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   Infinite # of vertices  
 
 
 
     & quantum corrections 

 Just a Cubic vertex  
 
 
 
   without quantum correction

Motivation 

• We formulated cov. SFTs !!  
 
- Beautiful but complicated.  

• We want more usable one  
            as “a tool” ...  

• As a tool, “light-cone SFT”  
may be better.  
 
- Easy to handle  
- Simple action  
  even for closed strings  
- Quartic for open strings

Slc = 1
2 ϕLlcϕ + 1

3! ϕ3

Scov = 1
2 ψQψ + 1

3! ψ3 +
∞

∑
n> 3

1
n! ψn



Our ultimate goal 

• Relating “light-cone SFT”  
with “covariant SFT”.  
 
- People may expect that  
  “light-cone theory” is  
  a gauge fixed version of  
  “covariant theory”.  
 
- No explicit construction. . . 

• As a first step, we consider  
how the light-cone string field 
appears from covariant SFT 

 
   Lorentz covariant theory 
 
 
 
                  Some gauge fixing? 
 
 
 
   Light-cone theory 



• “Field contents” (world-sheet variables) are different.  

        - Light-cone string field  …  Physical modes  
 
 
        - Covariant string field  …  ( Phys + [gauge + unphys] ) modes   

 
                                      

• “Neumann coefficients” (string-overlaps) are not equivalent.  
 
   LC type :                                    Witten type :   

Two differences 

Ψlc = Ψlc[ XI(σ), p+ , x− ]

Ψcov = Ψcov[ Xμ(σ), b(σ), c(σ) ]

= Ψcov[ XI(σ), p+ , x−; ∂X± (σ), b(σ), c(σ) ]

∫ dp+

BRST quartets 

Utilizing the t-parametrized equation of motion11 F(t) := QΨ(t) +Ψ(t) ∗Ψ(t), which gives the

equation of motion at t = 1, we obtain

S =

∫ 1

0
dt ⟨∂tΨ(t),F(t)⟩. (1.58)

1.2.2 HIKKO’s string field theories

One can construct another action by choosing another type of interactions.

Field theory of open strings

For instance, the action for open string field theory with end-points interaction is given by

S =
1

2
⟨Ψ, QΨ⟩+ 1

3
⟨Ψ, [Ψ,Ψ]⟩+ 1

4
⟨Ψ, [Ψ,Ψ,Ψ]⟩. (1.59)

There exist the 2-product [A,B] and the 3-product [A,B,C], which defining vertices of theory.

Note that the 3-product has ghost number −1 and the 4-point vertex does not vanish. These

vertices are defined as follows.

Ψ1

Ψ2

Ψ3

Ψ1
Ψ2

Ψ3

Ψ4

Fig.2.3 End-points interaction: HIKKO’s 3- and 4-vertices

These products are not associative but satisfy

0 = Q[A,B]− [QA,B]− (−)A[A,QB], (1.60)
[
[A,B], C

]
−

[
A, [B,C]

]
= Q[A,B,C]− [QA,B,C] + (−)A[A,QB,C]− (−)A+B[A,B,QC],

(1.61)

and have desired BPZ properties

⟨[A,B], C⟩ = ⟨A, [B,C]⟩, (1.62)

⟨[A,B,C], D⟩ = (−)A⟨A, [B,C,D]⟩, (1.63)

which are essentially equivalent to those of Witten theory. The equation of motion is given by

F(Ψ) := QΨ+ [Ψ,Ψ] + [Ψ,Ψ,Ψ] = 0, (1.64)

and the action is invariant under the gauge transformation

δΨ = QΨΛ := QΛ+ [Ψ,Λ]− [Λ,Ψ] + [Ψ,Ψ,Λ]− [Ψ,Λ,Ψ] + [Λ,Ψ,Ψ], (1.65)

where Λ is a gauge parameter field and QΨ is the generator.

11 Note that F(t) =
∫ 1

0
dα[QαΨ(t)Ψ(t)] where QαΨ(t) := Q+

[[
αΨ(t),

]]
.
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2 Class of Witten’s string field theory

The world-sheet description of Witten’s cubic vertex is given by the following figure.

Ψ

Ψ

Ψ
λ = π

2

Fig.1 World-sheet description of Witten vertex

Using this vertex, one can write an action for open string field theory

S1 =
1

2
⟨Ψ, QΨ⟩+ 1

3
⟨Ψ,Ψ ∗Ψ⟩. (2.1)

2.1 Rescaling, Embedding, and Gauging

We can consider the α-rescaling of the world-sheet, fα : Σ → Σα. It is the zero-mode of Weyl

transformations. Thus, we expect that it does not change the on-shell physics of string field

theory.

