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Quanto precisamente dobbiamo conoscere        ? 

MuonE: (g-2)Had  dallo scattering μe
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[Carloni Calame, Passera, Trentadue, Venanzoni 15]

Quale input teorico?

Esperimento MuonE: misura del contributo adronico al (g-2)μ dallo scattering μe  
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New space-like proposal for HLO (2)
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Fig. 2 Left: Dahad[t(x)] ⇥ 104 (red) and, for comparison, Dalep[t(x)] ⇥ 104 (blue), as a function of x and t (upper scale). Right: the integrand
(1� x)Dahad[t(x)]⇥105 as a function of x and t. The peak value is at xpeak ' 0.914, corresponding to tpeak ' �0.108 GeV2.

3 Experimental proposal

We propose to use Eq. (2) to determine aHLO
µ by measuring

the running of a in the space-like region with a muon beam
of Eµ = 150 GeV on a fixed electron target. The proposed
technique is similar to the one used for the measurement of
the pion form factor, as described in [25]. It is very appealing
for the following reasons:

(i) It is a t-channel process, making the dependence on t
of the differential cross section proportional to |a(t)/a(0)|2:

ds
dt

=
ds0

dt

����
a(t)
a(0)

����
2
, (5)

where ds0/dt is the effective Born cross section, including
virtual and soft photons, analogously to Ref. [26], where
small-angle Bhabha scattering at high energy was consid-
ered. The vacuum polarization effect, in the leading photon
t-channel exchange, is incorporated in the running of a and
gives rise to the factor |a(t)/a(0)|2. It is understood that
for a high precision measurement also higher-order radia-
tive corrections must be included. For a detailed discussion
see Refs. [15, 26].

(ii) Given the incoming muon energy Ei
µ , in a fixed-

target experiment the t variable is related to the energy of
the scattered electron E f

e or its angle q f
e :

t = (pi
µ � p f

µ)2 = (pi
e � p f

e )2 = 2m2
e �2meE f

e , (6)

s = (p f
µ + p f

e )2 = (pi
µ + pi

e)
2 = m2

µ +m2
e +2meEi

µ , (7)

E f
e = me

1+ r2c2
e

1� r2c2
e
, q f

e = arccos

0

@1
r

s
E f

e �me

E f
e +me

1

A , (8)

where

r ⌘

q
(Ei

µ)2 �m2
µ

Ei
µ +me

, ce ⌘ cosq f
e ; (9)

The angle q f
e spans the range (0–31.85) mrad for the elec-

tron energy E f
e in the range (1–139.8) GeV (the low-energy

cut at 1 GeV is arbitrary).
(iii) For Ei

µ = 150 GeV, it turns out that s ' 0.164 GeV2

and �0.143 GeV2 < t < 0 GeV2 (i.e. �l (s,m2
µ ,m2

e)/s <
t < 0, where l (x,y,z) is the Källén function). It implies that
the region of x extends up to 0.93, while the peak of the in-
tegrand function of Eq. (2) is at xpeak = 0.914, correspond-
ing to an electron scattering angle of 1.5 mrad, as visible in
Fig. 2 (right).

(iv) The angles of the scattered electron and muon are
correlated as shown in Fig. 3 (drawn for incoming muon en-
ergy of 150 GeV). This constraint is extremely important to
select elastic scattering events, rejecting background events
from radiative or inelastic processes and to minimize sys-
tematic effects in the determination of t. Note that for scat-
tering angles of (2–3) mrad there is an ambiguity between
the outgoing electron and muon, as their angles and mo-
menta are similar, to be resolved by means of µ/e discrimi-
nation.

(v) The boosted kinematics allows the same detector to
cover the whole acceptance. Many systematic errors, e.g. on
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1235 = � 16m2

(4m2
+ s(d � 2)) ,

�12345 = 4(s � 2m2
)(4m2

+ s(d � 2)) . (4.72)

From the point of view of the integrand decomposition, the integrals occurring in
eq. (4.71) are to be considered as independent. A further IBPs reduction would bring
down to 5 the final number of master integrals.

4.4.1 An application: muon-electron scattering

As an example of the analytic integrand-level decomposition obtained through Aida,
we consider the NLO and NNLO virtual QED corrections to the muon-electron elastic
scattering

µ�
(p1) + e�(p2) ! e�(p3) + µ�

(p4) . (4.73)

The analytic computation of the two-loop master integrals related to this process, which
will be discussed in chapter 8, is possible, at the present time, only in the limit of van-
ishing electron mass. Therefore, although the integrand reduction can be also obtained
by retaining the full dependence on the masses of both leptons, we will assume from
the very beginning m2

e

= 0, in order keep our results more compact. In such limit, the
kinematics of the process is defined by

s = (p1 + p2)
2, t = (p2 � p3)

2, u = �s � t + 2m2 , (4.74)

with p21 = p24 = m2 and p22 = p23 = 0.

