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Analytical Model of the Imaging by Coded Masks

Geometrical setting

: Geometry of a ray emitted by the point source P and absorbed by the
detector in P ′′ , after having traversed the coded mask in P ′



Analytical Model of the Imaging by Coded Masks

Physical Settings

The light source function O
(
x , y , z, Ω̂

)
= O

(
r , z, Ω̂

)
: averaged number of

photons per unit volume and solid angle emitted at (r , z) in the Ω̂ direction.

In principle O may be a function on time. We will consider only static situations.

The aperture function A (r ′) : mask transmission function at z = a.

The ideal mask is supposed to be of null thickness and in the vacuum.

A (x ′, y ′)→ {0, 1} (incoherent mask)

The image density function P (r ′′): average number of photons getting the

detector on the plane z = a + b, in the infinitesimal area dx ′′ dy ′′ centred in the

point (x ′′, y ′′).

The directional attenuation factor M
(
r , z, Ω̂

)
= exp

[
−
∫ P
′′

P µλ

(
s, Ω̂

)
ds

]
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Imaging

P
(
r
′′)

=

∫
Source

O
(
r , z, Ω̂

)
A
(
r
′)
F
(
r , z, Ω̂

)
M
(
r , z, Ω̂

)
dr dz ,

r
′

=
b r + (a− z) r

′′

a + b − z
, F

(
r , z, Ω̂

)
=

cos3 ψ
(
r , z, Ω̂

)
(a + b − z)2

7

( )221

2

SS
rdcosd

+

′′⋅
=

rr ψ
Ω  angolo solido individuato da rd ′′

r2  (Figura 1-5)

ψ = angolo fra la direzione Ω
r

 e l’asse z:

21 SS
zbacos

+

−+
=ψ  quindi: 

( )2
23

zba
rdcosd

−+

′′⋅
=

rr ψ
Ω

( ) 







∫−=
++ 21 SSs

s

v

v

dssexp),v(
r

r

rr
µΩΜ  fattore di correzione dovuto all’attenuazione nel mezzo, ovvero

probabilità che un fotone X o gamma attraversi il mezzo senza subire interazioni; s rappresenta la

coordinata corrente nella direzione di Ω
r

, vsr rappresenta il valore della coordinata s nel punto di

emissione P

Il numero medio di fotoni ( ) rdrP ′′′′ rr 2  registrati nel tempo τ dal rivelatore in rd ′′
r2  è

dato dalla somma di tutti i fotoni emessi dalla sorgente in Ω
r

d , che non hanno subito

assorbimento nella sorgente stessa e trasmessi dalla maschera attraverso la funzione di

trasparenza ( )rA ′r . Utilizzando le definizioni introdotte, si ha:

( ) ( ) ( ) ( )

( )
( ) ( ) ( ) rddzrdrA,z,rM,z,rO

zba
cos

ddzrdrA,z,rM,z,rOrdrP

z r

z r

′′′
−+

=

=′=′′′′

∫ ∫
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rrrrrrr
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r

r
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Ove:

Figura 1-5: Rappresentazione dell’angolo solido individuato dall’elemento di superficie rd ′′
r2
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Simplifications

the source is isotropic : O
(
r , z, Ω̂

)
= O(r,z)

4π ,

the source is planar and it is located at z = 0: O (r , z) = O (r) δ (z),

the medium is perfectly transparent: M
(
r , z, Ω̂

)
≡ 1

Õ (ξ) = < (O) = O
(
− b

a
r
)

P
(
r
′′)

=

∫
Source′

Õ (ξ) A

(
a

a + b

(
r
′′
− ξ
))

cos3 ψ
(
ξ, r
′′)

dξ .

cos3 ψ
(
ξ, r
′′)

= cos3
(
arctan

(
|r ′′ + a

b
ξ|

a + b

))
=

[
1 +
|r ′′ + a

b
ξ|2

(a + b)2

]− 3
2
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Far Field

|r
′′
− r | � a + b,

P
(
r
′′)

= Õ ⊗ Ã =

∫
Source′

Õ (ξ) Ã
(
r
′′
− ξ
)
dξ ,

Decoding Kernel G : Ã⊗ G = δ (η − ξ)

