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Plans and Disclaimers
• Plan:


• Lecture 1: Broad Perspective on ML… some formalism


• Lecture 2: Exploration of Data Science / Machine Learning Tools


• Lecture 3: Closer Look at the Techniques I


• Lecture 4: Deep Learning


• Lecture 5: Closer Look at the Techniques II


• Lecture 6: Exploration of Deep Learning Tools 

• Example Implementations of various architectures and techniques 

• Deep Learning in HEP


• Disclaimers:


• I have a very HEP/LHC perspective… some background in B and neutrino physics.


• Would love to learn about more nuclear physics problems.


• Lots of stolen graphics… mostly from Wikipedia.
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Lecture 1
• What is Machine Learning?


• HEP Data


• What is it?


• How to think about it.


• What do we do with it?


• Machine Learning


• A Formulation


• Linear Techniques ⟶ Kernel Techniques ⟶ Decision Trees ⟶ Neutral Networks 
⟶ Deep Learning


• Bayesian vs Frequentist
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AI vs ML vs DL
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https://www.wired.com/2017/01/move-coders-physicists-will-soon-rule-silicon-valley/

Physicists know how to handle data—at MIT, Cloudant’s founders handled massive datasets from the the Large Hadron 
Collider—and building these enormously complex systems requires its own breed of abstract thought.

it’s happening across Silicon Valley. Because structurally and technologically, the things that just about every internet 
company needs to do are more and more suited to the skill set of a physicist.

But this is a particularly ripe moment for physicists in computer tech, thanks to the rise of machine learning, where machines 
learn tasks by analyzing vast amounts of data. This new wave of data science and AI is something that suits physicists 
right down to their socks.

these neural networks are really just math on an enormous scale, mostly linear algebra and probability theory. 

Chris Bishop, who heads Microsoft’s Cambridge research lab,  … “There is something very natural about a physicist 
going into machine learning,” he says, “more natural than a computer scientist.”

They come because they’re suited to the work. And they come because of the money. As Boykin says: “The salaries in tech 
are arguably absurd.” But they also come because there are so many hard problems to solve.

Machine learning will change not only how the world analyzes data but how it builds software.

In other words, all the physicists pushing into the realm of the Silicon Valley engineer is a sign of a much bigger 
change to come. Soon, all the Silicon Valley engineers will push into the realm of the physicist.

Most of the graduate students and postdocs in this 

room are probably headed in this direction…

https://www.wired.com/2017/01/move-coders-physicists-will-soon-rule-silicon-valley/


AI vs ML vs DL
• Artificial Intelligence: Any technique that mimics human behavior


• Code, Logic, Symbolic systems, Knowledge Bases


• Machine Learning: Any technique that learns from experience (aka Data)


• Logistic regression (aka fits), Decision Trees, Clustering, Kernel Methods 


• Representation Learning: Techniques that learn representations of data 
amenable to specific or general tasks


• Shallow Auto-encoders


• Neural Networks: Biologically inspired ML


• Deep Learning: Multi-layered Neural Networks


• MLP, DNN, CNN, RNN, …
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Supervised ML
• Tasks: Classification, Classification with missing 

inputs, Regression, Transcription, Machine 
Translation, Structured Output 

• “Traditional” Techniques:  

• Linear/Logistic Regression 

• Support Vector Machines 

• Decision Trees
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Un-supervised ML
• Tasks: Clustering, Anomaly Detection, Imputation 

of Missing Values, Synthesis & Sampling, 
Denoising, Density Estimation 

• “Traditional” Techniques: 

• Principle Component Analysis 

• k-means Clustering
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Ingredients of ML
• Problem Formulation. Specify: 

• Data Set: Inputs/Outputs 

• ML technique: F ( Input | Parameters ) = Output

• Target: Cost (aka loss) function

• Supervised: Compare F vs Ground Truth Output 

• Unsupervised: e.g. Cluster like inputs 

• Semi-supervised: F(Input) = Input 

• Training: Optimization

• Choose how to find best parameters
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HEP Data
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How do we 
“see” particles?
• Charged particles ionize media 

• Image the ions. 

• In Magnetic Field the curvature of 
trajectory measures momentum. 

• Momentum resolution degrades as 
less curvature: σ(p) ~ c p ⊕ d.  

• d due to multiple scattering.   

• Measure Energy Loss (~ # ions) 

• dE/dx = Energy Loss / Unit Length = 
f(m, v) = Bethe-Block Function 

• Identify the particle type 

• Stochastic process (Laudau) 

• Loose all energy → range out.  

• Range characteristic of particle type.

28 2 Interactions of Particles in Matter

Fig. 2.3 Energy loss in air
vs. the kinetic energy for
some charged particles.
Figure calculated using
Eq. (2.3)

For the purpose of a qualitative discussion the Bethe–Bloch equation can be
approximated as

dE
dx

≈ ρ (2 MeVcm2/g)
Z2

β2 (2.4)

If the density is expressed in g/cm3, the energy loss is in units MeV/cm. In the
literature, the term ‘energy loss’ sometimes refers to the loss divided by the density.
In the latter case, the energy loss has the units MeV cm2/g. For electrons with energy
of more than 100 keV, the velocity is close to the velocity of light (β≈1), and the
energy loss is about 2 MeV/cm multiplied by the density of the medium.

For all particles, the energy loss decreases with increasing energy and eventually
reaches a constant, energy-independent value. That value is approximately the same
for all particles of unit charge (see Fig. 2.3).

For alpha particles the velocity is usually much less than the velocity of light, and
the energy loss is much larger. However, the Bethe–Bloch equation is valid only if
the velocity of the particle is much larger than the velocity of the electrons in the
atoms, and for alpha particles, this condition is usually not satisfied. The velocity of
electrons in atomic orbits is of the order of 1% of the velocity of light. For particle
velocities that are small compared to the typical electron velocities in the atoms,
the energy loss increases with the energy and reaches a maximum when the particle
velocity is equal to the typical electron velocity. After this maximum, the energy
loss decreases according to the Bethe–Bloch equation. This behaviour is illustrated
in Figs. 2.4 and 2.13.

Since particles lose energy when travelling in a medium, they will eventually
have lost all their kinetic energy and come to rest. The distance travelled by the



How do we “see” particles?
• Particles deposit their energy in a stochastic process know as 

“showering”, secondary particles, that in turn also shower. 

• Number of secondary particles ~ Energy of initial particle.  

• Energy resolution improves with energy: σ(E) / E = a/√E ⊕ b/E ⊕ c.  

• a = sampling, b = noise, c = leakage.   

• Density and Shape of shower characteristic of type of particle. 

• Electromagnetic calorimeter: Low Z medium  

• Light particles: electrons, photons, π0 →γγ interact with electrons 
in medium 

• Hadronic calorimeters: High Z medium 

• Heavy particles: Hadrons (particles with quarks, e.g. charged 
pions/protons, neutrons, or jets of such particles) 

• Punch through low Z.  

• Produce secondaries through strong interactions with the 
nucleus in medium. 

• Unlike EM interactions, not all energy is observed. 
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• Charged Particles traveling faster than speed of light in medium 
emit Cherenkov light (analogous to sonic boom).  

• Light emitted in cone, with angle function of speed and mass. 

• Depending on context, allow for particle identification and/or 
speed measurement.

How do we “see” particles?



Neutrino Detectors
• Need large mass/volume to maximize chance of neutrino interaction. 

• Technologies: 

• Water/Oil Cherenkov 

• Segmented Scintillators 

• Liquid Argon Time Projection Chamber: promises ~ 2x detection efficiency.

• Provides tracking, calorimetry, and ID all in same detector. 

• Chosen technology for US’s flagship LBNF/DUNE program.  

• Usually 2D read-out… 3D inferred. 

• Gas TPC: full 3D 
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Principal of LArTPCPrincipal of LArTPC

LArTPCs make 3D reconstruction possible!

● wire planes give 2D position information
● the third dimension is obtained by combining timing information 
    with drift velocity (v

d
): x= v

d
(t-t

0
)  → hence, a “Time projection chamber”
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e/π0 Separation

• e/π0 separation can be achieved using topological and 
energy information.

- There is usually a gap between the photon conversion point 
and the neutrino interaction vertex.

- Electron and photon have different energy deposition profiles.
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HEP Data
• The lowest-level (raw) data we generally have are the 

digitized outputs of detectors… e.g. voltages. 


• Reconstruction is a series of sequential algorithms that 
construct features from outputs of the previous algorithm.


• “raw” ⟶ “features”


• Highest level of Reconstruction output is usually particle 
candidates.


• Analysis, usually 


• choosing candidates ⟶ 4-vectors, separated by PID


• 4-vectors ⟶ kinematic features (e.g. masses)


• kinematic features ⟶ signal/background


• statistical analysis ⟶ hypothesis test, limits, 
measurements


• Background estimation


• Lots of systematics
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Fig. 4: (a): Pulse arriving in phase with respect to the 40MHz clock. (b): pulse arriving out of phase.

Fig. 5: Example of many pulses of random phases overlaid.
Normalized to unit amplitude and shifted to peak at t = 0 ns.

of the pulse is found reliably. The amplitude and mean of the
Gaussian are used to scale and shift the pulse shape.

C. Smoothing
The statistics in some energy bins is low. For this reason

before storing the pulse shapes for later use in the reconstruc-
tion, the shapes are smoothed. Two smoothing algorithms were
used: the built-in ROOT-function Smooth [5] and a spline
method [6]. The function Smooth is found to be sensitive to
larger statistical fluctuations, especially in the tail. The spline
method is the better of the two since it is insensitive to these
fluctuations, and therefore this method was adopted.