Ψα

Ψα

Ψα
λ = απ2

Fig.2 “Weyl rescaled” Witten vertex

Since it is a symmetry of conformal vertex, this rescaling does not change the class of theory:

⟨h[OA]T ◦ h[OB]T
2 ◦ h[OC ]⟩Σ = ⟨fα ◦ h[OA]fα ◦ T ◦ h[OB]fα ◦ T 2 ◦ h[OC ]⟩Σα . (2.2)

By definition, it also preserves the cyclic property of the cubic vertex, fα ◦ T = T ◦ fα.

String Field Redefinition

On the other hand, we can consider this effect as a string field redefinition Ψα ≡ f∗
α ◦Ψ by

h ◦ f∗
α = fα ◦ h and write

Sα =
1

2
⟨Ψα, QΨα⟩α +

1

3
⟨Ψα,Ψα ∗Ψα⟩α. (2.3)

When α-scaling is given by the zero mode of Weyl transformation, we can find an explicit form

of the field redefinition.

3

p+
3

p+
1

p+
2



                                          Witten type                p-dependent overlap   

 Physical modes                                                       Kaku-Kikkawa’s  
                                                                                    LC theory  

                               
 Physical modes  
           +                           Witten theory                 
 “∞ BRST quartets”

Sketch of light-cone & covariant theories 

So we can expect . . .
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Some 
SFT
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SFT

…  Light-cone reduction (Removing the quartets)  

…  Field redefinition 



…  Light-cone reduction (Removing the quartets)  

…  Field redefinition 

                                          Witten type                p-dependent overlap   

 Physical modes                                                       Kaku-Kikkawa’s  
                                                                                    LC theory  

                               
 Physical modes  
           +                           Witten theory                 
 “∞ BRST quartets”

Sketch of light-cone & covariant theories 

Some 
SFT

this talk



 
  After a (linear) field redefinition…  
 
 
                

Our strategy 

• Covariant String Field  
    = Light-cone String Field  
          + BRST quartets  

• Gauge fixing as making  
      an effective field theory  
 
- Classical part = our LC action  
 

• In terms of math…   
  “Homological perturbation”  
              for  A∞ / L∞  

Ψcov = Ψlc⏟
physical

+ Ψquartet

gauge + unphys

 
  Integrating out “gauge degrees”  
 
 
   ∫ %[ψ]e−S[ψ] = ∫ %[ψlc, ψg ]e−S[ψlc+ ψg ]

= (Volg ) ⋅ ∫ %[ψlc]e−Seff[ψlc]Seff[ψlc] = S[ψlc] + ( loop )



Our results 

• Light-cone SFT from 
Witten’s covariant SFT  
 
- A new type of theory  
 
- Different from the old  
    Kaku-Kikkawa’s one.  

• Amplitudes are exactly the 
same as Witten’s SFT.  
     ( by construction )

 
   Witten’s SFT 
 
 

 
                       LC reduction 
 
 
   Light-cone SFT with A∞ 
 
 
                

Scov = 1
2 ψ Qψ + 1

3 ψ3

Slc = 1
2 ψlc c0Llcψlc + 1

3 ψlc
3 + ∑

n> 3

1
n

ψlc
n



Plan 

• Introduction & Summary ✔  

• LC reduction of Witten’s SFT  

(a) Sketch of LC reduction 
  - Field redefinition  
  - Effective field theory  

(b) More on the reduction  
  - Homological perturbation   
      & path-integrating-out  

• Summary + α 



(a) Sketch of LC reduction 

 - Review of BRST quartets   
 
 - Find a field redefinition                 s.t.  

 - Integrating-out             ( = Homological Perturbation )

Ψcov = Ψlc⏟
physical

+ Ψquartet

unphys + gauge

Ψcov = ' Ψ

Ψquartet



Review: BRST quartets 

• Virasoro zero  =  Light-cone + “quartets” 


 

• N counts the level of  


• Nilpotent operator                             generates BRST transformations  
 
 
 
 
 and N is a “d-exact operator”. 


                 Any “d-closed” state A satisfying N A = n A  (n≠0)  is “d-exact” 


                                  No d-cohomology except for Ker[ N ] !

BRST quartets : { a+
−n, c−n, ; bn, a−

n }
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L0 ≡
1

2
p2 +

∑

n≥1

aI−na
I
n − 1

︸ ︷︷ ︸
=Llc

0

+
∑

n̸=0

[
n : c−nbn : − : a+−na

−
n :

]

︸ ︷︷ ︸
=N

The operator N counts excitation modes of {a+n , cn; b−n, a
−
−n}.

