=
kBT

m
t2. (10)

In Einstein’s model, the time scale τb is neglected (i.e., assuming

‡ In general, the ballistic time scale τb is proportional to the Knudsen number.

τb → 0) and the MSD is a completely linear function in time. A

century ago, Einstein also did not expect that it would be possible

to observe the ballistic regime in practice due to the limitation

of experimental facilities. Remarkably, such measurements have

recently become realistic in rarefied gas44, normal gas45 and liq-

uid46,47, with increasing difficulty for fluids with elevated density

due to the diminishing of τb. However, the experiment on Brow-

nian particle in liquid is subtle, as it is currently still difficult to

resolve time below the sonic scale.41 Therefore, the equipartition

theorem can only be verified for the total mass of the particle and

entrained liquid, but not at the single particle level.46,47 We shall

further discuss the effect of the added mass in Section 4.

In summary, Einstein’s pure-diffusion model considers only the

independent random bombardments on the particle, but nothing

else. Although the resulting MSD expression of Eq. (4) or (5) is

always valid at large time, the model has the single time scale

of mass-diffusion process τD = a2/D, which is denoted as the dif-

fusive or Smoluchowski time scale.48 Moreover, the model disal-

lows a definition of velocity, possesses no ballistic regime, and its

VACF does not contain any dynamical information. These issues

will be resolved in Langevin’s model.

3 Langevin Equation

A remedy for the unphysical feature of Einstein’s model at the

ballistic time scale was proposed by Paul Langevin,49 which takes

into account the inertia of the particle.§ In Langevin’s formula-

tion, which was thought to be “infinitely simpler” according to

himself, the equation of motion for the Brownian particle is for-

mally based on Newton’s second law of motion as

m
d2x

dt2
=−ξ

dx

dt
+ F̃(t), (11)

where m is the mass of the particle, ξ is the friction coefficient

defined earlier, and F̃(t) is a random force on the particle. In

this mode, the velocity of the particle v(t) = ẋ(t) is well-defined

and it is subject to two different types of force exerted by the

surrounding fluid: a friction force and a random force. It is further

assumed that the random force is an independent Gaussian white

noise process. Hence, F̃(t) satisfies

⟨F̃(t)⟩= 0, ⟨F̃(t)F̃(t ′)⟩= Γδ (t − t ′), (12)

⟨F̃(t)x(t ′)⟩= 0, ⟨F̃(t)v(t ′)⟩= 0, (13)

where t ≥ t ′ and the noise strength Γ is to be determined below.

From a mathematical point of view, Eq. (11) is a stochastic dif-

ferential equation. Compared to Einstein’s model, x(t) has better

regularity; x(t) is now differentiable. However, v(t) is continuous

§ Langevin’s work is translated. 50
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Incidemment, une telle figure, et même le dessin suivant, où se trouvent reportés à une

échelle arbitraire un plus grand nombre de déplacements, ne donnent qu’une idée bien
affaiblie du prodigieux enchevêtrement de la trajectoire réelle. Si en effet on faisait des
pointés en des intervalles de temps 100 fois plus rapprochés, chaque segment serait
remplacé par un contour polygonal relativement aussi compliqué que le dessin entier, et
ainsi de suite. On voit assez comment s’évanouit pratiquement en de pareils cas la notion
de tangente à une trajectoire.

 

73. Parfaite irrégularité de l’agitation.

 
Si le mouvement est irrégulier, le carré moyen X2 de la projection sur un axe sera

proportionnel au temps. Et en effet un grand nombre de pointés ont montré que ce carré
moyen est bien sensiblement 2 fois plus grand pour la durée de 120 s qu’il n’est pour la

durée de 30 s81.
Mais des vérifications plus complètes encore sont suggérées par l’extension aux

déplacements de granules des raisonnements imaginés par Maxwell (35) pour les vitesses
moléculaires, raisonnements qui doivent s’appliquer indifféremment aux deux cas.

En premier lieu, comme les projections des vitesses, les projections sur un axe des
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3.6     Self-similarity and fractal dimension of polymers 
 

 
 
Looking at ensemble averages the relation between n and 2R  stays the same for any 

subsection of the chain with n segments as long as N>>n>>1. 
 
The relation between mass and volume defines the fractal dimension fD   
 
        fDmass  volume  R∝ ∝  

   ( )2
fD

n R∝  

 
 
solid body 3-dim body  3fD =    
  2-dim  2fD =      
  1-dim  1fD =  
 
Polymers: ideal chain 2 2 2fR Nl D= ⇒ =  
 
  with excluded volume interaction 3-dim    3/5 5 3fR N l D∝ ⇒ =  

2-dim  3/ 4 4 3fR N l D∝ ⇒ =  
1-dim  1fR Nl D∝ ⇒ =    

 
 

Liquidi:	il moto	browniano



poly(2-vinylpyridine)	su mica	in	soluzione acquosa
Roiter and	Minko,	JACS	2005

R

Transizione “coil-globule”	di	singola catena:	un	esempio di	
transizione disordine-disordine

RW
autoevitante

R

GlobuloRW



Transizione “coil-globule” di	singola catena	:	analogia con	la	
denaturazione delle proteine

Proteina Folded	
(globulare):	
funziona

Proteina Unfolded:
non	funziona

L’	ovalbumina,	se	riscaldata,	diventa insolubile

Ovalbumina
Notare forma	globulare



Transizione “coil-globule”:	analogia con	la	denaturazione delle proteine
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3.4 Polymer solutions 
 
Up to now we neglected any "long-ranged" interactions involving chain 
segments well separated along the chain. Backfolding of the chain due to 
the high chain flexibility has the consequence that distant chain segments 
can become very close to each other. However, chain segments have 
finite extension and interpenetration of volume occupied by other 
segments is forbidden 
 
This effect is called excluded volume interaction with the consequence 
that the extension of the coil will be larger than that of an "ideal chain" 
without excluded volume interactions. Excluded volume interactions lead 
to swelling! In the melt the interaction between segments in one chain is 
equal to the interaction with neighboring chains. The segment 
concentration is high and a segment of one chain is in the  average 
surrounded by many segments belonging to other chains     
 

⇒  excluded volume interaction is screened! 
 

In the melt the chains behave like "ideal chains" and the simple chain model introduced so far 
hold. In solution the interaction between solvent molecules and monomers is in the general case 
different to the monomer-monomer interactions. Solvent-monomer interaction is temperature 
dependent and only at the so called θ temperature, both solvent-monomer as well as monomer-
monomer interaction are equal. 
 
 
Radius of PS in cyclohexane as a function of the solvent quality 
 

 

Polistirene in	
cicloesano

Globulo
RW
autoevitante

Proteina Folded:	
funziona

Proteina Unfolded:
non	funziona

L’	albumina,	se	riscaldata,	diventa insolubile