D. Energy bins
To distinguish between pulses of different energies, pulses

are sorted into energy bins. A measure of the energy of a
pulse, Q, is defined:

Q =
9∑

i=2

Si − 8 · S1, (2)

TABLE I: Definition of energy bins, based on number of
ADC counts.

Low gain High gain
Q-bin Q-value (counts) Q-value (counts)
Q0 30 < Q < 50 0 < Q < 10

Q1 50 < Q < 70 10 < Q < 50

Q2 70 < Q < 90 50 < Q < 100

Q3 90 < Q < 140 100 < Q < 200

Q4 140 < Q < 200 200 < Q < 400

Q5 200 < Q < 250 400 < Q < 800

Q6 250 < Q < 300 800 < Q < 1200

Q7 300 < Q < 350 1200 < Q < 1600

Q8 350 < Q < 400 1600 < Q < 2000

Q9 400 < Q < 800 2000 < Q < 10000

where S1, ...S9 are the nine samples measured for each
recorded pulse and S1 is the pedestal. The value of Q is used
to define bins as listed in table I.

V. PULSE-TO-PULSE VARIATIONS
After the pulse shapes have been normalized, all pulse

shapes, i.e. from all channels and all energies, can be overlaid.
The width of the band defined by all individual measurements
will show the maximum pulse-to-pulse variation. All pulse
shapes from low gain overlaid are shown in figure 6. A
widening of the band in the tail (right of the peak) is observed.
When the pulses are sorted into energy bins a narrowing

of the width of the band is observed, indicating some energy
dependence. Especially the tail region, beyond 60 ns, flattens
out with increasing value of Q.
In figure 7 (a), the mean pulse shapes for each energy bin

are overlaid. For low energies, there is an oscillation in the tail
which flattens out towards higher energy bins. This is shown
in figure 7 (b).

VI. TOY MONTE CARLO
One way of quantifying the difference between two pulse

shapes is to study the energy bias that would be introduced in

“Traditional” use 
of ML in HEP
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HEP Experiments
• 5 technical components to HEP experiment:  

• Accelerator: e.g. LHC collisions creating quickly decaying heavy 
particles. Extremely high rate: 40 * O(50) Million collisions/sec. 

• Detector: a big camera. ~ e.g. LHC 1.5 MB/event (60 TB/s) 
• Pictures of long-lived decay products of short lived heavy/

interesting particles.  
• Sub-detectors parts: Tracking, Calorimeters, Muon system, 

Particle ID (e.g. Cherenkov, Time of Flight)  
• DAQ/Trigger: Hardware/software
• Software: Reconstruction (Raw data -> particle “features”) / 

Analysis 
• Computing: GRID Monarch Model “Cloud” Computing/Data 

Management (software/hardware)

ATLAS CMS
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A bit of Formalism
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Data Formulation
• Lets formalize what we mean by a dataset with a Probabilistic Model:


• Assumption: Observed Data is a mixture of M different processes


• Data set of N data points, {{xd}i}


• each {xd}i consisting of


• d observations {xd}


• probability fj of uniquely coming from one of M classes 


• each class has label cj is indexed by j


• dependent on parameters {αk}j (some parameters of of interest, some nuisance parameters) 


• Dependent on other parameters {βl}


•⟹ P({x}|θ) = P({x}|{fj,cj,{{αk}j},{βl}) = Σj fj P({x}|cj,{αk}j,{βl}) 


• Typical HEP Examples: 


• Analysis: {xd} = {4-vectors}, cj= {signal, background}, fj = cross-section * integrated luminosity * efficiency * acceptance,  
{αjk}= signal/background properties, {βl} = detector properties


• Particle ID: {xd} = {measurements}, cj= {particle type}, fj = rate * efficiency,  {αjk}= particle properties, {βl} = detector 
properties
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What is it good for?
• If we know P(X|θ), what is it good for?


• Prediction: Assume θ ⟹ distribution of {xd}.


• Classification: Observation {xd} ⟹  most likely class c


• Regression: Dataset {{xd}i} ⟹ parameters of interest 
{αjk} or {βl}


• Hypothesis test: Dataset {{xd}i} ⟹ is H1 true (or H0 
null hypothesis)
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Data Analysis
• Objectives: 

• Searches (hypothesis testing): Likelihood Ratio Test (Neyman-Pearson lemma) 

• Limits (confidence intervals): Also based on Likelihood 

• Measurements: Maximum Likelihood Estimate 

• Likelihood

• n Independent Events (e) with Identically Distributed Observables ({x}) 

• Significant part of Data Analysis is approximating the likelihood as best as we 
can.

I N D E P E N D E N T  E V E N T S

•Make point that in HEP we consider our collisions during a given 
data taking period to be i.i.d. 

• so the likelihood is multiplicative across events, need to model 
distribution p(x|θ) for individual event 

• we often also have prediction for the expected number of events 
ν, which in general also depends on θ 

• we call this an extended likelihood, statisticians often call it a 
marked Poisson process  

• I will mainly ignore the Poisson part for this talk, but it can easily 
be added

6

p({x}|✓) = Pois(n|⌫(✓))
nY

e=1

p(xe|✓)

L I K E L I H O O D  R AT I O S  F O R  H Y P O T H E S I S  T E S T I N G

5
⇒ Likelihood ratio leads to most powerful test
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Obtaining the Likelihood
• How do we obtain P(X|θ)?


• In HEP, we have precise algorithmic simulations that generate 
{xd} given θ. 


• We estimate P by comparing observed xd with simulated {xd}.


• We can build analytical first principle models. Matrix Element 
Method is such a technique.


• But it’s technically difficult, computationally expensive, and 
only tractable with physics and detector simplifications.


• We can using ML to learn P from simulation or data.
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Standard Model / New Physics 
in Quantum Field Theory

Lepton/
Quark 4-vectors

Soft QCD: Quark Fragmentation 
and Hadronization

Particle 
4-vectors

Simulation: Particle 
Interactions with 

Energy 
Deposits in Detector

Digitization: Detector 
Response and Pileup Mixing

Detector Response

Algorithmic Simulation
• Physics is all about establishing a very precise “model” of the underlying phenomena… so in 

general we can model our data very well. 

• For example for LHC we do multi-step ab-initio simulations:  

1.  Generation: Standard Model and New Physics are expressed in language of Quantum 
Field Theory. 

➡ Feynman Diagrams simplify perturbative prediction of HEP interactions among the 
most fundamental particles (leptons, quarks) 

2.  Hadronization: Quarks turn to jets of particles via Quantum Chromodynamics (QCD) at 
energies where theory is too strong to compute perturbatively.  

➡ Use semi-empirical models tuned to Data. 

3.  Simulation: Particles interact with the Detector via stochastic processes  

➡ Use detailed Monte Carlo integration over the “micro-physics” 

4.  Digitization: Ultimately the energy deposits lead to electronic signals in the O(100 Million) 
channels of the detector. 

➡ Model using test beam data and calibrations. 

• Output is fed through same reconstruction as real data. 



Likelihood Approximations
• Need P({xd}|θ) of an observed event (i). The better we do, the more sensitive our 

measurements. 

• Steps 2 (Hadronization) and 3 (Simulation) can only be done in the forward mode… 

➡ cannot evaluate the likelihood.

• So we simulate a lot of events and generally use histograms (a crude Probability Density 
Estimator (PDE) technique)  

• {xd} = {100M Detector Channels} or even { particle 4-vectors } are too high dimensional. 

• Curse of dimensionality… more on this later   

• Instead we derive {xd} =  { small set of physics motivated observables } → Lose 
information. 

• Isolate signal dominating regions of {xd} → Lose efficiency.  

• Sometimes use ML-based classifiers to further reduce dimensionality and improve 
significance 

• Profile the likelihood in 1 or 2 (ideally uncorrelated) observables.



Machine Learning
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Basic Formulation
• AI Algorithm: Input ⟶ AI Algorithm ⟶ Output


• X ⟶ F(θ) ⟶ y: y = F(X|θ) 

• X: observable inputs


• θ: Model parameters (most likely learned)


• y: observable outputs


• Typical HEP ML task: Isolate signal in real data { xd }i


• Formulate problem: X = xd, y = 0 or 1 if c = background or signal


• Obtain training data: generate simulated labeled Dataset {xd, c}i 

• Separate dataset: into Train, Test, and possibly Validation subsets


• Choose: Pick an ML algorithm F


• Train: Use labeled Dataset {xd, c}i to obtain θ 


• Test: Estimate P(F(X|θ)|cj) using Test sample


• Optimize: Select F(X|θ) > cut to optimize sensitivity for a hypothesis test


• P(F(X|θ)| signal ) / P(F(X|θ)| background ) 

• Validate: Obtain signal / background efficiency using Validation sample


• Apply: to data {xd}i
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ML Models (Linear)
• Linear Models:


• Solve equation 


• for “weights” w in matrix W and biases b


• by minimizing


• Note 


• W is d by m matrix


• x is d component vector


• y is m component vector


• Simple example: b = 0, W is 1 by d 


• ⟹ Analytic solution

F (~x) = W~x+~b
<latexit sha1_base64="YTSYP9ozwR8RudKYHZMmxYFG+mw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKFaEkIuhGKArisoK9QFPKZDpph04uzEyKJeQJ3Pgqblwo4ta1O9/GSZuFtv4w8PGfczhzfjfiTCrL+jaWlldW19YLG8XNre2dXXNvvynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7ug6q7fGVEgWBvdqEtGujwcB8xjBSls9s3xTccaUJA/p8WXiuB5qpSg30MmM3LTYM0tW1ZoKLYKdQwly1Xvml9MPSezTQBGOpezYVqS6CRaKEU7TohNLGmEywgPa0Rhgn8puMj0nRWXt9JEXCv0Chabu74kE+1JOfFd3+lgN5XwtM/+rdWLlXXQTFkSxogGZLfJijlSIsmxQnwlKFJ9owEQw/VdEhlhgonSCWQj2/MmL0Dyt2prvzkq1qzyOAhzCEVTAhnOowS3UoQEEHuEZXuHNeDJejHfjY9a6ZOQzB/BHxucPh1ObIQ==</latexit><latexit sha1_base64="YTSYP9ozwR8RudKYHZMmxYFG+mw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKFaEkIuhGKArisoK9QFPKZDpph04uzEyKJeQJ3Pgqblwo4ta1O9/GSZuFtv4w8PGfczhzfjfiTCrL+jaWlldW19YLG8XNre2dXXNvvynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7ug6q7fGVEgWBvdqEtGujwcB8xjBSls9s3xTccaUJA/p8WXiuB5qpSg30MmM3LTYM0tW1ZoKLYKdQwly1Xvml9MPSezTQBGOpezYVqS6CRaKEU7TohNLGmEywgPa0Rhgn8puMj0nRWXt9JEXCv0Chabu74kE+1JOfFd3+lgN5XwtM/+rdWLlXXQTFkSxogGZLfJijlSIsmxQnwlKFJ9owEQw/VdEhlhgonSCWQj2/MmL0Dyt2prvzkq1qzyOAhzCEVTAhnOowS3UoQEEHuEZXuHNeDJejHfjY9a6ZOQzB/BHxucPh1ObIQ==</latexit><latexit sha1_base64="YTSYP9ozwR8RudKYHZMmxYFG+mw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKFaEkIuhGKArisoK9QFPKZDpph04uzEyKJeQJ3Pgqblwo4ta1O9/GSZuFtv4w8PGfczhzfjfiTCrL+jaWlldW19YLG8XNre2dXXNvvynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7ug6q7fGVEgWBvdqEtGujwcB8xjBSls9s3xTccaUJA/p8WXiuB5qpSg30MmM3LTYM0tW1ZoKLYKdQwly1Xvml9MPSezTQBGOpezYVqS6CRaKEU7TohNLGmEywgPa0Rhgn8puMj0nRWXt9JEXCv0Chabu74kE+1JOfFd3+lgN5XwtM/+rdWLlXXQTFkSxogGZLfJijlSIsmxQnwlKFJ9owEQw/VdEhlhgonSCWQj2/MmL0Dyt2prvzkq1qzyOAhzCEVTAhnOowS3UoQEEHuEZXuHNeDJejHfjY9a6ZOQzB/BHxucPh1ObIQ==</latexit><latexit sha1_base64="YTSYP9ozwR8RudKYHZMmxYFG+mw=">AAACDnicbZDLSsNAFIZPvNZ6i7p0M1gKFaEkIuhGKArisoK9QFPKZDpph04uzEyKJeQJ3Pgqblwo4ta1O9/GSZuFtv4w8PGfczhzfjfiTCrL+jaWlldW19YLG8XNre2dXXNvvynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7ug6q7fGVEgWBvdqEtGujwcB8xjBSls9s3xTccaUJA/p8WXiuB5qpSg30MmM3LTYM0tW1ZoKLYKdQwly1Xvml9MPSezTQBGOpezYVqS6CRaKEU7TohNLGmEywgPa0Rhgn8puMj0nRWXt9JEXCv0Chabu74kE+1JOfFd3+lgN5XwtM/+rdWLlXXQTFkSxogGZLfJijlSIsmxQnwlKFJ9owEQw/VdEhlhgonSCWQj2/MmL0Dyt2prvzkq1qzyOAhzCEVTAhnOowS3UoQEEHuEZXuHNeDJejHfjY9a6ZOQzB/BHxucPh1ObIQ==</latexit>

~y = W~x+~b
<latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="RaBl+wh0JbVnTqWs/Ovc45YTj94=">AAACAHicbZBNS8MwHMb/nW9zTq1evYQNQRBG60UvguDF4wT3AlsZaZZuYWlaknRYSu9e/CpePCjip/DmtzHtdtDNBwK/PE9C8n/8mDOlHefbqmxsbm3vVHdre/X9g0P7qN5VUSIJ7ZCIR7LvY0U5E7Sjmea0H0uKQ5/Tnj+7LfLenErFIvGg05h6IZ4IFjCCtbFGdmM4pyRL8+ts6Aeol6Ny/5ij8wX5eW1kN52WUwqtg7uEJizVHtlfw3FEkpAKTThWauA6sfYyLDUjnOa1YaJojMkMT+jAoMAhVV5WzpKjU+OMURBJs4RGpfv7RoZDpdLQNydDrKdqNSvM/7JBooMrL2MiTjQVZPFQkHCkI1QUg8ZMUqJ5agATycxfEZliiYk29RUluKsjr0P3ouUavnegCifQgDNw4RJu4A7a0AECT/ACb/BuPVuv1seiroq17O0Y/sj6/AF7QJj3</latexit><latexit sha1_base64="RaBl+wh0JbVnTqWs/Ovc45YTj94=">AAACAHicbZBNS8MwHMb/nW9zTq1evYQNQRBG60UvguDF4wT3AlsZaZZuYWlaknRYSu9e/CpePCjip/DmtzHtdtDNBwK/PE9C8n/8mDOlHefbqmxsbm3vVHdre/X9g0P7qN5VUSIJ7ZCIR7LvY0U5E7Sjmea0H0uKQ5/Tnj+7LfLenErFIvGg05h6IZ4IFjCCtbFGdmM4pyRL8+ts6Aeol6Ny/5ij8wX5eW1kN52WUwqtg7uEJizVHtlfw3FEkpAKTThWauA6sfYyLDUjnOa1YaJojMkMT+jAoMAhVV5WzpKjU+OMURBJs4RGpfv7RoZDpdLQNydDrKdqNSvM/7JBooMrL2MiTjQVZPFQkHCkI1QUg8ZMUqJ5agATycxfEZliiYk29RUluKsjr0P3ouUavnegCifQgDNw4RJu4A7a0AECT/ACb/BuPVuv1seiroq17O0Y/sj6/AF7QJj3</latexit><latexit sha1_base64="tEZY2vG01o3R0sInWDrjTlqrJ6M=">AAACC3icbZDLSsNAFIYnXmu9RV26GVoEQSiJG90IRTcuK9gLtKFMpift0MmFmUkxhOzd+CpuXCji1hdw59s4SbPQ1h8GvvnPOcyc3404k8qyvo2V1bX1jc3KVnV7Z3dv3zw47MgwFhTaNOSh6LlEAmcBtBVTHHqRAOK7HLru9Cavd2cgJAuDe5VE4PhkHDCPUaK0NTRrgxnQNMmu0oHr4W6Gi/tDhs/m5GbVoVm3GlYhvAx2CXVUqjU0vwajkMY+BIpyImXftiLlpEQoRjlk1UEsISJ0SsbQ1xgQH6STFrtk+EQ7I+yFQp9A4cL9PZESX8rEd3WnT9RELtZy879aP1bepZOyIIoVBHT+kBdzrEKcB4NHTABVPNFAqGD6r5hOiCBU6fjyEOzFlZehc96wNd9Z9eZ1GUcFHaMaOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxbV4xy5gj9kfH5AxxGmmk=</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit><latexit sha1_base64="BnFANLvuOa+ML990yOIZOWyFlDg=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMJoRdCLMPTicYJ7gbWMNEu3sDQtSTospXcvfhUvHhTx6hfw5rcx7XrQzT8Efvk/z0Py/L2IUaks69uorKyurW9UN2tb2zu7e+b+QVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63vQmr/dmREga8nuVRMQN0JhTn2KktDU0686M4DTJrlLH82Evg8X9IYOnc/Ky2tBsWE2rEFwGu4QGKNUeml/OKMRxQLjCDEk5sK1IuSkSimJGspoTSxIhPEVjMtDIUUCkmxa7ZPBYOyPoh0IfrmDh/p5IUSBlEni6M0BqIhdruflfbRAr/9JNKY9iRTieP+THDKoQ5sHAERUEK5ZoQFhQ/VeIJ0ggrHR8eQj24srL0D1r2prvzhut6zKOKjgCdXACbHABWuAWtEEHYPAInsEreDOejBfj3fiYt1aMcuYQ/JHx+QMdhppt</latexit>
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<latexit sha1_base64="yEsXwTKfLjx9ppHvOhFd0ImNfys="></latexit><latexit sha1_base64="yEsXwTKfLjx9ppHvOhFd0ImNfys="></latexit><latexit sha1_base64="yEsXwTKfLjx9ppHvOhFd0ImNfys="></latexit><latexit sha1_base64="yEsXwTKfLjx9ppHvOhFd0ImNfys="></latexit>

X =

0

BB@

~x1
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~xN

1

CCA

<latexit sha1_base64="ZsBFSlIEysLnXuFxiSoPztqRKhY="></latexit><latexit sha1_base64="ZsBFSlIEysLnXuFxiSoPztqRKhY="></latexit><latexit sha1_base64="ZsBFSlIEysLnXuFxiSoPztqRKhY="></latexit><latexit sha1_base64="ZsBFSlIEysLnXuFxiSoPztqRKhY="></latexit>