Llc
0 ≡ 1

2
p2 +

∑

n≥1

aI−na
I
n − 1

N ≡
∑

n ̸=0

[
n : c−nbn : − : a+−na

−
n :

]

Q ≡ c0 L0 + [Qnon zero ]− b0
∑

n ̸=0

n : c−ncn :

︸ ︷︷ ︸
=Q2

= c0
(
Llc
0 +N

)
+
[
−p+

∑

n ̸=0

c−na
−
n

︸ ︷︷ ︸
= d

+Q1 −p−
∑

n ̸=0

c−na
+
n

︸ ︷︷ ︸
=Q3

]
+Q2

= d+ c0
(
Llc
0 +N

)
+
∑

k=1

Qk

Q1 ≡
∑

n ̸=0

c−n

[1
2

∑

k

ain−ka
i
k −

∑

k ̸=0

a+n−ka
−
k

]
− 1

2

∑

n,m̸=0
n+m̸=0

(m− n) : c−mc−nbn+m :

N =
[[
d ,

1

p+

∑

n ̸=0

a+−nbn
]]

U ≡ exp
(
− c0

1

p+

∑

n ̸=0

a+−nbn
)
exp

( 1

p+

∑

n̸=0

1

n

[[
a+−nbn, Q1 +

1

2
Q2

]])
(0.1)

Light-cone decomposition of BRST

X± ≡ 1√
2

(
X0 ±X25

)

We find differential operators acting on the quartet for p+ ̸= 0 or p− ̸= 0,

d ≡ −p+
∑

n̸=0

c−na
−
n , d̄ ≡ −p−

∑

n ̸=0

c−na
+
n .

1
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2.2 On the BRST quartet

In the BRST framework, each pair of {a+n , cn; b−n, a
−
−n}n ̸=0 forms a trivial quartet. We

suppose p+ ̸= 0, which enables us to shift the bc-ghost system to the p+c and 1
p+ b system.

We write q+ ≡ {a+n , p+cn}n ̸=0 and q− ≡ { 1
p+ bn, a

−
n }n ̸=0 for pairs of nonzero modes. Because

of the canonical commutation relations, a differential operator

d ≡ −p+
∑

n ̸=0

c−na
−
n (2.7)

acts on the nonzero modes q = q+ ⊕ q− and is nilpotent (d)2 = 0. Therefore, d generates

BRST transformation δB satisfying (δB)2 = 0 as follows

δB
(
a+n

)
≡

[[
d , a+n

]]
= −n

(
p+cn

)
, δB

( 1

p+
b−n

)
≡

[[
d ,

1

p+
b−n

]]
= a−−n .

We call this type of pair of the excitations q and differential d as a BRST quartet. The

BRST quartet has no cohomology, which is a well-known fact. For each excitation mode,

the differential d has no cohomology because commutation relations [[p+cm, 1
p+ bn]] = δn+m,0

and [[a±m, a∓n ]] = −mδm+n,0 imply the existence of its homotopy contracting operator.

Since d acts on q+ and q− separately, we can define the quartet splitting operator

S± ≡ −
∑

n ̸=0

:
[ 1
n
a+−na

−
n − c−nbn

]
: ,

which satisfies S±q+ = q+ and S±q− = −q−. One can construct a kind of homotopy

contracting operator κ± satisfying dκ± + κ± d = S± as follows

κ± ≡ 1

p+

∑

n ̸=0

1

n
a+−nbn . (2.8)

When Φ satisfies [[S±,Φ]] = nΦ and [[d,Φ]] = 0, we find Φ = 1
n [[S±,Φ]] =

1
n [[d, [[κ±,Φ]]]] for

n ̸= 0. Any physical state therefore includes the same numbers of q+- and q−-excitations.

Note that operators d, N , c0 and K lc appearing in (2.6) have no S±-excitation:

[[
S±, d

]]
=

[[
S±, N

]]
=

[[
S±, c0

]]
=

[[
S±,K

lc
]]
= 0 .

Likewise, we have the level counting operator N acting on the quartet, which is defined

by (2.3). We can quickly find another kind of homotopy contracting operator

κ ≡ 1

p+

∑

n ̸=0

a+−nbn . (2.9)

It will provide a standard situation of the homological perturbation lemma. We find

dκ+ κ d = N .

When Φ satisfies [[N,Φ]] = nΦ and [[d,Φ]] = 0, we find Φ = 1
n [[N,Φ]] = 1

n [[d, [[κ,Φ]]]] for

n ̸= 0. Hence, the physical modes of Φ condense on the NΦ = 0 subspace and BRST

quartets’ excitations have no cohomology.
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Light-cone & BRST  

• bc zero-modes & LC modes   
 
 
 
 
 
 
 
 
 

• We find the similarity transformation : Q = '−1 ( coLlc + d ) '
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1

p+

∑

n ̸=0

a+−nbn
)
exp

( 1

p+

∑

n̸=0

1

n

[[
a+−nbn, Q1 +

1

2
Q2

]])
(0.1)

Light-cone decomposition of BRST

X± ≡ 1√
2

(
X0 ±X25

)

We find differential operators acting on the quartet for p+ ̸= 0 or p− ̸= 0,

d ≡ −p+
∑

n̸=0

c−na
−
n , d̄ ≡ −p−

∑

n ̸=0

c−na
+
n .
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L0 ≡
1

2
p2 +

∑

n≥1

aI−na
I
n − 1

︸ ︷︷ ︸
=Llc

0

+
∑

n̸=0

[
n : c−nbn : − : a+−na

−
n :

]

︸ ︷︷ ︸
=N

The operator N counts excitation modes of {a+n , cn; b−n, a
−
−n}.