Õ (η) = P ⊗ G

If the mask function A has a discretised form, as for the coding URA masks

(generalizations), a discrete approximation of the decoding kernel G is ready provided
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Near Field

an expansion parameter

ζ =
a

b

|ξ|
|r ′′ |

=
|r |
|r ′′ |

,

[
1 +
|r ′′ + a

b
ξ|2

(a + b)2

]− 3
2

=

(
1 +

|r ′′ |2

(a + b)2

)−3/2

1 +
∑ fn

(
|r
′′
|

(a+b)
, r̂
′′ · ξ̂

)
(
1 +

(
|r ′′ |
(a+b)

)2
)n ζ

n

 ≈

1 +
|r
′′
|2

(a + b)2


−3/2

1 −

3

 |r ′′ |
(a+b)

2

1 +

(
|r ′′ |
(a+b)

)2

(
r̂
′′
· ξ̂
)
ζ −

3

 |r ′′ |
(a+b)

2 1 +

(
1 − 5

(
r̂
′′
· ξ̂
)2) |r ′′ |

(a+b)

2
(

1 +

(
|r ′′ |
(a+b)

)2)2 ζ
2



53

Ponendo poi:

a
bam +

= ; 
ab

b;
ba

a
+

=
+

= γβ

ed effettuando il seguente cambiamento di sistema di riferimento già illustrato nel 1° capitolo:

rr rr
γ=0 ; ( ) ( ) rdrOrdrO rrrr 2

0
2

00 =

rrP ′′=
rr

β ; ( ) ( ) rdrPrdrP pPP ′′′′=
rrr 22

le (2-3)e (2-4) diventano rispettivamente:

( ) ( ) ( ) ( ) ( ) ( ) ( ) rdr,rcosrOtrdr,rcosrrArOtrP OPnOOoOPnOPOOPP
rrrrrrrrrrr 23231 ψψ ∫∫ ++−∝ (2-5)
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Sviluppando quest’ultima in serie di Taylor arrestata al secondo ordine, nell'intorno di 0=Or
r ,

si ha:

Figura 2-20 Configurazione geometrica del sistema ad aperture codificate esaminato
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Near Field

P
(
r
′′)

=

(
1 + |r

′′
|2

(a+b)2

)−3/2 [
P0
(
r
′′
)

+ P1
(
r
′′
)

+ P2
(
r
′′
)]

=(
1 + |r

′′
|2

(a+b)2

)−3/2
PC

(
r
′′
)

ÕC (η) = PC ⊗ G = Õ0 (η) + Õ1 (η) + Õ2 (η)

Õ0 (η) = Õ (η)

Õ1 (η) = K1 GψRO · RGψ

RO = (ξÕ (ξ))⊗ A,Gψ = cos2 ψ
(
0, r
′′)

G
(
r
′′

+ η
)
, RGψ =

∫
r
′′
Gψdr

′′
.

Õ2 (η) = K2 IO
∫
|r
′′
|4 cos4 ψ

(
0, r
′′)

G
(
r
′′

+ η
)
dr
′′

IO =

((
r̂
′′
· ξ̂
)2

Õ (ξ)

)
⊗ A
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URA

Point Sread Function : PSF = A⊗ G ≈ δ (r) in an appropriate sense.

A = (a (i , j)) , a (i , j) = 0, 1

a family of nearly square binary arrays with flat PACF sidelobes

φ (l , k) =

Nx−1∑
i=0

Ny−1∑
j=0

a (i , j) a (i + l modNx , j + k modNy ) .

satisfying the property

φ (l , k) =

{
K (l , k) = (0, 0)
λ otherwise ,

Existence criterion: Nx−1∑
i=0

Ny−1∑
j=0

a (i , j)

2

=

Nx−1∑
l=0

Ny−1∑
m=0

φ (l ,m)

K + λ (N − 1) = K2 ⇒ λ =
K (K − 1)

N − 1
, N = NxNy



Coding: General setting

Abelian difference sets

Difference set
Let be ∅ 6= D ⊂ G with |D| = k and (G ,+) a finite group.
D is called a (|G |, k, λ) - difference set in (G ,+), if every nonzero element of G can
be written as a difference of elements d1 + (−d2), with d1, d2 ∈ D, in exactly λ
different ways.