W = (XTX)�1XTY
<latexit sha1_base64="rzR8RoGoMoh+1EdHcZU+rs+j+I8=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoS4siQi6EYpuXFboJdKmZTKdtEMnF2YmQg3FV3HjQhG3voc738Zpm4W2/jDw8Z9zOGd+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiCK2TiEfC8bCknIW0rpji1IkFxYHHadMb3kzqzQcqJIvCmhrF1A1wP2Q+I1hpq2seNK9KTqeGnJNOemqP0YTvu2bRKltToUWwMyhCpmrX/Gr3IpIENFSEYylbthUrN8VCMcLpuNBOJI0xGeI+bWkMcUClm06vH6Nj7fSQHwn9QoWm7u+JFAdSjgJPdwZYDeR8bWL+V2slyr90UxbGiaIhmS3yE45UhCZRoB4TlCg+0oCJYPpWRAZYYKJ0YAUdgj3/5UVonJVtzXfnxcp1FkceDuEISmDDBVTgFqpQBwKP8Ayv8GY8GS/Gu/Exa80Z2cw+/JHx+QNRq5Mx</latexit><latexit sha1_base64="rzR8RoGoMoh+1EdHcZU+rs+j+I8=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoS4siQi6EYpuXFboJdKmZTKdtEMnF2YmQg3FV3HjQhG3voc738Zpm4W2/jDw8Z9zOGd+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiCK2TiEfC8bCknIW0rpji1IkFxYHHadMb3kzqzQcqJIvCmhrF1A1wP2Q+I1hpq2seNK9KTqeGnJNOemqP0YTvu2bRKltToUWwMyhCpmrX/Gr3IpIENFSEYylbthUrN8VCMcLpuNBOJI0xGeI+bWkMcUClm06vH6Nj7fSQHwn9QoWm7u+JFAdSjgJPdwZYDeR8bWL+V2slyr90UxbGiaIhmS3yE45UhCZRoB4TlCg+0oCJYPpWRAZYYKJ0YAUdgj3/5UVonJVtzXfnxcp1FkceDuEISmDDBVTgFqpQBwKP8Ayv8GY8GS/Gu/Exa80Z2cw+/JHx+QNRq5Mx</latexit><latexit sha1_base64="rzR8RoGoMoh+1EdHcZU+rs+j+I8=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoS4siQi6EYpuXFboJdKmZTKdtEMnF2YmQg3FV3HjQhG3voc738Zpm4W2/jDw8Z9zOGd+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiCK2TiEfC8bCknIW0rpji1IkFxYHHadMb3kzqzQcqJIvCmhrF1A1wP2Q+I1hpq2seNK9KTqeGnJNOemqP0YTvu2bRKltToUWwMyhCpmrX/Gr3IpIENFSEYylbthUrN8VCMcLpuNBOJI0xGeI+bWkMcUClm06vH6Nj7fSQHwn9QoWm7u+JFAdSjgJPdwZYDeR8bWL+V2slyr90UxbGiaIhmS3yE45UhCZRoB4TlCg+0oCJYPpWRAZYYKJ0YAUdgj3/5UVonJVtzXfnxcp1FkceDuEISmDDBVTgFqpQBwKP8Ayv8GY8GS/Gu/Exa80Z2cw+/JHx+QNRq5Mx</latexit><latexit sha1_base64="rzR8RoGoMoh+1EdHcZU+rs+j+I8=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoS4siQi6EYpuXFboJdKmZTKdtEMnF2YmQg3FV3HjQhG3voc738Zpm4W2/jDw8Z9zOGd+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiCK2TiEfC8bCknIW0rpji1IkFxYHHadMb3kzqzQcqJIvCmhrF1A1wP2Q+I1hpq2seNK9KTqeGnJNOemqP0YTvu2bRKltToUWwMyhCpmrX/Gr3IpIENFSEYylbthUrN8VCMcLpuNBOJI0xGeI+bWkMcUClm06vH6Nj7fSQHwn9QoWm7u+JFAdSjgJPdwZYDeR8bWL+V2slyr90UxbGiaIhmS3yE45UhCZRoB4TlCg+0oCJYPpWRAZYYKJ0YAUdgj3/5UVonJVtzXfnxcp1FkceDuEISmDDBVTgFqpQBwKP8Ayv8GY8GS/Gu/Exa80Z2cw+/JHx+QNRq5Mx</latexit>
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1

CCA

<latexit sha1_base64="gj8c7mx2pkQqYIKVAlVqTT6N2gg="></latexit><latexit sha1_base64="gj8c7mx2pkQqYIKVAlVqTT6N2gg="></latexit><latexit sha1_base64="gj8c7mx2pkQqYIKVAlVqTT6N2gg="></latexit><latexit sha1_base64="gj8c7mx2pkQqYIKVAlVqTT6N2gg="></latexit>
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• Linear Discriminant Analysis (Fisher Discriminant)


• Assume 2 classes: 0 and 1


• Means μ0, μ1 and covariance matrices Σ0, Σ1


• Model: 


• Again W is 1 by d, b=0


• Maximize:


• Maximal separation between means


• Smallest possible variance  


• Analytic Solution: 

ML Models (LDA)

~y = W~x
<latexit sha1_base64="lF1BvXuTxTRfYSkmPibDoSyG8+8=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcFUSEXQjFN24rGAv0IQymU7aoZMLM5NiCMGNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8XsyZVJb1bSwtr6yurVc2qptb2zu75t5+W0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88c203plQIVkU3qs0pm6AhyHzGcFKW33z0JlQkqU5ukKZ4/mok6PCecj7Zs2qW4XQItgl1KBUs29+OYOIJAENFeFYyp5txcrNsFCMcJpXnUTSGJMxHtKexhAHVLpZcUKOTrQzQH4k9AsVKtzfExkOpEwDT3cGWI3kfG1q/lfrJcq/dDMWxomiIZkt8hOOVISmeaABE5QonmrARDD9V0RGWGCidGpVHYI9f/IitM/qtua781rjuoyjAkdwDKdgwwU04Baa0AICj/AMr/BmPBkvxrvxMWtdMsqZA/gj4/MHm8CW6g==</latexit><latexit sha1_base64="lF1BvXuTxTRfYSkmPibDoSyG8+8=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcFUSEXQjFN24rGAv0IQymU7aoZMLM5NiCMGNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8XsyZVJb1bSwtr6yurVc2qptb2zu75t5+W0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88c203plQIVkU3qs0pm6AhyHzGcFKW33z0JlQkqU5ukKZ4/mok6PCecj7Zs2qW4XQItgl1KBUs29+OYOIJAENFeFYyp5txcrNsFCMcJpXnUTSGJMxHtKexhAHVLpZcUKOTrQzQH4k9AsVKtzfExkOpEwDT3cGWI3kfG1q/lfrJcq/dDMWxomiIZkt8hOOVISmeaABE5QonmrARDD9V0RGWGCidGpVHYI9f/IitM/qtua781rjuoyjAkdwDKdgwwU04Baa0AICj/AMr/BmPBkvxrvxMWtdMsqZA/gj4/MHm8CW6g==</latexit><latexit sha1_base64="lF1BvXuTxTRfYSkmPibDoSyG8+8=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcFUSEXQjFN24rGAv0IQymU7aoZMLM5NiCMGNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8XsyZVJb1bSwtr6yurVc2qptb2zu75t5+W0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88c203plQIVkU3qs0pm6AhyHzGcFKW33z0JlQkqU5ukKZ4/mok6PCecj7Zs2qW4XQItgl1KBUs29+OYOIJAENFeFYyp5txcrNsFCMcJpXnUTSGJMxHtKexhAHVLpZcUKOTrQzQH4k9AsVKtzfExkOpEwDT3cGWI3kfG1q/lfrJcq/dDMWxomiIZkt8hOOVISmeaABE5QonmrARDD9V0RGWGCidGpVHYI9f/IitM/qtua781rjuoyjAkdwDKdgwwU04Baa0AICj/AMr/BmPBkvxrvxMWtdMsqZA/gj4/MHm8CW6g==</latexit><latexit sha1_base64="lF1BvXuTxTRfYSkmPibDoSyG8+8=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFcFUSEXQjFN24rGAv0IQymU7aoZMLM5NiCMGNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8XsyZVJb1bSwtr6yurVc2qptb2zu75t5+W0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88c203plQIVkU3qs0pm6AhyHzGcFKW33z0JlQkqU5ukKZ4/mok6PCecj7Zs2qW4XQItgl1KBUs29+OYOIJAENFeFYyp5txcrNsFCMcJpXnUTSGJMxHtKexhAHVLpZcUKOTrQzQH4k9AsVKtzfExkOpEwDT3cGWI3kfG1q/lfrJcq/dDMWxomiIZkt8hOOVISmeaABE5QonmrARDD9V0RGWGCidGpVHYI9f/IitM/qtua781rjuoyjAkdwDKdgwwU04Baa0AICj/AMr/BmPBkvxrvxMWtdMsqZA/gj4/MHm8CW6g==</latexit>

W = (⌃0 +⌃1)
�1 ( ~µ0 � ~µ1)

<latexit sha1_base64="IKtTXv/H/oBgJQbmHDoHp4mOXhk="></latexit><latexit sha1_base64="IKtTXv/H/oBgJQbmHDoHp4mOXhk="></latexit><latexit sha1_base64="IKtTXv/H/oBgJQbmHDoHp4mOXhk="></latexit><latexit sha1_base64="IKtTXv/H/oBgJQbmHDoHp4mOXhk="></latexit>

S =
(W · ~µ0 �W · ~µ1)2

WT⌃0W �WT⌃1W
<latexit sha1_base64="XomtDwFH+X/6Pyj4rhlackPx38U="></latexit><latexit sha1_base64="XomtDwFH+X/6Pyj4rhlackPx38U="></latexit><latexit sha1_base64="XomtDwFH+X/6Pyj4rhlackPx38U="></latexit><latexit sha1_base64="XomtDwFH+X/6Pyj4rhlackPx38U="></latexit>
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• Support Vector Machines:


• Same setup… 


• Note that this is an equation for a hyperplane ⟶ formulate problem 
as finding the hyperplane that optimally separates two classes.