Llc
0 ≡ 1

2
p2 +

∑

n≥1

aI−na
I
n − 1

N ≡
∑

n ̸=0

[
n : c−nbn : − : a+−na

−
n :

]

Q ≡ c0 L0 + [Qnon zero ]− b0
∑

n ̸=0

n : c−ncn :

︸ ︷︷ ︸
=Q2

= c0
(
Llc
0 +N

)
+
[
−p+

∑

n ̸=0

c−na
−
n

︸ ︷︷ ︸
= d

+Q1 −p−
∑

n ̸=0

c−na
+
n

︸ ︷︷ ︸
=Q3

]
+Q2

= d+ c0
(
Llc
0 +N

)
+
∑

k=1

Qk
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These are nilpotent and have no cohomology, which we will see later. Since c0K lc is nilpotent and
satisfies [[c0K lc, d ]] = 0, the operator c0K lc + d is also nilpotent.

We find that the nonzero mode part Q′ includes these two nilpotent operators and takes the
form Q′ = d+Q1 + d̄ where

Q1 ≡
∑

n̸=0

c−n

[1
2

∑

k

ain−ka
i
k −

∑

k ̸=0

a+n−ka
−
k

]
− 1

2

∑

n,m ̸=0
n+m ̸=0

(m− n) : c−mc−nbn+m : . (0.2a)

Namely, the nilpotent operator c0K lc or c0K lc + d appears in the BRST operator (??). When a
nilpotent operator included in Q has the same cohomology as Q, the other term has no cohomology
and can be regarded as a perturbation. We define perturbing terms

Q2 ≡ −b0
∑

n ̸=0

n : c−ncn : , (0.2b)

Q3 ≡ d̄ = −p−
∑

n ̸=0

c−na
+
n . (0.2c)

As a result, we obtain the light-cone decomposition of the BRST operator

Q = d+ c0
[
K lc +N

]
+

3∑

k=1

Qk , (0.3)

in which d, c0N and
∑

k Qk are perturbations connecting c0K lc to Q. One can use each of them
as a perturbation: For example, c0N +

∑
k Qk connects c0K lc + d to Q. These connections can

be understood as maps between nilpotent operators. We can find that there exists a similarity
transformation U between Q and c0K lc + d as follows

Q = U−1
(
d+ c0K

lc
)
U . (0.4)

This is a refined form of the light-cone decomposition of the BRST operator (0.3), which is our
starting point in this paper. The important fact is that d has no cohomology and such a linear
map U exists and provides (0.4). It implies that U Q = (c0K lc + d)U provides a morphism of two
A∞ algebras preserving its cohomology.

2



Field redefinition 

• LC dec. of BRST op.   

• Field redefinition 

Q = '−1 ( coLlc + d ) '

Ψ → ' Ψ = Ψlc⏟
physical

+ ΨBRS quartet

gauge

 
   Light-cone Virasoro zero 

d = − p+ ∑
n≠0

c−na−
n

BRST quartets : { a+
−n, c−n, ; bn, a−

n }

Llc = 1
2 p2 + ∑

n≥1
aI

−naI
n− 1



Hodge type 
decomposition 

• BRST quartets have no 
cohomology.  

• We thus find a homotopy 
equivalence relation  
 
  
- Actually...  
 
 
 
 
- “h” is a kind of propagator. 

d h + h d = 1 − Π

 
   d : Quartets’ Differential  

 
   h : Homotopy contracting op.  
 
