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‘— Analytical Model of the Imaging by Coded Masks

Geometrical setting
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‘— Analytical Model of the Imaging by Coded Masks

Physical Settings

m The light source function O (x,y7 z, fl) =0 (r,z, Q): averaged number of

photons per unit volume and solid angle emitted at (r, z) in the Q) direction.
m In principle O may be a function on time. We will consider only static situations.
m The aperture function A (r’) : mask transmission function at z = a.
m The ideal mask is supposed to be of null thickness and in the vacuum.
m A(x',y’) = {0,1} (incoherent mask)

m The image density function P (r’'): average number of photons getting the
detector on the plane z = a + b, in the infinitesimal area dx’’ dy’’ centred in the

point (x”,y"").

m The directional attenuation factor M (r, z, Q) = exp [— f,f L <s, ﬁ) ds}



‘— Analytical Model of the Imaging by Coded Masks

Imaging

P(r”> /S (’)(r,z,ﬁ) A(r,> .F(r,z,ﬁ)M(r,z,ﬁ) drdz,
ource

cos3 ) (r, z, ﬁ)
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‘— Analytical Model of the Imaging by Coded Masks

Simplifications

O(r,z) ’

m the source is isotropic : O (r,z, ﬁ) ==
Yy

m the source is planar and it is located at z = 0: O(r,z) = O(r) § (z),
m the medium is perfectly transparent: M (r, z, fl) =1

= 0(¢)=R(0)=0(-2r)

P(r”) = /Somel o) A (ajb (r” —g>) cos3 (5,r”) de.

_3
% r’+ 3¢l r”+ 5P
cos3 ,r = cos? [ arctan | b =1+ —2>
¥ ({ ) at+b (a+b)?



‘— Analytical Model of the Imaging by Coded Masks

Far Field

|r” —r| < a+b,

P(r") :om:/s

Decoding Kernel G : A® G =6(n — &)

_O@A(r —¢) ae,
Om=PG

If the mask function A has a discretised form, as for the coding URA masks

(generalizations), a discrete approximation of the decoding kernel G is ready provided



‘— Analytical Model of the Imaging by Coded Masks

Near Field

an expansion parameter
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‘— Analytical Model of the Imaging by Coded Masks

Near Field

P(r) = (e ) [P () e () P ()] =
(1 + (‘;;l;)*yzpc (r”>
Oc(n)=Pc® G =0°(n)+ O (n)+ 0% (n)
0°(n)=0(n)

O (n) = K1 G¥YRo - Rew

Ro = (€0(€) 946" = cost v (0.r") 6 (r" ). Rgu = [rGVar".
0%(n) = K2 Io /|r”|4cos4w<0,r”> G(r” +17) dr”
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‘—Coding: General setting

URA

Point Sread Function : PSF = A® G &~ § (r) in an appropriate sense.

A=(a(i,j)), a(i,j)=0,1
a family of nearly square binary arrays with flat PACF sidelobes

Ny—1 Ny—1
d(,k)=>_ > a(i,j)a(i+/modNx,j+ k modNy).
i=0 j=0
satisfying the property
_J K (I,k)=(0,0)
(1 k) = { A otherwise ’
Existence criterion:
Ny—1Ny—1 2 Ny—1Ny—1
> 2 e =30 3 elm)
i=0 j=0 =0 m=0
K(K—-1)

K+A(N-1)=K2 = A= N = NxN,

N—-1 "~



Abelian difference sets

Difference set

Let be @ # D C G with |D| = k and (G, +) a finite group.

D is called a (|G|, k, A) - difference set in (G, +), if every nonzero element of G can
be written as a difference of elements di + (—d2), with di,d> € D, in exactly A
different ways.

If (G, +) is abelian, then D is called an abelian difference set.
If (G,+) is cyclic, then D is called a cyclic difference set.

Main Theorem
m (G, +) finite abelian group of type (pt,p2,...,pM) pi prime
m D be a (|G|, k, \)-difference set of (G, +).

There exists an M-dim. incoherent binary array a, with pit x pit x -+ x pM
components, such that the PACF (a) is

[k h=h=-=Iy=0,
¢(hky- s lw) _{ A otherwise.



‘—Coding: General setting

Abelian difference sets

Proof
V cyclic component C (p
representation

i
i

) of the group (G,+) 3 generating element ; : Vg € G3!

g:(X1N17X2M27"'7XMuM)7 X,'E{O,l,...,p’-’i—l}, 16{07177M}
Define the M-dimensional array
1 geD,

3 (X1, X2, Xm) = { 0 otherwise.

m There are exactly k elements of the matrix a equal to 1.
= $(0,0,...,0)=k

m sidelobes
pft -1 "W_l
G(hyboy ) = Y o D> ala,xe,.,xm) alxa A+ hxe by X+ Iy
x1=0 xp=0
Z a(X1+/1,X2+/2,4..,XM+/M).

(x1 pa,x2 g2, X pm)ED



‘—Coding: General setting

Abelian difference sets

((x1 4+ h) p1,(x2+ k) po,...,(x2+ k) um) € D.
However,

(Ga+h) p1, 2+ k) p2,. .., (2 + k) pm) — (a pa,x2 g2, Xpm im) =
(h pa, ko p2,. .. v pv) € G/ {0}

which is a fixed element of G.

But, by the definition of a difference set, such elements appears exactly A times. O



Quadratic Residue URA'’s

GF(p™) a Galois field with p a prime number and p a primitive element .
Yo € GF(p™):
m o=y, forajec{0,1,...,p" -1}
n azz;l?)l x; ', with x; € {0,1,...,p—1}.
u
0 )(1:)(2:...:)(",,:07
sl om) =4 1 SPexul =, jeven, (1)
-1 Pt xut =4, jodd.

m GF(p1),GF(p2), p2—p1=2

0 x =0,
)1 x#£0  y=o,
aloy) = 0 x#0 y#0 a1(x)az2(y) = +1, ()
1 x#0 y#0 a(x)az(y) = -1,
0 x =0,
aj(x) = 1 x=modpyu? , for some generating element y; of GF(p;).

=1 x=modp,y;



Quadratic Residue URA'’s

By direct computation

P i Rt

f-‘:;’f --ﬁ
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Quadratic Residue URA'’s

E S
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‘—Coding: General setting

Reconstruction of a Point-like Source

1 10 20 30 41

ca=75cm, b=3.0cm, m = 1.4, ¢.x = 0.67
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Reconstruction of a Point-like Source

75cm, b=3.0cm,
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Reconstruction of a Point-like Source

:a=85cm, b=3.0cm,



‘—Coding: General setting

Reconstruction of a Point-like Source

1 a— 00



Reconstruction of a Point-like Source - 0-ord corrections




‘—Coding: General setting

Reconstruction of a Point-like Source - 1-ord corrections
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Composite Point-like Source
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