• Maximize boundary between two classes  ⟹ plane depends on 
points closest to the plane / most difficult to separate… the Support 
Vectors.


• Solving this problems is equivalent to solving a dual problem of 
solving for ai


• Where yi={+1,-1} depending on class.


• ai ≥ 0.


• Dot product measures similarity.


• ⟶ Sign of output dependent on sign of the most similar 
example in training set.


• Support vectors still most important for defining boundary

ML Models (Linear SVM)
~y = ~W · ~x+~b

<latexit sha1_base64="zsRk3WHkgDo/7z+VwHpyxCnZ8jQ=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQFGG0IuhFGHrxOMG9wFpGmqZbWJqWJB2O0s/gxa/ixYMiXj1589uYtT3o5h8Cv/yf5yF5/l7MqFSW9W1UlpZXVteq67WNza3tHXN3ryOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wzq3cnREga8Xs1jYkboiGnAcVIaWtgnjgTgtNpBq9gTt0MOtiPVHF7yOBpQV42MOtWw8oFF8EuoQ5KtQbml+NHOAkJV5ghKfu2FSs3RUJRzEhWcxJJYoTHaEj6GjkKiXTTfKUMHmnHh0Ek9OEK5u7viRSFUk5DT3eGSI3kfG1m/lfrJyq4dFPK40QRjouHgoRBFcFZPtCngmDFphoQFlT/FeIREggrnWJNh2DPr7wInbOGrfnuvN68LuOoggNwCI6BDS5AE9yCFmgDDB7BM3gFb8aT8WK8Gx9Fa8UoZ/bBHxmfP5FknWU=</latexit><latexit sha1_base64="zsRk3WHkgDo/7z+VwHpyxCnZ8jQ=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQFGG0IuhFGHrxOMG9wFpGmqZbWJqWJB2O0s/gxa/ixYMiXj1589uYtT3o5h8Cv/yf5yF5/l7MqFSW9W1UlpZXVteq67WNza3tHXN3ryOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wzq3cnREga8Xs1jYkboiGnAcVIaWtgnjgTgtNpBq9gTt0MOtiPVHF7yOBpQV42MOtWw8oFF8EuoQ5KtQbml+NHOAkJV5ghKfu2FSs3RUJRzEhWcxJJYoTHaEj6GjkKiXTTfKUMHmnHh0Ek9OEK5u7viRSFUk5DT3eGSI3kfG1m/lfrJyq4dFPK40QRjouHgoRBFcFZPtCngmDFphoQFlT/FeIREggrnWJNh2DPr7wInbOGrfnuvN68LuOoggNwCI6BDS5AE9yCFmgDDB7BM3gFb8aT8WK8Gx9Fa8UoZ/bBHxmfP5FknWU=</latexit><latexit sha1_base64="zsRk3WHkgDo/7z+VwHpyxCnZ8jQ=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQFGG0IuhFGHrxOMG9wFpGmqZbWJqWJB2O0s/gxa/ixYMiXj1589uYtT3o5h8Cv/yf5yF5/l7MqFSW9W1UlpZXVteq67WNza3tHXN3ryOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wzq3cnREga8Xs1jYkboiGnAcVIaWtgnjgTgtNpBq9gTt0MOtiPVHF7yOBpQV42MOtWw8oFF8EuoQ5KtQbml+NHOAkJV5ghKfu2FSs3RUJRzEhWcxJJYoTHaEj6GjkKiXTTfKUMHmnHh0Ek9OEK5u7viRSFUk5DT3eGSI3kfG1m/lfrJyq4dFPK40QRjouHgoRBFcFZPtCngmDFphoQFlT/FeIREggrnWJNh2DPr7wInbOGrfnuvN68LuOoggNwCI6BDS5AE9yCFmgDDB7BM3gFb8aT8WK8Gx9Fa8UoZ/bBHxmfP5FknWU=</latexit><latexit sha1_base64="zsRk3WHkgDo/7z+VwHpyxCnZ8jQ=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQFGG0IuhFGHrxOMG9wFpGmqZbWJqWJB2O0s/gxa/ixYMiXj1589uYtT3o5h8Cv/yf5yF5/l7MqFSW9W1UlpZXVteq67WNza3tHXN3ryOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wzq3cnREga8Xs1jYkboiGnAcVIaWtgnjgTgtNpBq9gTt0MOtiPVHF7yOBpQV42MOtWw8oFF8EuoQ5KtQbml+NHOAkJV5ghKfu2FSs3RUJRzEhWcxJJYoTHaEj6GjkKiXTTfKUMHmnHh0Ek9OEK5u7viRSFUk5DT3eGSI3kfG1m/lfrJyq4dFPK40QRjouHgoRBFcFZPtCngmDFphoQFlT/FeIREggrnWJNh2DPr7wInbOGrfnuvN68LuOoggNwCI6BDS5AE9yCFmgDDB7BM3gFb8aT8WK8Gx9Fa8UoZ/bBHxmfP5FknWU=</latexit>
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f(~x) = (
NX