 
 
 
   Π : Projector onto Ker[N]Ψ → ' Ψ = Π Ψ + (d h + h d ) Ψ

= Ψlc⏟
physical

+ ΨBRS quartet

gauge

d = − p+ ∑
n≠0

c−na−
n

h = 1
p+ N ∑

n≠0
a+

−nbn(1 − Π)

Q (bL−1) + (bL−1) Q = 1 − e−∞L



Witten theory  

• String field redefinition  
 
 
- Witten theory becomes  

• Integrating-out all of the 
gauge & unphys degrees 
 
  = By HP lemma for A∞  
           ( We will see later... )

Ψcov = ' Ψ
   

• Covariant theory  

• Associative product : 

• Gauge invariance  

SWitten = 1
2 Ψcov (c0Llc + d) Ψcov + 1

3 (Ψcov)3

δΨcov = (c0Llc + d) Λ

mcov
2

+ mcov
2 (Ψcov , Λ) + mcov

2 (Λ , Ψcov)



An “effective” theory 

• Roughly, in terms of field theory...  
- Expanding the action  
 
 
 
 
- Solving the e.o.m. of gauge modes  
 

• LC SFT from covariant SFT  
- A new type of theory 

4.1 Light-cone reduction and A∞ structure

Witten’s open string field theory has a cubic action

S[Ψ] =
1

2

〈

Ψ, QΨ
〉

+
1

3

〈

Ψ, m2
(

Ψ,Ψ
)〉

. (4.2)

Let us consider the following redefinitions of the string field Ψ and the star product m2,

Ψcov = U Ψ , mcov
2 = U m2U

−1 . (4.3)

Namely, we set mcov
2 = U m2(U−1 ⊗ U−1) as a bilinear map. Hence, the cubic vertex mcov

2
remains associative and is exactly equivalent to the original star product m2. We find

S[Ψcov] =
1

2

〈

Ψcov, (c0 K
lc + d)Ψcov

〉

+
1

3

〈

Ψcov, m
cov
2

(

Ψcov,Ψcov
) 〉

. (4.4)

The string field Ψcov ∈ Hcov has ghost number 1 and includes gauge degrees. The action
S[Ψcov] is invariant under the gauge transformation

δΨcov = (c0 K
lc + d )Λcov +mcov

2

(

Ψcov,Λcov
)

+mcov
2

(

Λcov,Ψcov
)

,

where Λcov ∈ Hcov is a gauge parameter field carrying ghost number 0. By defining
mcov

1 ≡ c0 K lc + d, we find that as the Witten theory, the following coderivation becomes
nilpotent and gives a cyclic A∞ structure

mcov ≡ mcov
1 +mcov

2 . (4.5)

The original A∞ relations of (4.2) provide the nilpotency (Q)2 = 0, the Leibniz rule
[[Q,m2]] = 0 and the associativity of the star product (m2)2 = 0. In terms of (4.5), these
relations correspond to

(c0K
lc)2 = (d)2 =

[[

d, c0K
lc
]]

= 0 , (4.6a)
[[

d,mcov
2

]]

+
[[

c0K
lc,mcov

2

]]

= 0 , (4.6b)

(mcov
2 )2 = 0 , (4.6c)

respectively. Note that although the physical and unphysical excitations are completely
split in the above expression, it remains covariant theory yet.

We can expand the string field as Ψcov = ψ + c0χ and the action (4.4) becomes

S[ψ + c0χ] =
1

2

〈

ψ, c0K
lc ψ

〉

+
1

3

〈

ψ, mcov
2

(

ψ,ψ
)〉

+
〈

c0χ, m
cov
2

(

ψ,ψ
)〉

+
〈

c0χ, dψ
〉

+
〈

ψ, mcov
2

(

c0χ, c0χ
)〉

+
1

3

〈

c0χ, m
cov
2

(

c0χ, c0χ
)〉

.

Roughly speaking, the covariant theory reduces to the light-cone theory by integrating out
χ and by solving its equations of motion

c0
[

dψ +mcov
2 (ψ, c0χ) +mcov

2 (c0χ,ψ) +mcov
2 (ψ,ψ) +mcov

2 (c0χ, c0χ)
]

= 0 .

This type of reduction can be performed by the homological perturbation lemma.5 It is an
exact procedure to reduce nonlinear gauge symmetry and provides a closed form expression
of the resultant theory. We thus consider the lemma for A∞, or the minimal model.

5The path-integral-based understanding of homological perturbation lemma was investigated in the early days.
See textbooks such as [12]. For recent works, references in [17] may be helpful.
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Slc = 1
2 ψlcc0Llcψlc + 1

3 ψlc
3 + ∑

n> 3

1
n

ψlc
n

χ = (d h + h d ) χ

Ψcov = ψ + c0 χ
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Slc = 1
2 ψlcc0Llcψlc + 1

3 ψlc
3 + ∑

n> 3

1
n

ψlc
n

 
          Slc = Classical part of the “effective” action  
 
    Higher vertices are . . .   
                                                           h 

  

                                                       + … 
ψlc
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mlc = π
[
c0 L

lc
0 +mcov

2

1

1 + hmcov
2

]
ι (0.1)

h !

(
V, ∂V

) f

"
g

(
W, ∂W

)
with 1V − g f = ∂V h+ h ∂V

∆
(
∂V +∆

)2
= 0

h̃ !

