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Hadronic	
vacuum	polarisa6on:

�2

The	muon	anomalous	magne)c	moment

E821	@	BNL

SM	predic6on
aµ ⌘ 1

2 (g � 2)µ =

8>><
>>:

116 592 080(54)(33) · 10�11

116 591 825(34)(26)(1) · 10�11
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SM	es6mate	dominated	by	QED;	error	dominated	by	QCD

Hadronic	
light-by-light	scaRering:
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Contribu6on	from	
“New	Physics”?

aµ = aQED
µ + aweak

µ + astrong
µ + aNP?
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Theory	confronts	experiment
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Experimental	sensi6vity	of	E989	exceeds	total	theory	uncertainty	by	far!
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The	muon	g	–	2	in	la#ce	QCD

Mo)va)on	for	first-principles	approach:

No	reliance	on	experimental	data		

	—	except	for	simple	hadronic	quan66es	to	fix	bare	parameters

No	model	dependence	

	—	except	for	chiral	extrapola6on	and	constraining	the	IR	regime

Can	la\ce	QCD	deliver	es6mates	with	sufficient	accuracy	in	the	
coming	years?

�ahvp
µ /a

hvp
µ < 0.5%, �ahlbl

µ /a
hlbl
µ . 10%
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The	muon	g	–	2	in	la#ce	QCD

arXiv:1807.09370



Hartmut	Wittig �5

The	Mainz	(g	–	2)μ	La#ce	QCD	project

Collaborators:

M.	Cè,	E.-H.	Chao,	G.	von	Hippel,	R.J.	Hudspith,	H.B.	Meyer,	K.	Miura, 
D.	Mohler,	A.	Nyffeler,	K.	ORnad,	A.	Risch,	T.	San	José	Perez,	J.	Wilhelm,	HW

N.	Asmussen,	A.	Gérardin,	J.	Green,	G.	Herdoíza,	B.	Hörz

• Direct	determina6ons  
of	LO	

• Running	of	α	and	sin2θW	
ahvp
µ

• Exact	QED	kernel		
• Forward	scaRering	

amplitude

• Transi6on	form	factor	
for		⇡0 ! �⇤�⇤
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La#ce	QCD	approach	to	HVP

Convolu6on	integral	over	Euclidean	momenta: [Lautrup	&	de	Rafael;	Blum]

ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dQ2 f (Q2)⇧̂(Q2), ⇧̂(Q2) = 4⇡2

⇣
⇧(Q2) � ⇧(0)

⌘

⇧µ⌫(Q) = i
Z

d4x eiQ·(x�y)
D
Jµ(x)J⌫(y)

E
⌘ (QµQ⌫ � �µ⌫Q2)⇧(Q2)
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Vacuum	polarisa6on	tensor:

Electromagne6c	current:

Jµ = 2
3 u�µu � 1

3 d�µd � 1
3 s�µs + . . .
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Weight	func6on	� 	strongly	peaked	near	muon	massf(Q2)
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La#ce	QCD	approach	to	HVP

Time-momentum	representa)on	(TMR): [Bernecker	&	Meyer,	EPJC	(2011)]

ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dx0 K̃(x0) G(x0), G(x0) = �a3

X

~x

hJk(x)Jk(0)i
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Expected integrand for ahvp
µ (using pheno. R)
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Harvey Meyer HVP by Mainz-CLS

• Significant	contribu6on	
from	tail	of	G(x0)	

• Exponen6ally	increasing	
noise-to-signal	ra6o:

RNS / exp{(mV � m⇡)x0}
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La#ce	QCD	approach	to	HVP

Challenges:

Sta6s6cal	accuracy	at	the	sub-percent	level	required

Control	infrared	regime	of	vector	correlator:		� 	at	large	�G(x0) x0

Include	quark-disconnected	diagrams

Include	isospin	breaking:			mu	≠	md,		QED	correc6ons

Perform	comprehensive	study	of	finite-volume	effects
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Four	values	of	the	la\ce	spacing:		� 	fma = 0.085, 0.077, 0.065, 0.050

�9

Features	of	our	calcula)on
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� 	flavours	of	� 	improved	Wilson	quarksNf = 2 + 1 O(a)