i

aiyi~xi) · ~x+~b
<latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="F/Qrz7tmIUcLwdKOd4xmI71ZyOU=">AAACInicbZDNSsNAFIVv/K21anXrZrAIFaEkbnQjCLpwJRXsDzQ1TKaTduhkEmYmxRLyQm58FRFcVMRncdJW0NYLFz7OucOde/yYM6Vte2KtrK6tb2wWtorbpZ3dvfJ+qamiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3id+60RlYpF4kGPY9oNcV+wgBGsjeSVb4KqO6IkfcpO0CWquioJPfZ4h1LsMTQ2PXc9ZgZc0ov0j4JOZ+RnRa9csWv2tNAyOHOowLzqXvnN7UUkCanQhGOlOo4d626KpWaE06zoJorGmAxxn3YMChxS1U2n12bo2Cg9FETStNBoqv5+keJQqXHom8kQ64Fa9HLxP6+T6OCimzIRJ5oKMlsUJBzpCOXRoR6TlGg+NoCJZOaviAywxESbgPMQnMWTl6F5VnMM39tQgEM4gio4cA5XcAt1aACBZ3iFCXxYL9a79TmLa8Wa53YAf8r6+gbATqW8</latexit><latexit sha1_base64="F/Qrz7tmIUcLwdKOd4xmI71ZyOU=">AAACInicbZDNSsNAFIVv/K21anXrZrAIFaEkbnQjCLpwJRXsDzQ1TKaTduhkEmYmxRLyQm58FRFcVMRncdJW0NYLFz7OucOde/yYM6Vte2KtrK6tb2wWtorbpZ3dvfJ+qamiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3id+60RlYpF4kGPY9oNcV+wgBGsjeSVb4KqO6IkfcpO0CWquioJPfZ4h1LsMTQ2PXc9ZgZc0ov0j4JOZ+RnRa9csWv2tNAyOHOowLzqXvnN7UUkCanQhGOlOo4d626KpWaE06zoJorGmAxxn3YMChxS1U2n12bo2Cg9FETStNBoqv5+keJQqXHom8kQ64Fa9HLxP6+T6OCimzIRJ5oKMlsUJBzpCOXRoR6TlGg+NoCJZOaviAywxESbgPMQnMWTl6F5VnMM39tQgEM4gio4cA5XcAt1aACBZ3iFCXxYL9a79TmLa8Wa53YAf8r6+gbATqW8</latexit><latexit sha1_base64="qKzNPSMzaZ8+VFBh/sAp1s1LLOI=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkJJ3OhGKOrClVSwF2himEwm7dDJhZlJsYS8kBtfRQQXFXHrazhpI2jrgQMf/38OM+d3Y0aFNIyJVlpaXlldK69XNja3tnf03b22iBKOSQtHLOJdFwnCaEhakkpGujEnKHAZ6bjDq9zvjAgXNArv5TgmdoD6IfUpRlJJjn7t16wRweljdgwvYM0SSeDQh1uYIofCserCdagasLAXyR8FnszIzSqOXjXqxrTgIpgFVEFRTUd/tbwIJwEJJWZIiJ5pxNJOEZcUM5JVrESQGOEh6pOewhAFRNjp9NoMHinFg37EVYcSTtXfGykKhBgHrpoMkByIeS8X//N6ifTP7ZSGcSJJiGcP+QmDMoJ5dNCjnGDJxgoQ5lT9FeIB4ghLFXAegjl/8iK0T+um4juj2rgs4iiDA3AIasAEZ6ABbkATtAAGT+AFTMC79qy9aR/a52y0pBU7++BPaV/f6SWnUA==</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="F/Qrz7tmIUcLwdKOd4xmI71ZyOU=">AAACInicbZDNSsNAFIVv/K21anXrZrAIFaEkbnQjCLpwJRXsDzQ1TKaTduhkEmYmxRLyQm58FRFcVMRncdJW0NYLFz7OucOde/yYM6Vte2KtrK6tb2wWtorbpZ3dvfJ+qamiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3id+60RlYpF4kGPY9oNcV+wgBGsjeSVb4KqO6IkfcpO0CWquioJPfZ4h1LsMTQ2PXc9ZgZc0ov0j4JOZ+RnRa9csWv2tNAyOHOowLzqXvnN7UUkCanQhGOlOo4d626KpWaE06zoJorGmAxxn3YMChxS1U2n12bo2Cg9FETStNBoqv5+keJQqXHom8kQ64Fa9HLxP6+T6OCimzIRJ5oKMlsUJBzpCOXRoR6TlGg+NoCJZOaviAywxESbgPMQnMWTl6F5VnMM39tQgEM4gio4cA5XcAt1aACBZ3iFCXxYL9a79TmLa8Wa53YAf8r6+gbATqW8</latexit><latexit sha1_base64="F/Qrz7tmIUcLwdKOd4xmI71ZyOU=">AAACInicbZDNSsNAFIVv/K21anXrZrAIFaEkbnQjCLpwJRXsDzQ1TKaTduhkEmYmxRLyQm58FRFcVMRncdJW0NYLFz7OucOde/yYM6Vte2KtrK6tb2wWtorbpZ3dvfJ+qamiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3id+60RlYpF4kGPY9oNcV+wgBGsjeSVb4KqO6IkfcpO0CWquioJPfZ4h1LsMTQ2PXc9ZgZc0ov0j4JOZ+RnRa9csWv2tNAyOHOowLzqXvnN7UUkCanQhGOlOo4d626KpWaE06zoJorGmAxxn3YMChxS1U2n12bo2Cg9FETStNBoqv5+keJQqXHom8kQ64Fa9HLxP6+T6OCimzIRJ5oKMlsUJBzpCOXRoR6TlGg+NoCJZOaviAywxESbgPMQnMWTl6F5VnMM39tQgEM4gio4cA5XcAt1aACBZ3iFCXxYL9a79TmLa8Wa53YAf8r6+gbATqW8</latexit><latexit sha1_base64="qKzNPSMzaZ8+VFBh/sAp1s1LLOI=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkJJ3OhGKOrClVSwF2himEwm7dDJhZlJsYS8kBtfRQQXFXHrazhpI2jrgQMf/38OM+d3Y0aFNIyJVlpaXlldK69XNja3tnf03b22iBKOSQtHLOJdFwnCaEhakkpGujEnKHAZ6bjDq9zvjAgXNArv5TgmdoD6IfUpRlJJjn7t16wRweljdgwvYM0SSeDQh1uYIofCserCdagasLAXyR8FnszIzSqOXjXqxrTgIpgFVEFRTUd/tbwIJwEJJWZIiJ5pxNJOEZcUM5JVrESQGOEh6pOewhAFRNjp9NoMHinFg37EVYcSTtXfGykKhBgHrpoMkByIeS8X//N6ifTP7ZSGcSJJiGcP+QmDMoJ5dNCjnGDJxgoQ5lT9FeIB4ghLFXAegjl/8iK0T+um4juj2rgs4iiDA3AIasAEZ6ABbkATtAAGT+AFTMC79qy9aR/a52y0pBU7++BPaV/f6SWnUA==</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit><latexit sha1_base64="pulET7cPoD79K+mLmLflPaim8M4=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLoRirpwJRXsBZoYJtNJO3RyYWZSDCEv5MZXEcFFRdz6Gk7aCNp64MDH/5/DzPndiFEhDWOsLSwuLa+sltbK6xubW9v6zm5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hVe63R4QLGgb3MomI7aN+QD2KkVSSo197VWtEcPqYHcELWLVE7Dv04RamyKEwUV24DlUDFu6F8keBx1Nys7KjV4yaMSk4D2YBFVBUw9FfrV6IY58EEjMkRNc0ImmniEuKGcnKVixIhPAQ9UlXYYB8Iux0cm0GD5XSg17IVQcSTtTfGynyhUh8V036SA7ErJeL/3ndWHrndkqDKJYkwNOHvJhBGcI8OtijnGDJEgUIc6r+CvEAcYSlCjgPwZw9eR5aJzVT8d1ppX5ZxFEC++AAVIEJzkAd3IAGaAIMnsALGIN37Vl70z60z+noglbs7IE/pX19A+plp1Q=</latexit>



• If boundary not linear ⟹ Kernel Trick:


• Replace dot product: 


• Example: if x is in radial coordinates, 
then kernel gets back proper dot 
product. 


• Example: Gaussian Kernels


• Euclidian Distance in the 
exponential


• If close to an example in training 
data ⟹ large value


• Equivalent to template matching
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k(~xi, ~x) = �(~xi) · �(~x)
<latexit sha1_base64="vD3QEkcP8UlsWY98ucbwzVee+jY=">AAACJXicbZDLSsNAFIYn9VbjLerSzWARWpCSiKALhaIblxXsBZoQJpNJO3RyYWZSLCEv48ZXcePCIoIrX8Vpm0VtPTDw8f/ncOb8XsKokKb5rZXW1jc2t8rb+s7u3v6BcXjUFnHKMWnhmMW86yFBGI1IS1LJSDfhBIUeIx1veD/1OyPCBY2jJzlOiBOifkQDipFUkmvc6MOqPSI4e85deg4LrMFbaCcDWlguVYqN/VguqnnNNSpm3ZwVXAWrgAooqukaE9uPcRqSSGKGhOhZZiKdDHFJMSO5bqeCJAgPUZ/0FEYoJMLJZlfm8EwpPgxirl4k4UxdnMhQKMQ49FRniORALHtT8T+vl8rg2slolKSSRHi+KEgZlDGcRgZ9ygmWbKwAYU7VXyEeII6wVMHqKgRr+eRVaF/ULcWPl5XGXRFHGZyAU1AFFrgCDfAAmqAFMHgBb+ADTLRX7V371L7mrSWtmDkGf0r7+QUdAaRs</latexit><latexit sha1_base64="vD3QEkcP8UlsWY98ucbwzVee+jY=">AAACJXicbZDLSsNAFIYn9VbjLerSzWARWpCSiKALhaIblxXsBZoQJpNJO3RyYWZSLCEv48ZXcePCIoIrX8Vpm0VtPTDw8f/ncOb8XsKokKb5rZXW1jc2t8rb+s7u3v6BcXjUFnHKMWnhmMW86yFBGI1IS1LJSDfhBIUeIx1veD/1OyPCBY2jJzlOiBOifkQDipFUkmvc6MOqPSI4e85deg4LrMFbaCcDWlguVYqN/VguqnnNNSpm3ZwVXAWrgAooqukaE9uPcRqSSGKGhOhZZiKdDHFJMSO5bqeCJAgPUZ/0FEYoJMLJZlfm8EwpPgxirl4k4UxdnMhQKMQ49FRniORALHtT8T+vl8rg2slolKSSRHi+KEgZlDGcRgZ9ygmWbKwAYU7VXyEeII6wVMHqKgRr+eRVaF/ULcWPl5XGXRFHGZyAU1AFFrgCDfAAmqAFMHgBb+ADTLRX7V371L7mrSWtmDkGf0r7+QUdAaRs</latexit><latexit sha1_base64="vD3QEkcP8UlsWY98ucbwzVee+jY=">AAACJXicbZDLSsNAFIYn9VbjLerSzWARWpCSiKALhaIblxXsBZoQJpNJO3RyYWZSLCEv48ZXcePCIoIrX8Vpm0VtPTDw8f/ncOb8XsKokKb5rZXW1jc2t8rb+s7u3v6BcXjUFnHKMWnhmMW86yFBGI1IS1LJSDfhBIUeIx1veD/1OyPCBY2jJzlOiBOifkQDipFUkmvc6MOqPSI4e85deg4LrMFbaCcDWlguVYqN/VguqnnNNSpm3ZwVXAWrgAooqukaE9uPcRqSSGKGhOhZZiKdDHFJMSO5bqeCJAgPUZ/0FEYoJMLJZlfm8EwpPgxirl4k4UxdnMhQKMQ49FRniORALHtT8T+vl8rg2slolKSSRHi+KEgZlDGcRgZ9ygmWbKwAYU7VXyEeII6wVMHqKgRr+eRVaF/ULcWPl5XGXRFHGZyAU1AFFrgCDfAAmqAFMHgBb+ADTLRX7V371L7mrSWtmDkGf0r7+QUdAaRs</latexit><latexit sha1_base64="vD3QEkcP8UlsWY98ucbwzVee+jY=">AAACJXicbZDLSsNAFIYn9VbjLerSzWARWpCSiKALhaIblxXsBZoQJpNJO3RyYWZSLCEv48ZXcePCIoIrX8Vpm0VtPTDw8f/ncOb8XsKokKb5rZXW1jc2t8rb+s7u3v6BcXjUFnHKMWnhmMW86yFBGI1IS1LJSDfhBIUeIx1veD/1OyPCBY2jJzlOiBOifkQDipFUkmvc6MOqPSI4e85deg4LrMFbaCcDWlguVYqN/VguqnnNNSpm3ZwVXAWrgAooqukaE9uPcRqSSGKGhOhZZiKdDHFJMSO5bqeCJAgPUZ/0FEYoJMLJZlfm8EwpPgxirl4k4UxdnMhQKMQ49FRniORALHtT8T+vl8rg2slolKSSRHi+KEgZlDGcRgZ9ygmWbKwAYU7VXyEeII6wVMHqKgRr+eRVaF/ULcWPl5XGXRFHGZyAU1AFFrgCDfAAmqAFMHgBb+ADTLRX7V371L7mrSWtmDkGf0r7+QUdAaRs</latexit>