(
V, ∂V +∆

) f̃

"
g̃

(
W, ∂̃W

)
with 1V − g̃ f̃ = (∂V +∆) h̃+ h̃ (∂V +∆)

h !

(
Hcov, d

) π
"

ι

(
Ker[N ]︸ ︷︷ ︸
=Hlc

, 0
)

with 1Hcov − ι π︸︷︷︸
=Π

= d h+ h d

c0 L
lc
0 mcov

2

h !

(
Hcov, d+ c0 L

lc
0︸ ︷︷ ︸

covariant

) π
"

ι

(
Hlc , c0 L

lc
0︸ ︷︷ ︸

light-cone

)

h̃ !

(
Hcov, (d+ c0 L

lc
0 ) +mcov

2︸ ︷︷ ︸
Witten theory

) π̃
"

ι̃

(
Hlc, c0 L

lc
0 +

∞∑

n=2

mlc
n

︸ ︷︷ ︸
A∞ light-cone theory

)

d[1] ≡ −p+
∑

|n|>1

c−na
−
n (0.2)

S[φ] =
1

2

〈
φ ,

[
c0 L

lc
0 + (d− d[1])

]
φ
〉
+

∞∑

n=2

1

n+ 1

〈
φ , m̃n(φ, . . . ,φ︸ ︷︷ ︸

n

)
〉

(0.3)

δφ =
[
c0 L

lc
0 + (d− d[1])

]
λ+

∑

cyclic

∞∑

n=1

m̃n+1(φ, . . . ,φ︸ ︷︷ ︸
n

,λ ) (0.4)

L0 ≡
1

2
p2 +

∑

n≥1

aI−na
I
n − 1

︸ ︷︷ ︸
=Llc

0

+
∑

n̸=0

[
n : c−nbn : − : a+−na

−
n :

]

︸ ︷︷ ︸
=N

The operator N counts excitation modes of {a+n , cn; b−n, a
−
−n}.

Llc
0 ≡ 1

2
p2 +

∑

n≥1

aI−na
I
n − 1

N ≡
∑

n ̸=0

[
n : c−nbn : − : a+−na

−
n :

]

1

May 8, 2019 H.Matsunaga

mlc = π
[
c0 L

lc
0 +mcov

2

1

1 + hmcov
2

]
ι (0.1)

h !

(
V, ∂V

) f

"
g

(
W, ∂W

)
with 1V − g f = ∂V h+ h ∂V

∆
(
∂V +∆

)2
= 0

h̃ !

(
V, ∂V +∆

) f̃

"
g̃

(
W, ∂̃W

)
with 1V − g̃ f̃ = (∂V +∆) h̃+ h̃ (∂V +∆)

h !

(
Hcov, d

) π
"

ι

(
Ker[N ]︸ ︷︷ ︸
=Hlc

, 0
)

with 1Hcov − ι π︸︷︷︸
=Π

= d h+ h d

c0 L
lc
0 mcov

2

h !

(
Hcov, d+ c0 L

lc
0︸ ︷︷ ︸

covariant

) π
"

ι

(
Hlc , c0 L

lc
0︸ ︷︷ ︸

light-cone

)

h̃ !

(
Hcov, (d+ c0 L

lc
0 ) +mcov

2︸ ︷︷ ︸
Witten theory

) π̃
"

ι̃

(
Hlc, c0 L

lc
0 +

∞∑

n=2

mlc
n

︸ ︷︷ ︸
A∞ light-cone theory

)

d[1] ≡ −p+
∑

|n|>1

c−na
−
n (0.2)

S[φ] =
1

2

〈
φ ,

[
c0 L

lc
0 + (d− d[1])

]
φ
〉
+

∞∑

n=2

1

n+ 1

〈
φ , m̃n(φ, . . . ,φ︸ ︷︷ ︸

n

)
〉

(0.3)

δφ =
[
c0 L

lc
0 + (d− d[1])

]
λ+

∑

cyclic

∞∑

n=1

m̃n+1(φ, . . . ,φ︸ ︷︷ ︸
n

,λ ) (0.4)

L0 ≡
1

2
p2 +

∑

n≥1

aI−na
I
n − 1

︸ ︷︷ ︸
=Llc

0

+
∑

n̸=0

[
n : c−nbn : − : a+−na

−
n :

]

︸ ︷︷ ︸
=N

The operator N counts excitation modes of {a+n , cn; b−n, a
−
−n}.

Llc
0 ≡ 1

2
p2 +

∑

n≥1

aI−na
I
n − 1

N ≡
∑

n ̸=0

[
n : c−nbn : − : a+−na

−
n :

]

1

May 8, 2019 H.Matsunaga

mlc = π
[
c0 L

lc
0 +mcov

2

1

1 + hmcov
2

]
ι (0.1)

h !