Pion	masses	and	volumes:		

mmin
⇡ ⇡ 135 MeV, m⇡L > 4

Check	finite-volume	effects

Gérardin et al., Phys. Rev. D100 (2019) 034513, arXiv:1904.03120

E300

Addi6onal	ensembles: 
lighter	pion	masses	at 
smaller	la\ce	spacings
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Controlling	the	infrared	regime

TMR	integrand	and	its	long-distance	behaviour:

[Gérardin	et	al.,	arXiv:1904.03120]

ahvp
µ =
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0
dx0 K̃(x0) G(x0), G(x0) = �a3

X

~x

hJk(x)Jk(0)i
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Large-x0	regime	s6ll	sta6s6cs-limited	for	x0	≳	2.5	fm
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Controlling	the	infrared	regime

Long-distance	regime	of	� 	dominated	by	the	iso-vector	channel:G(x0)
G(x0) = G⇢⇢(x0) +GI=0(x0)
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Three	methods	to	constrain	long-distance	regime:

G⇢⇢(x0, L) x0!1
=
X

n

|An|2 e�!n x0 , !n = 2
q

m2
⇡ + k2
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1. Dedicated	calcula6on	of	the	iso-vector	correlator:

3. Determina6on	of	the	6melike	pion	form	factor

|An|2 =
2k5

3⇡!2
|F⇡(!)|2

n
k�0(k) + k�01(k)

o
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⌘
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[Meyer,	PRL	107	(2011)	072002]

2. “Bounding	method”:
[Lehner	2016,	Borsanyi	et	al.,	PRL	121	(2018)	022002]

0  G(x0)  G⇢⇢(xcut
0 ) e�!1(x0�xcut

0 )
<latexit sha1_base64="26aM8HKzJgFC63dR1nd1GcsA1NU="></latexit><latexit sha1_base64="26aM8HKzJgFC63dR1nd1GcsA1NU="></latexit><latexit sha1_base64="26aM8HKzJgFC63dR1nd1GcsA1NU="></latexit><latexit sha1_base64="26aM8HKzJgFC63dR1nd1GcsA1NU="></latexit>



Hartmut	Wittig �12

Method	1:	Iso-vector	vector	correlator

Solve	GEVP	to	determine	iso-vector	correlator	at	large	x0

G⇢⇢(x0, L) x0!1
=
X

n

|An|2 e�!n x0 , !n = 2
q

m2
⇡ + k2

<latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit><latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit><latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit><latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit>

m⇡ = 200 MeV
<latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit>

0

0.004

0.008

0.012

0.016

0 0.5 1 1.5 2 2.5 3 3.5
t [fm]

5

9
Gl(t)

˜K(t)/mµ

Light
N=4
N=3
N=2
N=1



Hartmut	Wittig �12

Method	1:	Iso-vector	vector	correlator

Solve	GEVP	to	determine	iso-vector	correlator	at	large	x0

G⇢⇢(x0, L) x0!1
=
X

n

|An|2 e�!n x0 , !n = 2
q

m2
⇡ + k2

<latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit><latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit><latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit><latexit sha1_base64="/Nv2cRfFmvfvtv+j9tTUKe8qbAE="></latexit>

m⇡ = 200 MeV
<latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit>
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Op6mise	choice	of										xcut
0