Figure 4.5: µe scattering at tree-level in QED.

The QED crossection for µe scattering is expanded in the fine structure constant
↵ = e2/4⇡ as

� = �LO + �NLO + �NNLO + . . . (4.75)

where, schematically,

�LO =

Z
d�2|M(0)|2 ,

�NLO =

Z
d�22Re M(0) ⇤M(1)

+

Z
d�3|M(0)

�

|2 ,

�NNLO =

Z
d�2

✓
2Re M(0) ⇤M(2)

+ |M(1)
�

|2
⌘

+

Z
d�3Re M(0) ⇤

�

M(1)
�

+

+

Z
d�4|M(0)

��

|2 , (4.76)

with d�
n

being the n-body phase-space. In eq. (4.76), M(`) indicates the `-loop virtual
contribution to the µe scattering amplitude, which is O(↵`+1

), whereas M(`)
�

and M(`)
��
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Figure4.5:µescatteringattree-levelinQED.
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Hadrons

e

μ

aHLOμ =
α
π

� 1

0
dx (1� x)ΔαHad[t(x)]

aHLOμ =
1
4π3

� �

4m2π

ds
� 1

0
dx x2(1� x)

x2 + (1� x)s/m2 σe+e��Had(s)

‣ dati time-like

‣ dati space-like

‣ Tutti i sistematici devono essere controllati a 10ppm

‣         estratto dalla misura noti i contributi EW a ΔαHad dσμe

dσμe

[Lautrup, Peterman, de Rafael 72]

cfr R.Pilato e A.Principe



MuonE: programma teorico
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Obiettivo: generatore MC per la sezione d’urto SM dello scattering μe

‣ incertezza sistematica segnale/normalizzazione ≲ 10ppm

Bulk: correzioni radiative in QED

‣ NNLO QED:  elemento di matrice virtuale (me=0)

‣ NNLO adronico da dati space-like

contributi di doppia e singola emissione

‣ NLO QED+EW: MC differenziale disponibile (          )me �= 0

�

�

�

�

�

�

[Fael, Passera 19]

[Di Vita, Laporta, Passera, AP, Mastrolia, Schubert, Torres 17,18, xx]

NLO

NNLO

NNLOHad

LO

�

�

LO

� � �

NLO NNLO N3LO

dσ = dσ(0) + αidσ(1) + α2
i dσ(2) + α3

i dσ(3) + O(α4
i )

[Alacevich, Carloni Calame, Chiesa et al 19]

[Fael, Mastrolia, Ossola, Passera, Signer,Torres-Bobadilla, in corso]

Elemento di matrice fisico

‣ “massificazione”: effetti              a NNLO� logm2
e

‣ risommazione 



Ampiezza virtuale a NNLO
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M(0)�M(2) =
�

k
ck(s, t,m2)Ik(s, t,m2)

‣ ck: coefficienti razionali
‣ Ik: integrali di Feynman a due loop

Obiettivo :

‣ estrarre i ck di una base di master integrals

‣ determinare l’espressione analitica degli Ik
Assunzioni:
‣ approssimazione me=0

‣ regolarizzazione dimensionale d=4-2 ε
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Strategia:

Ampiezza virtuale a NNLO:

q1

q2

�

M(2)

I =

�
ddq1ddq2 1

Da1
1 ...Dann

Dj = l2j �m2
j



‣ A due loop la decomposizione integranda non è minimale

ck: decomposizione

a3(�x, ε)
I(�x, ε)

a2(�x, ε)

a1(�x, ε)
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I(�x, ε) =
N�

i=1
ai(�x, ε)Ii(�x, ε)

‣ esiste  un numero finito di master integrals

[Chetyrkin, Tkachov 81]
� ��

j=1

ddqj
(2π)2

�

�qμi

�
vμ S

b1
1 · · · Sbrr

Da1
1 · · ·Dann

�
= 0 vμ � {qμi ,pμi }ddqj

1
Gli integrali di Feynman soddisfano le integration-by-parts:

‣ Ik formano una base dello spazio degli integrali di Feynman

=
n�

k=1
+

Δi1···ik···im(qj)
D1 · · ·Dk . . .Dm

=
Ni1···ik···im(qj)
D1 · · ·Dk . . .Dm

=
n�

k=1

Ni1···ik�1ik+1···im(qj)Dk
D1 · · ·Dk . . .Dm

+
Δi1···ik···im(qj)
D1 · · ·Dk . . .Dm

Dk

Dk�1

p1

p2

pn

q1
qL

Dk+1

Dk

Dk�1

p1

p2

pn

q1
qL

Dk+1

Dk

Dk�1

p1

p2

pn

q1
qL

Dk+1

Dk�1

p1

p2

pn

q1
qL

Dk+1
I =

�
ddq1ddq2 1

Da1
1 ...Dann

‣ algoritmo automatizzatile [Mastrolia, Peraro, AP 16]
[Mastrolia, Peraro, AP, Ronca,Torres, in corso]

ck estratti per via algebrica 

‣ NLO: decomposizione a livello integrando 
[Ossola, Papadopoulos, Pittau 06…]