(
V, ∂V

) f

"
g

(
W, ∂W

)
with 1V − g f = ∂V h+ h ∂V

∆
(
∂V +∆

)2
= 0

h̃ !

(
V, ∂V +∆

) f̃

"
g̃

(
W, ∂̃W

)
with 1V − g̃ f̃ = (∂V +∆) h̃+ h̃ (∂V +∆)

h !

(
Hcov, d

) π
"

ι

(
Ker[N ]︸ ︷︷ ︸
=Hlc

, 0
)

with 1Hcov − ι π︸︷︷︸
=Π

= d h+ h d

c0 L
lc
0 mcov

2

h !

(
Hcov, d+ c0 L

lc
0︸ ︷︷ ︸

covariant

) π
"

ι

(
Hlc , c0 L

lc
0︸ ︷︷ ︸

light-cone

)

h̃ !

(
Hcov, (d+ c0 L

lc
0 ) +mcov

2︸ ︷︷ ︸
Witten theory

) π̃
"

ι̃

(
Hlc, c0 L

lc
0 +

∞∑

n=2

mlc
n

︸ ︷︷ ︸
A∞ light-cone theory

)

d[1] ≡ −p+
∑

|n|>1

c−na
−
n (0.2)

S[φ] =
1

2

〈
φ ,

[
c0 L

lc
0 + (d− d[1])

]
φ
〉
+

∞∑

n=2

1

n+ 1

〈
φ , m̃n(φ, . . . ,φ︸ ︷︷ ︸

n

)
〉

(0.3)

δφ =
[
c0 L

lc
0 + (d− d[1])

]
λ+

∑

cyclic

∞∑

n=1

m̃n+1(φ, . . . ,φ︸ ︷︷ ︸
n

,λ ) (0.4)

L0 ≡
1

2
p2 +

∑

n≥1

aI−na
I
n − 1

︸ ︷︷ ︸
=Llc

0

+
∑

n̸=0

[
n : c−nbn : − : a+−na

−
n :

]

︸ ︷︷ ︸
=N

The operator N counts excitation modes of {a+n , cn; b−n, a
−
−n}.

Llc
0 ≡ 1

2
p2 +

∑

n≥1

aI−na
I
n − 1

N ≡
∑

n ̸=0

[
n : c−nbn : − : a+−na

−
n :

]

1

May 8, 2019 H.Matsunaga

mlc = π
[
c0 L

lc
0 +mcov

2

1

1 + hmcov
2

]
ι (0.1)

h !

(
V, ∂V

) f

"
g

(
W, ∂W

)
with 1V − g f = ∂V h+ h ∂V

∆
(
∂V +∆

)2
= 0

h̃ !

(
V, ∂V +∆

) f̃

"
g̃

(
W, ∂̃W

)
with 1V − g̃ f̃ = (∂V +∆) h̃+ h̃ (∂V +∆)

h !

(
Hcov, d

) π
"

ι

(
Ker[N ]︸ ︷︷ ︸
=Hlc

, 0
)

with 1Hcov − ι π︸︷︷︸
=Π

= d h+ h d

c0 L
lc
0 mcov

2

h !

(
Hcov, d+ c0 L

lc
0︸ ︷︷ ︸

covariant

) π
"

ι

(
Hlc , c0 L

lc
0︸ ︷︷ ︸

light-cone

)

h̃ !

(
Hcov, (d+ c0 L

lc
0 ) +mcov

2︸ ︷︷ ︸
Witten theory

) π̃
"

ι̃

(
Hlc, c0 L

lc
0 +

∞∑

n=2

mlc
n

︸ ︷︷ ︸
A∞ light-cone theory

)

d[1] ≡ −p+
∑

|n|>1

c−na
−
n (0.2)

S[φ] =
1

2

〈
φ ,

[
c0 L

lc
0 + (d− d[1])

]
φ
〉
+

∞∑

n=2

1

n+ 1

〈
φ , m̃n(φ, . . . ,φ︸ ︷︷ ︸

n

)
〉

(0.3)

δφ =
[
c0 L

lc
0 + (d− d[1])

]
λ+

∑

cyclic

∞∑

n=1

m̃n+1(φ, . . . ,φ︸ ︷︷ ︸
n

,λ ) (0.4)

L0 ≡
1

2
p2 +

∑

n≥1

aI−na
I
n − 1

︸ ︷︷ ︸
=Llc

0

+
∑

n̸=0

[
n : c−nbn : − : a+−na

−
n :

]

︸ ︷︷ ︸
=N

The operator N counts excitation modes of {a+n , cn; b−n, a
−
−n}.