<latexit sha1_base64="+C6IjA4HduIxtnLX0MviaMPabvA=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5KI2HYjBTcuK9gHtDFMppN26EwS5iHWkC9x40IRt36KO//GaRuhih64cDjnXu69J0gYlcpxPq3Cyura+kZxs7S1vbNbtvf2OzLWApM2jlksegGShNGItBVVjPQSQRAPGOkGk8uZ370jQtI4ulHThHgcjSIaUoyUkXy7fO+nTnabDgSHWKvMtytO1ZkDLpFG49yp1aGbKxWQo+XbH4NhjDUnkcIMSdl3nUR5KRKKYkay0kBLkiA8QSPSNzRCnEgvnR+ewWOjDGEYC1ORgnN1eSJFXMopD0wnR2osf3sz8S+vr1VY91IaJVqRCC8WhZpBFcNZCnBIBcGKTQ1BWFBzK8RjJBBWJquSCeH7U/g/6ZxWXcOvzyrNizyOIjgER+AEuKAGmuAKtEAbYKDBI3gGL9aD9WS9Wm+L1oKVzxyAH7DevwAfYJNg</latexit><latexit sha1_base64="+C6IjA4HduIxtnLX0MviaMPabvA=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5KI2HYjBTcuK9gHtDFMppN26EwS5iHWkC9x40IRt36KO//GaRuhih64cDjnXu69J0gYlcpxPq3Cyura+kZxs7S1vbNbtvf2OzLWApM2jlksegGShNGItBVVjPQSQRAPGOkGk8uZ370jQtI4ulHThHgcjSIaUoyUkXy7fO+nTnabDgSHWKvMtytO1ZkDLpFG49yp1aGbKxWQo+XbH4NhjDUnkcIMSdl3nUR5KRKKYkay0kBLkiA8QSPSNzRCnEgvnR+ewWOjDGEYC1ORgnN1eSJFXMopD0wnR2osf3sz8S+vr1VY91IaJVqRCC8WhZpBFcNZCnBIBcGKTQ1BWFBzK8RjJBBWJquSCeH7U/g/6ZxWXcOvzyrNizyOIjgER+AEuKAGmuAKtEAbYKDBI3gGL9aD9WS9Wm+L1oKVzxyAH7DevwAfYJNg</latexit><latexit sha1_base64="+C6IjA4HduIxtnLX0MviaMPabvA=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5KI2HYjBTcuK9gHtDFMppN26EwS5iHWkC9x40IRt36KO//GaRuhih64cDjnXu69J0gYlcpxPq3Cyura+kZxs7S1vbNbtvf2OzLWApM2jlksegGShNGItBVVjPQSQRAPGOkGk8uZ370jQtI4ulHThHgcjSIaUoyUkXy7fO+nTnabDgSHWKvMtytO1ZkDLpFG49yp1aGbKxWQo+XbH4NhjDUnkcIMSdl3nUR5KRKKYkay0kBLkiA8QSPSNzRCnEgvnR+ewWOjDGEYC1ORgnN1eSJFXMopD0wnR2osf3sz8S+vr1VY91IaJVqRCC8WhZpBFcNZCnBIBcGKTQ1BWFBzK8RjJBBWJquSCeH7U/g/6ZxWXcOvzyrNizyOIjgER+AEuKAGmuAKtEAbYKDBI3gGL9aD9WS9Wm+L1oKVzxyAH7DevwAfYJNg</latexit><latexit sha1_base64="+C6IjA4HduIxtnLX0MviaMPabvA=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5KI2HYjBTcuK9gHtDFMppN26EwS5iHWkC9x40IRt36KO//GaRuhih64cDjnXu69J0gYlcpxPq3Cyura+kZxs7S1vbNbtvf2OzLWApM2jlksegGShNGItBVVjPQSQRAPGOkGk8uZ370jQtI4ulHThHgcjSIaUoyUkXy7fO+nTnabDgSHWKvMtytO1ZkDLpFG49yp1aGbKxWQo+XbH4NhjDUnkcIMSdl3nUR5KRKKYkay0kBLkiA8QSPSNzRCnEgvnR+ewWOjDGEYC1ORgnN1eSJFXMopD0wnR2osf3sz8S+vr1VY91IaJVqRCC8WhZpBFcNZCnBIBcGKTQ1BWFBzK8RjJBBWJquSCeH7U/g/6ZxWXcOvzyrNizyOIjgER+AEuKAGmuAKtEAbYKDBI3gGL9aD9WS9Wm+L1oKVzxyAH7DevwAfYJNg</latexit>
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Hartmut	Wittig

Method	2:	Bounding	method

�13

Posi6vity	of	spectral	sum	for 
� 	implies:Gρρ(x0)

ω1:		ground	state	energy

G̃(x0) ⌘ G(x0) �
N�1X

n=1

|An|2 e�!n x0

<latexit sha1_base64="unVnnCBjxNk3qV5/QBaQVhhZCRs="></latexit><latexit sha1_base64="unVnnCBjxNk3qV5/QBaQVhhZCRs="></latexit><latexit sha1_base64="unVnnCBjxNk3qV5/QBaQVhhZCRs="></latexit><latexit sha1_base64="unVnnCBjxNk3qV5/QBaQVhhZCRs="></latexit>