ML Models (Kernel SVM)

f(~x) =
NX

i

aiyik(~xi, ~x) +~b
<latexit sha1_base64="bJnyz5tgVlL509lkYM9OMUkTtyE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHXjSirYCzQxTKaTdujkwsykGEKex42v4qYLpbj1QZy2UbR64MDH/5/DzPndiFEhDWOsFRYWl5ZXiqultfWNzS19e6cpwphj0sAhC3nbRYIwGpCGpJKRdsQJ8l1GWu7geuK3hoQLGgb3MomI7aNeQD2KkVSSo1+WvIo1JDh9zA7hBbRE7Dv04RYih8JENRx82Q49ht+TRzN0M8ty9LJRNaYF/4KZQxnkVXf0kdUNceyTQGKGhOiYRiTtFHFJMSNZyYoFiRAeoB7pKAyQT4SdTk/N4IFSutALuepAwqn6cyNFvhCJ76pJH8m+mPcm4n9eJ5beuZ3SIIolCfDsIS9mUIZwkhvsUk6wZIkChDlVf4W4jzjCUqVbUiGY8yf/heZJ1VR8d1quXeVxFMEe2AcVYIIzUAM3oA4aAIMn8AJewZv2rI20sfY+Gy1o+c4u+FXaxyeGHqWH</latexit><latexit sha1_base64="bJnyz5tgVlL509lkYM9OMUkTtyE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHXjSirYCzQxTKaTdujkwsykGEKex42v4qYLpbj1QZy2UbR64MDH/5/DzPndiFEhDWOsFRYWl5ZXiqultfWNzS19e6cpwphj0sAhC3nbRYIwGpCGpJKRdsQJ8l1GWu7geuK3hoQLGgb3MomI7aNeQD2KkVSSo1+WvIo1JDh9zA7hBbRE7Dv04RYih8JENRx82Q49ht+TRzN0M8ty9LJRNaYF/4KZQxnkVXf0kdUNceyTQGKGhOiYRiTtFHFJMSNZyYoFiRAeoB7pKAyQT4SdTk/N4IFSutALuepAwqn6cyNFvhCJ76pJH8m+mPcm4n9eJ5beuZ3SIIolCfDsIS9mUIZwkhvsUk6wZIkChDlVf4W4jzjCUqVbUiGY8yf/heZJ1VR8d1quXeVxFMEe2AcVYIIzUAM3oA4aAIMn8AJewZv2rI20sfY+Gy1o+c4u+FXaxyeGHqWH</latexit><latexit sha1_base64="bJnyz5tgVlL509lkYM9OMUkTtyE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHXjSirYCzQxTKaTdujkwsykGEKex42v4qYLpbj1QZy2UbR64MDH/5/DzPndiFEhDWOsFRYWl5ZXiqultfWNzS19e6cpwphj0sAhC3nbRYIwGpCGpJKRdsQJ8l1GWu7geuK3hoQLGgb3MomI7aNeQD2KkVSSo1+WvIo1JDh9zA7hBbRE7Dv04RYih8JENRx82Q49ht+TRzN0M8ty9LJRNaYF/4KZQxnkVXf0kdUNceyTQGKGhOiYRiTtFHFJMSNZyYoFiRAeoB7pKAyQT4SdTk/N4IFSutALuepAwqn6cyNFvhCJ76pJH8m+mPcm4n9eJ5beuZ3SIIolCfDsIS9mUIZwkhvsUk6wZIkChDlVf4W4jzjCUqVbUiGY8yf/heZJ1VR8d1quXeVxFMEe2AcVYIIzUAM3oA4aAIMn8AJewZv2rI20sfY+Gy1o+c4u+FXaxyeGHqWH</latexit><latexit sha1_base64="bJnyz5tgVlL509lkYM9OMUkTtyE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHXjSirYCzQxTKaTdujkwsykGEKex42v4qYLpbj1QZy2UbR64MDH/5/DzPndiFEhDWOsFRYWl5ZXiqultfWNzS19e6cpwphj0sAhC3nbRYIwGpCGpJKRdsQJ8l1GWu7geuK3hoQLGgb3MomI7aNeQD2KkVSSo1+WvIo1JDh9zA7hBbRE7Dv04RYih8JENRx82Q49ht+TRzN0M8ty9LJRNaYF/4KZQxnkVXf0kdUNceyTQGKGhOiYRiTtFHFJMSNZyYoFiRAeoB7pKAyQT4SdTk/N4IFSutALuepAwqn6cyNFvhCJ76pJH8m+mPcm4n9eJ5beuZ3SIIolCfDsIS9mUIZwkhvsUk6wZIkChDlVf4W4jzjCUqVbUiGY8yf/heZJ1VR8d1quXeVxFMEe2AcVYIIzUAM3oA4aAIMn8AJewZv2rI20sfY+Gy1o+c4u+FXaxyeGHqWH</latexit>

Examples from: http://web.mit.edu/6.034/wwwbob/svm-notes-long-08.pdf
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Nonlinear rbf kernel

Admiral’s delight w/ difft kernel

functions

26

Kernels generalize the notion of ‘inner

product similarity’

Note that one can define kernels over more than just

vectors: strings, trees, structures, … in fact, just about

anything

A very powerful idea: used in comparing DNA, protein

structure, sentence structures, etc.

Examples for Non Linear SVMs 2 –

Gaussian Kernel

Gaussian

Linear

Radial Basis Functions



Features
• X ⟶ φ(X) ⟶ Linear Model


• φ are features or representation derived from X


• φ is:


• Generic, e.g. polynomials ⟶ e.g. SVM


• Manually constructed ⟶ Feature Engineering 


• Learned ⟶ Feature Learning
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Artificial Neural Network
• A simple one layer NN 

• F(X | α= W,b) = f ( W X + b ) 

• W, b = “weights”, “biases” 

• f(x)= “activation function” 

• Must be non-linear. 

• Universal Computation Theorem.



Training == Optimization
• Training = Minimizing cost function 

w.r.t. parameters α  

• Gradient Decent (Newton’s Method): 

• Gradient points to direction of 
maximal change. 

• Iterate (ε sets the step size == 
Learning Rate)

~↵i+1 = ~↵i � ✏rC(~↵)

C[F ( ~Xtrain|~↵), ~Ytrain] ⌘ C(~↵)



Bayesian vs Frequentist
• Supervised Learning:

• Data: (X , Y) 

• True: f*(X) = Y 

• Learn: f(X|θ) ~ f*

• Frequentist: 

• (X,Y) random. 

• Ideal θ exists. 

• Estimate θ.

• Bayesian: 

• (X,Y) fixed. 

• θ is random. 

• Learn p(θ)

• Bayesian Learning:

• For example: θ is Gaussian 
distributed ⟹ learn μ, σ

• Allows you to propagate 
uncertainties ⟹ estimate 
uncertainty on output Y



Decision Trees
• Doesn’t fit the F(X | W,b) formulation.


• Powerful technique


• Random Forest 


• Boosting


• Covered by Daniele 


• Up to recently, in HEP, Boost Decision Trees (BDTs) 
on well constructed/chosen features 


• have been the best performing techniques, and


• become the standard to beat,

!34

Titanic Survivors 



Deep Learning
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Artificial Neural Networks
• Biologically inspired computation, (first attempts in 1943) 

• Probabilistic Inference: e.g. signal vs background 

• Universal Computation Theorem (1989) 

• Multi-layer (Deep) Neutral Networks: 

• Not a new idea (1965), just impractical to train. Vanishing 
Gradient problem (1991) 

• Solutions: 

• New techniques: e.g. better activation or layer-wise training 

• More training: big training datasets and lots of 
computation … big data and GPUs 

• Deep Learning Renaissance. First DNN in HEP (2014). 

• Amazing Feats: Audio/Image/Video recognition, captioning, 
and generation. Text (sentiment) analysis. Language 
Translation. Video game playing agents.   

• Rich field: Variety of architectures, techniques, and 
applications. 

Images from Wikipedia

http://link.springer.com/article/10.1007%2FBF02551274
https://en.wikipedia.org/wiki/Deep_learning#cite_note-ivak1965-25
https://en.wikipedia.org/wiki/Deep_learning#cite_note-HOCH2001-36
https://arxiv.org/abs/1402.4735




Feature Learning
• Feature Engineering: e.g. Event Reconstruction ~ Feature Extraction, Pattern Recognition, Fitting, …  

• Deep Neutral Networks can Learn Features from raw data. 

• Example: Convolutional Neural Networks - Inspired by visual cortex 

• Input: Raw data… for example 1D = Audio, 2D = Images, 3D = Video 

• Convolutions ~ learned feature detectors 

• Feature Maps 

• Pooling - dimension reduction / invariance  

• Stack: Deeper layers recognize higher level concepts.



Deep Neutral Networks



Assessing Performance
• True Positive Rate (TPR): Efficiency


• False Positive Rate (FPR): Background 
efficiency, 1/Background Rejection


• Receiver Operator Curve (ROC): TPR 
vs FPR


• Area Under Curve (AUC): Area under 
ROC
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2

We demonstrate that recent developments in deep learn-
ing tools can overcome these failings, providing signifi-
cant boosts even without manual assistance.

RESULTS

The vast majority of particle collisions do not pro-
duce exotic particles. For example, though the Large
Hadron Collider produces approximately 1011 collisions
per hour, approximately 300 of these collisions result in
a Higgs boson, on average. Therefore, good data anal-
ysis depends on distinguishing collisions which produce
particles of interest (signal) from those producing other
particles (background).