Llc
0 ≡ 1

2
p2 +

∑

n≥1

aI−na
I
n − 1

N ≡
∑

n ̸=0

[
n : c−nbn : − : a+−na

−
n :

]

1



(b) More on the reduction 

  - Homological Perturbation lemma & Integrating out        
 
  - Application to Other types of reduction 

Ψunphys + gauge



Review: HP lemma 

• For given “Standard situation”  
 
 
 
 
 
& given “perturbation”   

                s.t.  

• New Standard Situation  

     V, W :  vector space 

  ∂V, ∂W : nilpotent differential  

  f and g preserve its cohomology  
           ( quasi-isomorphism )  

  1 and g f : homotopy equivalent                   
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Review: HP lemma 

• For given “Standard situation”  
 
 
 
 
 
& given “perturbation”   

                s.t.  

• New Standard Situation  

     V, W :  vector space 

  ∂V, ∂W : nilpotent differential  

  f and g preserve its cohomology  
           ( quasi-isomorphism )  

  1 and g f : homotopy equivalent                   
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     Input :   
        - Standard situation 
        - any perturbation  

  Output :  
      - New standard situation !! 



Review: HP lemma 

• For given “Standard situation”  
 
 
 
 
 
& given “perturbation”   

                s.t.  

• New Standard Situation  

Roughly, in terms of QFT …  

- Homotopy equivalence -  

We have a theory                       

  and its field-contents split   
 

- Standard situation -  

By integrating-out                     ,  

 SV reduces to an equivalent one  
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∫ %[ψv]e−SV[ψv] ⟶ ∫ %[ϕw]e−SW[ϕw]

ψv = (g f ) ψv

ϕW

+ (∂Vh + h ∂V) ψv

no cohomology

SV = 1
2 ψv ∂Vψv

SW = 1
2 ϕw ∂Wϕw

(∂Vh + h ∂V) ψv



In terms of coalgebra...

Explicit form of A∞ vertices 

• Start with “quartets”  

 

• Add “LC physics”         as a perturbation  
 
 

• Add “interactions”          as a perturbation 

{ a+
−n, c−n, ; bn, a−

n }n≠0
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Example 

• Removing                                                    except for “n=1”  
 
                            Consider                                

• Then, we get  string field theory  which consists of  tachyon,  
         Covariant massless modes & transverse others  

• Gauge transformation of the string field 

BRST quartets : { a+
−n, c−n, ; bn, a−

n }
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Summary  

• Our light-cone SFT has an 
A-infinity action.  

• Different from Kaku-
Kikkawa’s old LC theory.  

• Consistent as a LC theory  
& No gauge degree.  

• Our LC SFT has the same 
S-matrix as Witten’s SFT. 



                                          Witten type                p-dependent overlap   

 Physical modes               LC theory w/ A∞           Kaku-Kikkawa’s  
                                                                                    LC theory  

                               
 Physical modes  
           +                            Witten theory                  
 “∞ BRS quartets”

Summary + α 

Some 
SFT



                                          Witten type                p-dependent overlap   

 Physical modes               LC theory w/ A∞           Kaku-Kikkawa’s  
                                                                                    LC theory  

                               
 Physical modes  
           +                            Witten theory                 α = p+ HIKKO  
 “∞ BRS quartets”                                                       [Kugo-Zwiebach 92’] 

Summary + α 

Unitary (but almost cov.) ver.  
of HIKKO’s SFT



                                          Witten type                p-dependent overlap   

 Physical modes               LC theory w/ A∞           Kaku-Kikkawa’s  
                                                                                    LC theory  

                               
 Physical modes  
           +                            Witten theory                 α = p+ HIKKO  
 “∞ BRS quartets”                                                       [Kugo-Zwiebach 92’] 

Summary + α  

↺

↺ …  work in progress with Ted Erler



                                          Witten type                p-dependent overlap   

 Physical modes               LC theory w/ A∞           Kaku-Kikkawa’s  
                                                                                    LC theory  

                               
 Physical modes  
           +                            Witten theory                 α = p+ HIKKO  
 “∞ BRS quartets”                                                       [Kugo-Zwiebach 92’]

Summary + α  

 Physical modes                  Osp(26,2|2)-   
           +                           extended theory 
 “(∞+1) BRS quartets”       [ Siegel-Zwiebach, Kugo ] 



Summary + α 

 Physical modes                  Osp(26,2|2)-  
           +                           extended theory 
 “(∞+1) BRS quartets”       [ Siegel-Zwiebach, Kugo ] 

 Physical modes                   
           +                                   
 “∞ BRS quartets”      

Ψcov = Ψcov[ Xμ(σ), b(σ), c(σ) ]

Ψ = Ψ[ Xμ(σ), b(σ), c(σ) ; one quartet ]

Some covariant  
closed SFT w/ L∞

Removing extra quartet  
  …  work in progress



‒ ̶ ‒ 

“Thank you !!”