) 0  G̃(x0)  G̃(xcut
0 ) e�!N (x0�xcut

0 )
<latexit sha1_base64="DnS/KFF2UeAwULmjC0e7LQFPRHs="></latexit><latexit sha1_base64="DnS/KFF2UeAwULmjC0e7LQFPRHs="></latexit><latexit sha1_base64="DnS/KFF2UeAwULmjC0e7LQFPRHs="></latexit><latexit sha1_base64="DnS/KFF2UeAwULmjC0e7LQFPRHs="></latexit>
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<latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit><latexit sha1_base64="Qhqaf0LXLDgj+HlVIWkAl3uMDEI=">AAACKHicdVBLSwMxGMzWV62v9XHzEiyCBynZIrY9KAUvXoQK9gHdUrJp2oYmu0uSFevS/+LV/hpv0qv/QzDbVmiLDgSGmfmSL+OFnCmN0MRKra1vbG6ltzM7u3v7B/bhUU0FkSS0SgIeyIaHFeXMp1XNNKeNUFIsPE7r3uAu8evPVCoW+E96GNKWwD2fdRnB2kht+0S03ZDd5BFyL2NXCvhAa6O2nUU5NAVcIKXSNSoUoTNXsmCOStv+djsBiQT1NeFYqaaDQt2KsdSMcDrKuJGiISYD3KNNQ30sqGrF0+1H8NwoHdgNpDm+hlN1cSLGQqmh8ExSYN1Xq14i/unpl+RCtfR8nMQ8L+ArS+lusRUzP4w09clsp27EoQ5g0hrsMEmJ5kNDMJHMfAuSPpaYaNNtxvT1Wwr8n9TyOQflnMerbPl23lwanIIzcAEcUABlcA8qoAoIeAVv4B2MrbH1YX1ak1k0Zc1njsESrK8fkSammA==</latexit>

) 0  G(x0)  G⇢⇢(xcut
0 ) e�!1(x0�xcut

0 )
<latexit sha1_base64="NeHv0f8IbOPepQNpgk4G2gENsx8="></latexit>

ωN:		energy	of	Nth	state



Hartmut	Wittig �14

Finite-volume	effects

Finite-volume	correc6on

G⇢⇢(x0,1) =
Z 1

0
d!!2⇢(!2)e�!|x0 |, ⇢(!2) =

1
48⇡2

 
1 � 4m2

⇡

!2

!3/2

|F⇡(!)|2

G⇢⇢(x0, L) x0!1
=
X

n

|An|2 e�!n x0 , !n = 2
q

m2
⇡ + k2

<latexit sha1_base64="PdR0IRi6KEAHHP5mzd2nOdOCpQc="></latexit><latexit sha1_base64="PdR0IRi6KEAHHP5mzd2nOdOCpQc="></latexit><latexit sha1_base64="PdR0IRi6KEAHHP5mzd2nOdOCpQc="></latexit><latexit sha1_base64="PdR0IRi6KEAHHP5mzd2nOdOCpQc="></latexit>

|An|2 =
2k5

3⇡!2
|F⇡(!)|2

n
k�0(k) + k�01(k)

o
<latexit sha1_base64="ugfRI9XhtJHf+HflULhuAIF3fK4="></latexit><latexit sha1_base64="ugfRI9XhtJHf+HflULhuAIF3fK4="></latexit><latexit sha1_base64="ugfRI9XhtJHf+HflULhuAIF3fK4="></latexit><latexit sha1_base64="ugfRI9XhtJHf+HflULhuAIF3fK4="></latexit>

Use	Gounaris-Sakurai	parameterisa6on	of	� 	in	terms	of	�Fπ(ω) (mρ, Γρ)

Iso-vector	correlator	in	infinite	volume

Finite	volume:

ahvp
µ (1) � ahvp

µ (L) =
✓↵
⇡

◆2 Z 1

0
dx0 K̃(x0) [G(x0,1) �G(x0, L)]