‣ estensione a NNLO 

M(0)�M(2) =
�

k
c� Ik

Dj = l2j �m2
j
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Ik: equazioni differenziali

Calcolo dei master integral:

‣ risolvere le PDE in termini di funzioni speciali note

‣ imporre condizioni al contorno fisiche

�

�xi
�I(�x, ε) = Ai(�x, ε)�I(�x, ε)

Ik soddisfano PDE del primo ordine negli invarianti:

�I = (I1, I2 , . . . , IN)‣ k

Nessun metodo generale per l’integrazione di Ik 
 

Topology # integrals in M2 # master integrals Ik analytic expression

2754 34 (+21 crossings) known1

2359 31 (+16 crossings) unknown

1128 19 (9 crossings) unknown

654 17 known2

75 3 known3

50 4 known4

M(2)

2 [Bonciani, Mastrolia, Remiddi 03 ]
3 [Gonzalves 83, Kramer, Lampe 87 ]
4 [Aglietti, Bonciani 04]

1 [Bonciani, Ferroglia, Gehrmann et al 08…]

1

2

3

4

M(0)�M(2) =
154�

i=1
ck(s, t,m2, ε)Ik(s, t,m2, ε)

k

�
�
�
� �

�
�

�� � � �

�
Ai(�x, ε) =

�

� �

‣ k �
�

�
�

� �
��

� = f(�x, ε)



‣ condizione iniziale: 
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Ik: equazioni differenziali canoniche

x

y

γ

(x0, y0)

(x, y)

Integrali ripetuti in termini di polilogaritmi

G(�ωn;x) =

� x

0

dt
t�ω1

G(�ωn�1; t)

‣ proprietà analitiche note
‣ valutazione numerica rapida ed accurata

G(�0n;x) =
1
n!
dlogn x

PDE in forma canonica con il metodo di Magnus [Argeri, Di Vita, Mastrolia et al 14]

‣ Il termine          assorbito dall’esponenziale di Magnus ε = 0
�x�I =

�
A(0)(x) + εA(1)(x)

�
�I

B = exp
�
Ω[A(0)](x)

�

�x�J = ε
�
B�1(x)A(1)(x)B(x)

�
�J

Soluzione semplificata dalla scelta “canonica” della base di master integrals

‣ soluzione disaccoppiata ordine per ordine in 

‣ kernel logaritmici

d�I(�x, ε) = ε
� m�

i=1
Midlogηi(�x)

�
�I(�x, ε)

ε

[Henn 13 ]

�I(n)(�x) =
n�

k=0

�
dA . . .dA�I(n�k)(�x0)

[Goncharov 98,
Remiddi, Vermaseren 99, 
Gehrmann, Remiddi 00…]



Master integrals per lo scattering μe
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Funzioni a quattro punti per lo scattering μe 

F1 F2 F3 F4 F5 F6
‣ F1,2,3 note dalla produzione di tt a LHC, F4,5,6 sconosciute

PDE in forma canonica con il metodo di Magnus
[Di Vita, Laporta, Mastrolia, AP, Schubert 18]
[Mastrolia, Passera, AP, Schubert 17]

‣ F4,5 :

η1 =x
η2 =1+ x
η3 =1� x

η4 =y
η5 =1+ y
η6 =1� y

η7 =x+ y
η8 =1+ xy
η9 =1� y(1� x� y)

s = �m2 x t = �m2 (1� y)2
y‣ F6 :t = �m2 (1� y)2

y
u�m2

s�m2 = �x2
y

η1 = y
η2 = 1+ y
η3 = 1� y
η4 = x

η5 = 1� x
η6 = 1+ x
η7 = x+ y
η8 = x� y

η9 = x2 � y
η10 = 1� y+ y2 � x2
η11 = 1� 3y+ y2 + z2
η12 = x2 � y2 � xy2 + x2y2

d�I(x, y, ε) = ε
�

k
Mkdlogηk(x, y)�I(x, y, ε)



Risultati
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planar Muon-Electron Scattering
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Figure 4: Two-loop MIs T1,...,34 for the first integral family.

6 Two-loop master integrals

In this section we present the results for the planar two-loop MIs contributing to the NNLO

virtual QED corrections to µe scattering, which are the main results of this work. We first

– 10 –
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Figure 5: Two-loop MIs T1,...,42 for the second integral family.
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Figure 4: Two-loop MIs T1,...,34 for the first integral family.