Even when interesting particles are produced, detect-
ing them poses considerable challenges. They are too
small to be directly observed and decay almost immedi-
ately into other particles. Though new particles cannot
be directly observed, the lighter stable particles to which
they decay, called decay products, can be observed. Mul-
tiple layers of detectors surround the point of collision for
this purpose. As each decay product pass through these
detectors, it interacts with them in a way that allows its
direction and momentum to be measured.

Observable decay products include electrically-charged
leptons (electrons or muons, denoted `), and particle jets
(collimated streams of particles originating from quarks
or gluons, denoted j). In the case of jets we attempt
to distinguish between jets from heavy quarks (b) and
jets from gluons or low-mass quarks; jets consistent with
b-quarks receive a b-quark tag. For each object, the mo-
mentum is determined by three measurements: the mo-
mentum transverse to the beam direction (pT), and two
angles, ✓ (polar) and � (azimuthal). For convenience, at
hadron colliders, such as Tevatron and LHC, the pseu-
dorapidity, defined as ⌘ = � ln(tan(✓/2)) is used instead
of the polar angle ✓. Finally, an important quantity is
the amount of momentum carried away by the invisible
particles. This cannot be directly measured, but can be
inferred in the plane transverse to the beam by requiring
conservation of momentum. The initial state has zero
momentum transverse to the beam axis, therefore any
imbalance of transverse momentum (denoted 6ET ) in the
final state must be due to production of invisible particles
such as neutrinos (⌫) or exotic particles. The momentum
imbalance in the longitudinal direction along the beam
cannot be measured at hadron colliders, as the initial
state momentum of the quarks is not known.

Benchmark Case for Higgs Bosons (HIGGS)

The first benchmark classification task is to distinguish
between a signal process where new theoretical Higgs
bosons are produced, and a background process with the
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Wg

g

H0

H±

h0
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g

g
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t̄
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FIG. 1: Diagrams for Higgs benchmark. (a) Diagram de-
scribing the signal process involving new exotic Higgs bosons
H

0 and H
±. (b) Diagram describing the background process

involving top-quarks (t). In both cases, the resulting particles
are two W bosons and two b-quarks.

identical decay products but distinct kinematic features.
This benchmark task was recently considered by experi-
ments at the LHC [10] and the Tevatron colliders [11].

The signal process is the fusion of two gluons into a
heavy electrically-neutral Higgs boson (gg ! H

0), which
decays to a heavy electrically-charged Higgs bosons (H±)
and a W boson. The H

± boson subsequently decays to a
second W boson and the light Higgs boson, h0 which has
recently been observed by the ATLAS [12] and CMS [13]
experiments. The light Higgs boson decays predomi-
nantly to a pair of bottom quarks, giving the process:

gg ! H
0 ! W

⌥
H

± ! W
⌥
W

±
h
0 ! W

⌥
W

±
bb̄, (1)

which leads to W
⌥
W

±
bb̄, see Figure 1. The background

process, which mimics W
⌥
W

±
bb̄ without the Higgs bo-

son intermediate state, is the production of a pair of top
quarks, each of which decay to Wb, also giving W

⌥
W

±
bb̄,

see Figure 1.
Simulated events are generated with the mad-

graph5 [14] event generator assuming 8 TeV collisions
of protons as at the latest run of the Large Hadron
Collider, with showering and hadronization performed
by pythia [15] and detector response simulated by
delphes [16]. For the benchmark case here, mH0 = 425
GeV and mH± = 325 GeV has been assumed.

We focus on the semi-leptonic decay mode, in which
one W boson decays to a lepton and neutrino (`⌫) and
the other decays to a pair of jets (jj), giving decay prod-
ucts `⌫b jjb. We consider events which satisfy the re-
quirements:
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TABLE I: Performance for Higgs benchmark. Com-
parison of the performance of several learning techniques:
boosted decision trees (BDT), shallow neural networks (NN),
and deep neural networks (DN) for three sets of input fea-
tures: low-level features, high-level features and the complete
set of features. Each neural network was trained five times
with di↵erent random initializations. The table displays the
mean Area Under the Curve (AUC) of the signal-rejection
curve in Figure 7, with standard deviations in parentheses as
well as the expected significance of a discovery (in units of
Gaussian �) for 100 signal events and 1000 ± 50 background
events.

AUC

Technique Low-level High-level Complete

BDT 0.73 (0.01) 0.78 (0.01) 0.81 (0.01)

NN 0.733 (0.007) 0.777 (0.001) 0.816 (0.004)

DN 0.880 (0.001) 0.800 (< 0.001) 0.885 (0.002)

Discovery significance

Technique Low-level High-level Complete

NN 2.5� 3.1� 3.7�

DN 4.9� 3.6� 5.0�

better understood than others, so that some simulated
background collisions have larger associated systematic
uncertainties than other collisions. This can transform
the problem into one of reinforcement learning, where
per-collision truth labels no longer indicate the ideal net-
work output target. This is beyond the scope of this
study, but see Refs. [22, 23] for stochastic optimizaton
strategies for such problems.

Figure 7 and Table I show the signal e�ciency and
background rejection for varying thresholds on the out-
put of the neural network (NN) or boosted decision tree
(BDT).

A shallow NN or BDT trained using only the low-level
features performs significantly worse than one trained
with only the high-level features. This implies that the
shallow NN and BDT are not succeeding in indepen-
dently discovering the discriminating power of the high-
level features. This is a well-known problem with shallow
learning methods, and motivates the calculation of high-
level features.

Methods trained with only the high-level features,
however, have a weaker performance than those trained
with the full suite of features, which suggests that despite
the insight represented by the high-level features, they do
not capture all of the information contained in the low-
level features. The deep learning techniques show nearly
equivalent performance using the low-level features and
the complete features, suggesting that they are automat-
ically discovering the insight contained in the high-level
features. Finally, the deep learning technique finds addi-
tional separation power beyond what is contained in the
high-level features, demonstrated by the superior perfor-

Signal efficiency

0 0.2 0.4 0.6 0.8 1

B
a
ck

g
ro

u
n
d
 R

e
je

ct
io

n

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

NN lo+hi-level (AUC=0.81)

NN hi-level   (AUC=0.78)

NN lo-level   (AUC=0.73)

(a)

Signal efficiency

0 0.2 0.4 0.6 0.8 1

B
a
ck

g
ro

u
n
d
 R

e
je

ct
io

n

0

0.2

0.4

0.6

0.8

1

DN lo+hi-level (AUC=0.88)

DN lo-level    (AUC=0.88)

DN hi-level    (AUC=0.80)

(b)

FIG. 7: Performance for Higgs benchmark. For the
Higgs benchmark, comparison of background rejection versus
signal e�ciency for the traditional learning method (a) and
the deep learning method (b) using the low-level features, the
high-level features and the complete set of features.

mance of the deep network with low-level features to the
traditional network using high-level features. These re-
sults demonstrate the advantage to using deep learning
techniques for this type of problem.

The internal representation of a NN is notoriously dif-
ficult to reverse engineer. To gain some insight into the
mechanism by which the deep network (DN) is improving
upon the discrimination in the high-level physics features,
we compare the distribution of simulated events selected
by a minimum threshold on the NN or DN output, cho-
sen to give equivalent rejection of 90% of the background

Baldi, Sadowski,Whiteson 
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Data Representation
• Data are stored in “tensors”. 

• Basically an N- Dimensional Array with a “shape” 

• shape = (): Scalar 

• shape = (N,): Vector  

• shape = (N,M): Matrix 

• shape = (N1, N2, N3, …, NR): Rank R Tensor   

• Inputs: X  

• Can be arbitrary shape. Typically first dimension is the example index (usually an “event” or collision in HEP) 

• Example:  Let’s say your examples are students, and your data is their age, sex, years at University, 
undergrad/grad, and department 

• X = [ [ 20, 0, 2, 0, 4] , # 20 year old, 0=male, 2=junior, 0=undergrad, 4=computer science  

[ 25, 1, 2, 1, 3] , # 25 year old, 1=female, 2=3nd year, 0=grad, 4=physics 

[ 23, 0, 0, 1, 3] ] # 25 year old, 1=make, 2=1st year, 0=grad, 4=physics 

• X[0] = [20, 0, 2, 0, 4]: the first students data. 

• X[0][3] = 1. This is a graduate student 

• Outputs : Y 

• Can be arbitrary shape. Typically first dimension is the example index (usually an “event” or collision in HEP) 

• Example: Y = 0/1, student does not / does know python
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Machine Learning Problem Formulation
• Split Datasets: 

• (Xtrain, Ytrain) = training dataset 
• (Xtest, Ytest) = test dataset 
• (X ) = unlabeled data 

• Set Goal:  
• Inference algorithm/function F(X | α) = Ypredict. 

• F can be a heuristic. e.g. if (computer science student) then (student knows python). 
• F can be anything   

• α are parameters of the function, for Neural Networks, these are weights. 
• Note that in a simple classification problem, Ytrain can be 0 or 1 for any example. But Ypredict will 

usually be between 0 and 1. 
• Training: (for Neural Networks) 

• Optimize (usually a minimization) a cost function F(X | α) = C( F(Xtrain| α), Ytrain ) w.r.t. α 
• For example, C = [F(X | α) - Ytrain]2 
• αtrained= result of training  

• Validation:  
• Compute cost function on test data C( F(Xtest| αtrained), Ytest ) 
• Other metrics. For example: 

• Select Ytest=1 and see how often F(Xtest| αtrained) > 0.5  
• Inference: 

• Ypredict = F(X| αtrained) 