<latexit sha1_base64="HvUOunXuiTRStJsT9YQIMOpBOFs="></latexit><latexit sha1_base64="HvUOunXuiTRStJsT9YQIMOpBOFs="></latexit><latexit sha1_base64="HvUOunXuiTRStJsT9YQIMOpBOFs="></latexit><latexit sha1_base64="HvUOunXuiTRStJsT9YQIMOpBOFs="></latexit>

Direct	calcula6on	of	�Fπ(ω)



Hartmut	Wittig �15

Finite-volume	effects

Cross	check	at		� 			(H105,	N101:			� )mπ = 280 MeV mπL = 3.8, 5.8

Finite-size	effects	well	described	by	GS	parameterisa6on	of	�Fπ(ω)
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Hartmut	Wittig �16

J(x0) = x0K̃0(x0) � K̃(x0)
<latexit sha1_base64="X5O4QULVTLmu4ZJyl+5BEL6jJwg="></latexit><latexit sha1_base64="X5O4QULVTLmu4ZJyl+5BEL6jJwg="></latexit><latexit sha1_base64="X5O4QULVTLmu4ZJyl+5BEL6jJwg="></latexit><latexit sha1_base64="X5O4QULVTLmu4ZJyl+5BEL6jJwg="></latexit>

ahvp
µ = ahvp

µ (Mµ; Mu,Md,Ms, . . .), Mµ = mµ/⇤, Mu = mu/⇤, . . .

La\ce	scale	enters	determina6on	of		ahvp
µ

<latexit sha1_base64="XCXr4vnzrHTikGUqq7ByK93Nhvg=">AAACI3icdVDNS8MwHE39nPNjVY9egkPwNFoRt11k4MXjBPcBay1plm5hSVuSdDjK/hKv7q/xJl48+KcIpluFbeiDwOO990t+eX7MqFSW9WlsbG5t7+wW9or7B4dHJfP4pC2jRGDSwhGLRNdHkjAakpaiipFuLAjiPiMdf3SX+Z0xEZJG4aOaxMTlaBDSgGKktOSZJeQ5PHlKHcHhcBxPPbNsVaw54BKp12+sag3auVIGOZqe+e30I5xwEirMkJQ924qVmyKhKGZkWnQSSWKER2hAepqGiBPppvPFp/BCK30YREKfUMG5ujyRIi7lhPs6yZEaynUvE//01HN2oVx5Ps1ivh+xtaVUUHNTGsaJIiFe7BQkDKoIZoXBPhUEKzbRBGFB9bcgHiKBsNK1FnVfv6XA/0n7qmJr/nBdbtzmzRXAGTgHl8AGVdAA96AJWgCDBLyAVzAzZsab8W58LKIbRj5zClZgfP0AjkulsA==</latexit><latexit sha1_base64="XCXr4vnzrHTikGUqq7ByK93Nhvg=">AAACI3icdVDNS8MwHE39nPNjVY9egkPwNFoRt11k4MXjBPcBay1plm5hSVuSdDjK/hKv7q/xJl48+KcIpluFbeiDwOO990t+eX7MqFSW9WlsbG5t7+wW9or7B4dHJfP4pC2jRGDSwhGLRNdHkjAakpaiipFuLAjiPiMdf3SX+Z0xEZJG4aOaxMTlaBDSgGKktOSZJeQ5PHlKHcHhcBxPPbNsVaw54BKp12+sag3auVIGOZqe+e30I5xwEirMkJQ924qVmyKhKGZkWnQSSWKER2hAepqGiBPppvPFp/BCK30YREKfUMG5ujyRIi7lhPs6yZEaynUvE//01HN2oVx5Ps1ivh+xtaVUUHNTGsaJIiFe7BQkDKoIZoXBPhUEKzbRBGFB9bcgHiKBsNK1FnVfv6XA/0n7qmJr/nBdbtzmzRXAGTgHl8AGVdAA96AJWgCDBLyAVzAzZsab8W58LKIbRj5zClZgfP0AjkulsA==</latexit><latexit sha1_base64="XCXr4vnzrHTikGUqq7ByK93Nhvg=">AAACI3icdVDNS8MwHE39nPNjVY9egkPwNFoRt11k4MXjBPcBay1plm5hSVuSdDjK/hKv7q/xJl48+KcIpluFbeiDwOO990t+eX7MqFSW9WlsbG5t7+wW9or7B4dHJfP4pC2jRGDSwhGLRNdHkjAakpaiipFuLAjiPiMdf3SX+Z0xEZJG4aOaxMTlaBDSgGKktOSZJeQ5PHlKHcHhcBxPPbNsVaw54BKp12+sag3auVIGOZqe+e30I5xwEirMkJQ924qVmyKhKGZkWnQSSWKER2hAepqGiBPppvPFp/BCK30YREKfUMG5ujyRIi7lhPs6yZEaynUvE//01HN2oVx5Ps1ivh+xtaVUUHNTGsaJIiFe7BQkDKoIZoXBPhUEKzbRBGFB9bcgHiKBsNK1FnVfv6XA/0n7qmJr/nBdbtzmzRXAGTgHl8AGVdAA96AJWgCDBLyAVzAzZsab8W58LKIbRj5zClZgfP0AjkulsA==</latexit><latexit sha1_base64="XCXr4vnzrHTikGUqq7ByK93Nhvg=">AAACI3icdVDNS8MwHE39nPNjVY9egkPwNFoRt11k4MXjBPcBay1plm5hSVuSdDjK/hKv7q/xJl48+KcIpluFbeiDwOO990t+eX7MqFSW9WlsbG5t7+wW9or7B4dHJfP4pC2jRGDSwhGLRNdHkjAakpaiipFuLAjiPiMdf3SX+Z0xEZJG4aOaxMTlaBDSgGKktOSZJeQ5PHlKHcHhcBxPPbNsVaw54BKp12+sag3auVIGOZqe+e30I5xwEirMkJQ924qVmyKhKGZkWnQSSWKER2hAepqGiBPppvPFp/BCK30YREKfUMG5ujyRIi7lhPs6yZEaynUvE//01HN2oVx5Ps1ivh+xtaVUUHNTGsaJIiFe7BQkDKoIZoXBPhUEKzbRBGFB9bcgHiKBsNK1FnVfv6XA/0n7qmJr/nBdbtzmzRXAGTgHl8AGVdAA96AJWgCDBLyAVzAzZsab8W58LKIbRj5zClZgfP0AjkulsA==</latexit>
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µ +
✓↵
⇡