6 Two-loop master integrals

In this section we present the results for the planar two-loop MIs contributing to the NNLO

virtual QED corrections to µe scattering, which are the main results of this work. We first
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Figure 5: Two-loop MIs T1,...,42 for the second integral family.

– 16 –

non-planar Muon-Electron Scattering

consist in the following 12 letters:

⌘1 = w , ⌘2 = 1 + w ,

⌘3 = 1� w , ⌘4 = z ,

⌘5 = 1 + z , ⌘6 = 1� z, ,

⌘7 = w + z , ⌘8 = w � z ,

⌘9 = w � z2 , ⌘10 = 1� w + w2 � z2 ,

⌘11 = 1� 3w + w2 + z2 , ⌘12 = w2 � z2 + wz2 � w2 z2 .

(2.5)

Since the alphabet is rational and has only algebraic roots, the solution can be directly

expressed in terms of GPLs.
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Figure 2: First 24 two-loop MIs T1,...,24 for the topology T6.Thin lines represent massless

propagators and thick lines stand for massive ones. Dots indicate squared propagators.
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Figure 3: Last 20 two-loop MIs T25,...,44 for the topology T6 with the same convention as

figure 2

3 Two-loop master integrals

We start by considering the following set of 44 MIs, which fulfil an ✏-linear system of DEQ,

F1 = ✏2 T1 , F2 = ✏2 T2 , F3 = ✏2 T3 ,

F4 = ✏2 T4 , F5 = ✏2 T5 , F6 = ✏2 T6 ,

F7 = ✏2 T7 , F8 = ✏3 T8 , F9 = ✏3 T9 ,

F10 = ✏3 T10 , F11 = ✏3 T11 , F12 = ✏2 T12 ,

F13 = ✏3 T13 , F14 = ✏2 T14 , F15 = ✏3 T15 ,

F16 = ✏2 T16 , F17 = ✏2 T17 , F18 = ✏4 T18 ,

F19 = ✏3 T19 , F20 = ✏4 T20 , F21 = ✏2(1 + 2✏) T21 ,

F22 = ✏3 T22 , F23 = ✏4 T23 , F24 = ✏3 T24 ,

F25 = ✏4 T25 , F26 = ✏3 T26 , F27 = ✏3 T27 ,

F28 = ✏2 T28 , F29 = ✏4 T29 , F30 = ✏3 T30 ,
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Continuazione analitica nella regione
 fisica 
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Set completo di master integrals per MuonE:

‣ PDE risolte in termine di polilogaritmi 
nella regione euclidea s<0, t<0

‣ Condizioni al contorno da vincoli di 
regolarità

Input

s � �m2

s � 0
t � 4m2

u � 2m2

u � � t � 4m2

Input
s � 0

u � m2/2
t � 0

s � 2t�m2 � λt

s � u

u � 0
t � 0
m2 � 0

s �
�
4m2 � t�

�
�t�

4m2 � t+
�

�t
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Conclusioni
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Il calcolo delle correzioni virtuali allo scattering μe punto di partenza per MC a NNLO  

‣ NNLO QED:  elemento di matrice virtuale (me=0)

Bulk: correzioni radiative scattering μe in QED

‣ NNLO adronico da dati space-like

contributi di doppia e singola emissione

‣ NLO QED+EW: MC differenziale disponibile (          )me �= 0

�

LO

� � �

NLO NNLO N3LO

dσ = dσ(0) + αidσ(1) + α2
i dσ(2) + α3

i dσ(3) + O(α4
i )

Obiettivo: generatore MC per la sezione d’urto SM dello scattering μe

‣ incertezza sistematica segnale/normalizzazione ≲ 10ppm

C’è ancora molto da fare: struttura IR, effetti me, risommazione…

✅

✅

🛠



Il progetto MuonE
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Serie di incontri teorici per il progetto MuonE

‣ Padova - Settembre 2017 ‣ Mainz - Febbraio 2018 ‣ Zürich - Febbraio 2019

Prossimo meeting teorico: MTP Mainz 2020

https://indico.mitp.uni-mainz.de/event/128/

https://agenda.infn.it/conferenceDisplay.py?confId=13774

25-26 Marzo 2019: 1° MuonE collaboration meeting al CERN

Alacevich, Banerjee, Becher, Broggio, Carloni Calame, Chiesa, Czyż, Di Vita, Engel, Fael, 
Laporta, Passera, Piccinini, AP, Mastrolia, Montagna, Nicrosini, Ossola, Signer, Schubert, 
Spira, Torres Bobadilla, Trentadue, Ulrich, …

https://indico.mitp.uni-mainz.de/event/128/
https://agenda.infn.it/conferenceDisplay.py?confId=13774