If (G ,+) is abelian, then D is called an abelian difference set.
If (G ,+) is cyclic, then D is called a cyclic difference set.

Main Theorem

(G ,+) finite abelian group of type
(
pr11 , p

r2
2 , . . . , p

rM
M

)
pi prime

D be a (|G |, k, λ)-difference set of (G ,+).

There exists an M-dim. incoherent binary array a, with pr11 × pr11 × · · · × p
rM
M

components, such that the PACF (a) is

φ (l1, l2, . . . , lM) =

{
k l1 = l2 = · · · = lM = 0,
λ otherwise.
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Abelian difference sets

Proof
∀ cyclic component C

(
p
ri
i

)
of the group (G ,+) ∃ generating element µi : ∀g ∈ G∃!

representation

g = (x1 µ1, x2 µ2, . . . , xM µM) , xi ∈
{
0, 1, . . . , prii − 1

}
, i ∈ {0, 1, . . . ,M}

Define the M-dimensional array

a (x1, x2, . . . , xM) =

{
1 g ∈ D,
0 otherwise.

There are exactly k elements of the matrix a equal to 1.
φ (0, 0, . . . , 0) = k

sidelobes

φ (l1, l2, . . . , lM) =

p
r1
1 −1∑
x1=0

· · ·
p
rM
M
−1∑

xM=0

a (x1, x2, . . . , xM) a (x1 + l1, x2 + l2, . . . , xM + lM) =

∑
(x1 µ1,x2 µ2,...,xM µM )∈D

a (x1 + l1, x2 + l2, . . . , xM + lM) .
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Abelian difference sets

((x1 + l1) µ1, (x2 + l2) µ2, . . . , (x2 + l2) µM) ∈ D.
However,

((x1 + l1) µ1, (x2 + l2) µ2, . . . , (x2 + l2) µM)− (x1 µ1, x2 µ2, . . . , xM µM) =

(l1 µ1, l2 µ2, . . . , lM µM) ∈ G/ {0}

which is a fixed element of G .

But, by the definition of a difference set, such elements appears exactly λ times. �
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Quadratic Residue URA’s

GF (pm) a Galois field with p a prime number and µ a primitive element .
∀α ∈ GF (pm):

α = µj , for a j ∈ {0, 1, . . . , pm − 1}.
α =

∑m−1
i=0 xi µ

i , with xi ∈ {0, 1, . . . , p − 1}.

a (x1, x2, . . . , xm) =


0 x1 = x2 = · · · = xm = 0,
1

∑m−1
i=0 xi µ

i = µj , j even,
−1

∑m−1
i=0 xi µ

i = µj , j odd.
(1)

GF (p1),GF (p2), p2 − p1 = 2

a (x , y) =


0 x = 0,
1 x 6= 0 y = 0,
0 x 6= 0 y 6= 0 a1 (x) a2 (y) = +1,
1 x 6= 0 y 6= 0 a1 (x) a2 (y) = −1,

(2)

ai (x) =


0 x = 0,
1 x = modpiµ

2
i

−1 x = modpiµ
1
i

, for some generating element µi of GF (pi ).
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Quadratic Residue URA’s

g (x , y) =

{
1 a (x , y) = 1
−1 a (x , y) = 0

.

By direct computation

p1−1∑
i=0

p2−1∑
j=0

a (i , j) g (i + l , j + k) =

{ p1p2−1
2 modp1 l = 0 and modp2k = 0,
0 otherwise.

.
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Quadratic Residue URA’s


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Reconstruction of a Point-like Source
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: a= 7.5 cm, b = 3.0 cm, m = 1.4, ψmax = 0.67
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Reconstruction of a Point-like Source

: a= 7.5 cm, b = 3.0 cm,



Coding: General setting

Reconstruction of a Point-like Source

: a= 8.5 cm, b = 3.0 cm,
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Reconstruction of a Point-like Source

: a → ∞
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Reconstruction of a Point-like Source - 0-ord corrections
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Reconstruction of a Point-like Source - 1-ord corrections
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: cos3 corrections, 1-ord corrections



Coding: General setting

Composite Point-like Source
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