◆2 Z 1

0
dx0 G(x0) J(x0), J(x0) = x0 f̃ 0(x0) � f̃ (x0)

[Bruno	et	al.,	PRD	95	(2017)	074504]Our	calcula6on: ⇤�1 =
p

8t0 = 0.415(4)(2) fm
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Scale	se#ng
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Connected	light	quark	contribu)on
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Chiral	and	con6nuum	extrapola6on:

300

400

500

600

700

800

0 0.02 0.04 0.06 0.08 0.1 0.12
ỹ
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• Dashed	/	solid	lines: 
different	discre6sa6ons	of	the 
vector	current
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µ (a,m⇡) = ahvp

µ

����
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+ Ba2 +Cm2

⇡ + D ln m2
⇡

<latexit sha1_base64="CvdYG+x77+qdO8iof94ZGGhLrjY="></latexit>
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µ (a,m⇡) = ahvp

µ

����
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+ Ba2 +Cm2

⇡ + Dm2
⇡ ln m2

⇡
<latexit sha1_base64="Yx5Ylwr4YxDD0YUl7gNZhhUztUI="></latexit>

(ahvp
µ )ud

conn = (674 ± 12 ± 5) · 10�10
<latexit sha1_base64="icroUyKgvb8/5xKslhRSFjm+HsY="></latexit>

(� 		at	fixed		� )mπ → 0 mμ

(� )mμ ≤mπ ≤mρ

• Sta6s6cal	error	dominated	by 
scale	se\ng	uncertainty

• Systema6c	error:	different  
ansätze	in	chiral	extrapola6on
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Connected	strange	and	charm	contribu)ons
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Chiral	and	con6nuum	extrapola6on:
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<latexit sha1_base64="MWktav76NjnUQm9uKJTAnr27rxY="></latexit>

(ahvp
µ )c = (14.66 ± 0.45 ± 0.06) · 10�10

<latexit sha1_base64="lqNHRg0IbyfuJcYuNVOWwcJyWqw="></latexit>

Error	dominated	by	scale	se\ng	uncertainty

Larger	discre6sa6on	effects	observed	for	charm	quark
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Disconnected	diagrams

Iso-scalar	contribu6on…

Physical	point:

Apply	bounding	method	to	iso-scalar	correlator	� 	quarks:(u ds)

…admits	a	posi6ve	spectral	representa6on	
…contains	disconnected	contribu6ons

) 0  GI=0(x0)  GI=0(xcut
0 ) e�m⇢(x0�xcut

0 )
<latexit sha1_base64="oeVUajbI94A/Z7SdZ5UDb4pHMiw="></latexit>

(ahvp
µ )disc = (ahvp

µ )I=0 � 1
10 (ahvp

µ )ud
con � (ahvp

µ )s
con

<latexit sha1_base64="rQPDPT24PWiQjbtSfGeUOsJq1Ro="></latexit>
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1/y singularity(ahvp
µ )disc = (�23.2 ± 2.2 ± 4.5) · 10�10

<latexit sha1_base64="sYVS3BSWPhWEdEqLrJqsoZtSyXg="></latexit>
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Isospin	breaking	effects
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Expand	correlator	in	powers	of		� 		and		�(md −mu) α = e2/4π

O1O2 O1O2 O1O2

O1O2 O1O2 O1O2 O1O2

[DiviWis	et	al.,	arXiv:1110.6294,	arXiv:1303.4896;	GiusW	et	al.,	arXiv:1704.06561;	Risch,	HW,	arXiv:1811.00895]

0 5 10 15 20

�aIBµ · 1010

ETMC 19

RBC/UKQCD 18

BMW 17

FNAL/HPQCD/MILC 17

Isospin	breaking	correc6ons:

Stochas6c	vs.	perturba6ve	method
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Results	and	comparison
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light	(u,d) strange charm
disconnected isospin	breaking

Final	result	at	the	physical	point

ahvp
µ = (720 ± 12.4stat ± 9.9syst) ⇥ 10�10

<latexit sha1_base64="xZ4qlm0sCKjA81gAU9QC6ePkpDI="></latexit>

Individual	contribu6ons:

|contribu6on| error2

(total	uncertainty:		2.2%)

[Gérardin	et	al.,	arXiv:1904.03120]
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Results	and	comparison

�22
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Quark-disconnected	diagrams

charm strange light total
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Results	and	comparison

�23

La#ce	QCD	vs.	dispersion	theory:
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ahvp
µ = (720.0 ± 15.8) · 10�10
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Our	result:

Dispersion	theory	(KNT	18):
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Results	and	comparison
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La#ce	QCD	average	vs.	dispersion	theory:
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Our	result:

Dispersion	theory	(KNT	18):

(ahvp
µ )lat = (703.9 ± 7.7) · 10�10

<latexit sha1_base64="uPipTlwLbzcLN7AfSC84FhKv4NI="></latexit>

Global	la\ce	average:
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Results	and	comparison
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Global	la\ce	average:

(ahvp
µ )NNP = (ahvp

µ )disp + (aexp
µ � aSM

µ )
<latexit sha1_base64="7OQZog8q9l8bMZwqw8BfAREjA1k="></latexit>

“No	new	physics”:
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Summary	&	Outlook

Individual	calcula6ons	achieve	overall	precision	of	� 	in		� 	

Light	quark	contribu6on	dominant	—	magnitude	and	uncertainty 
� 		increase	overall	sta6s6cs 
� 		improve	determina6on	of	long-distance	contribu6on  
� 		improve	precision	of	scale	se\ng	

Quark-disconnected	and	isospin-breaking	contribu6ons	crucial	for	
credible	and	compe66ve	overall	precision

≈2 % ahvp
μ

→
→
→

Mainz/CLS	effort	

• Add	ensembles	at	smaller	la\ce	spacing	and	(near-)physical		� 	

• Improve	precision	of	quark-disconnected	contribu6on	

• Include	isospin	breaking;		improve	scale	se\ng	uncertainty

mπ


